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ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
e Rigorous and consistent approach throughout
e Notation boxes explain key mathematical language and symbols

2. Mathematical problem-solving The Mathematical Problem-Solving Cycle

e Hundreds of problem-solving questions, fully integrated specify the problem

into the main exercises
¢ Problem-solving boxes provide tips and strategies interpret results 4 _
collect information
e (Challenge questions provide extra stretch

process and
3. Transferable skills represent information

» Transferable skills are embedded throughout this book, in the exercises and in some examples
e These skills are signposted to show students which skills they are using and developing

Finding your way around the book

5 MATRICES

Each chapter is mapped to the
specification content for easy
reference

hxhgr}isi-mu you should be able to:

3 ® Understand the concept of a matrix

Each chapter starts with a + Mpus bt
R 4 . R ® Addand sublract matrices
list of Learning objectives Mgy a matix by selar

# Multiply matrices

# Calculate the determinant of @ matrix

i - Find the inverse of a matrix

) \ T = The real world applications of the
The Prior knowledge o knowedes check [ ‘ I descrbatarsiormations mathematics you are about to

) —— manummalmensmn;

check helps make sure 7 =ar=lah | Compuaer bty learn are highlighted at the start

motion of charactersin

you are ready to start.the Tt " - of the chapter

Glossary terms will

be identified by bold
blue text on their first
appearance
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ABOUT THIS BOOK

2 CHAPTER1 COMPLEX NUMBERS

Each section begins
with explanation and
key learning points

Transferable skills are
signposted where
they naturally occur
in the exercises and
examples

Step-by-step worked

examples focus on the
key types of questions

you’ll need to tackle

Exam-style questions
are flagged with (£)

Problem-solving

questions are flagged

with (&)

FO1_IASL_FPM1_44648_PRE_i-x.indd 7

COMPLEX NUMBERS CHAPTER 1 3

@ &) imaginary and complex numbers C B5-B)=(2%5)-(2x8N=10-16 - 26— 80 can also be written as 5 - 8) + (5 -8,
Bea 10,6
The quadratic equation ax? + bx + c = 0 has [ Links ey By -Pegi-5an ~ First separate into real and imaginary parts.
solutions given by the discriminant is b? —dac.
obeiPoe e e i R
IFthe expression under the square root is negative, * If2%~4a <0, there arz no ’*’;ﬂ”";‘m ] Do not use your calculator in this exercise.
there are no real solutions. 1 Wiite each of the following in the form bi, where b isa real aurmber.
You can find solutions to the equation in all cases by extending the number system to include V=1 av35 b V35 o vIIT 4 /10000 e VI3
Since ther is no real number that squares to produce —1, the number v—T is called an imaginary
number, and is represented using the letter L. Com plex numbers have a real part and an Imaginary Sl BV LR Jie L4y
fot le 3+ 20
'l'fl&’““ - CETD e et chall complex 2 Simplify, giving your answers in the form a +bi, Where 2, b € .
= An imaginary number is a number numbers is written as C.. a(S+W+E+9) b (: + !m)+[il 758!)
of the form bi, where b & . For the complex numbsrs =4 +bi: © (7460 +(=3- 50 a (Fedi)+ 3+ 3)
= A complex number s written in Al e (0+12)- (11 +3) £ e (Se3)
the form a + bi, where g, € R. & (46— (-8-8) b EEH)-W2-D)
1 (2-T)+ (1430 -12+D ] (18450 -(15-20) -G +T)
3 Simplify. giving your answers in the form a + bi, where a, b & R.
® WnEmh of the fL & i terms of You can use the rules of surds to manipulate a X7+2i) b A8 —4i)
a /36 b /-8 imaginary numbers. € 3+ +3Q2+) 4504430 —4¢-1+20
= 6-4i 154251
An sltemative way of writing (27} L =5
b /ZB =B RN = s 217 Avoid writing 2¢71 as this can easily be —8+3 7-21
=Ja/7 /T =l2/7h confused with 2/77. L
Ina complex number, the real part and the imaginary part cannot be combined to form a single term. (®) 4 Write 1nthe form.a + 61, Whers o and b are simplified surds
-t canbe added g orsubcracting aiz2 vize
their real parts and adding or subtracting their imaginary parts. *;
® You can multiply a real number by a complex number by multiplying out 5 Given thatz =7 —6iand w =7 + 6i, find, s ften
the brackets in the usual way. in the form a + b1, where a. b £ Rt represented \,,":»‘:E.y;fxmw.
az-w b oz
o O] o VDT, Y 4
Simplify each of the following, giving your answers in the form a + bl wherea, b € .
a 2450+ (T30 b (25— (5— 111 © A5_8) a W;ﬁl () 7 Giventhatz, =4 +iandz; =7 - 3i, nd, in the form a + bi, Where a, b & R
arn-m b4z € 245,
BR+SVHT+IN=@+7)+(5+3N - Add the real parts and add the imaginary parts.
(F) 8 Giventhatz=a+biand w=a—bi, where o b R, show that:
b (2 = 5= (5 - 1) = (2 - 5) + (-5 {1~ Subuactthe real parts and subtract the a £+ wis always real b = — v is always imaginary
=-3+8 imaginary parts.
Exercise questions are Exercises are packed
carefully graded so they with exam-style
increase in difficulty and questions to ensure you
gradually bring you up are ready for the exams
to exam standard
Each chapter ends with a Chapter review
and a Summary of key points
After every few.chapters, a Review exercise
helps you consolidate your learning with ExAM PRACTIGE s

lots of exam-style questions

REVIEW EXERCISE

Review exercise

(5) 1 z=4—Siand=,=pi, where pis a real 6 f(z)==" 4524 8 4+ 6
constant Find the following, in the form Given that —1 + 15 a root of the equation
a4 bl giving a and b in terms of p: £(z) =0, solve fiz) = 0 completely.  (4)
a5-n It  Further Pure 1 Section 18

L o 7 =6 akz 26

L2 o Given that 2 - 3i) =0,
= Further Pure 1 Sectiond 1:0,1.2,13 & find thevalusol & @
5 ¥ b find the other two roots of the
2 flz) = * - ks* + 3= has two imaginary equation £ =0, @

foolt = Further Pure 1 Section 1.4

4 Find the range of possibe values
of k. G ® 8f)---6-2-16

b Given that k = 2, solve the equation 4 Wit f(:) in the form
z)=0. «

i) =0, 3) (o3 —d)Ee bz i)
- Further Pure 1 Saction 1.1 where b and c are real constants
) g e i o be found. @
@ solutions to the quadratic equation
B e e e b Hence find all the solutions to the
cquation f(z) = 0. >

=2, giving each answer in the form a + b
hmea bR a + Further Pure 1 Saction L
« Further Pure 1 Section 1.1 9 gi) 22t 829 42751 50 450

Given that g(1 - 2i)= 0, find all the ots
of the equation (=) = 0. e

(E) 4 The real and imaginary parts of the
complex numiber = = x + iy satisfy the
cquation (2 o e - (1 £ 3072 . + Further Pure 1 Section 1.+
Find the values of x and y. “@ 10 Kgy = o e s = 12, whese paid

+Further Pure 1 Section 1.1 el g

X 4 4
Given that o, & and & + 2 + 1 are the
5 2 Show that the complex mumber 2£31 e st | A

s ST Mlj‘)‘ roots of the equation z) = 0,

can be expressed in (he form A(L +1),

stating the value of A @ % ;“:)V iy A, -

b Hence show tha (23] s rat ana b Hence find the valuwes of p and g, (3)
determine its value. @ - Further Pure 1 Secton 1.7

+~Further Pure 1 Sections 1.2.1.3

Exam practice

Mathematics

International Advanced Subsidiary/
Advanced Level Further Pure
Mathematics 1

Time: 1 hour 30 minutes

‘You must have: Mathematical Formulae and Statistical Tables, Caleulator
Answer ALL questions

11
Rl P
a Show that P is non-singular @
R——— »
2 Ghenthatz =2-1,
4 find, in deprees 10 | decimal place, arg(z,). @
Given also that z, = + 21, find inthe forma + b, where a, be B
b @
o @
3 The rectanpular hyperbola 7 has parametric equations « = .
4 Write down the Cartesian equation of H in the form xy =, where ¢ 1 an integer. @
Points 4 and Blic on H and have parsmeters r = | and ¢ = 5 respectively
b Find the coordinates of the midpoint of AZ. @
4 Parabola C has equation »* = 16x.
a4 Find the equation of the normal 1o C'at the point P with coordinates (1, 4). ®
‘The normal at P meets the directrix of the parabola at the point )
b Find the coordinates of . @
© Find the coordinates of the point K on C which is the same distance from
the point © and from the focus of €. @

A full practice paper at the back of
the book helps you prepare for the
real thing

11/10/2018
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QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Further Pure Mathematics 1 (FP1) is a compulsory unit in the following qualifications:
International Advanced Subsidiary in Further Mathematics

International Advanced Level in Further Mathematics

Assessment overview
The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

| Percentage | Mark ' Time ‘ Availability
FP1: Further Pure Mathematics 1 33% % of IAS 75 1 hour 30 mins | January and June
Paper code WFM01/01 16% % of IAL First assessment June 2019

IAS: International Advanced Subsidiary, IAL: International Advanced A Level.

Assessment objectives and weightings

Recall, select and use their knowledge of mathematical facts, concepts and techniques in a

o variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%

technology, and its limitations. Give answers to appropriate accuracy.

FO1_IASL_FPM1_44648_PRE_i-x.indd 8 @
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QUALIFICATION AND ASSESSMENT OVERVIEW ix

Relationship of assessment objectives to units

Assessment objective

FP1 AO1 AO2 AO3 AO4 AO5

Marks out of 75 25-30 25-30 0-5 5-10 5-10

% 33340 33140 0-62 62-131 62-133
Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements given in the table below.
Students are expected to have available a calculator with at least the following keys: +, —, x, +, 7, X2,
VX, % x?, In x, e¥, x|, sine, cosine and tangent and their inverses in degrees and decimals.of a degree,
and in radians; memory.

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
» databanks

* retrieval of text or formulae

* built-in symbolic algebra manipulations

symbolic differentiation and/or integration
 language translators
» communication with other machines or the internet

FO1_IASL_FPM1_44648_PRE_i-x.indd 9 @ 11/10/2018 16:06
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‘ Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

Use of technology

Explore topics in more detail, visualise
problems and consolidate your understanding.
Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

SolutionBank provides worked solutions for questions in the book.
Download all the solutions as a PDF or quickly find the solution you need online.

@ Find the point of intersection O

graphically using technology.

GeaGebra

GeoGebra-powered interactives

CASIO.

Graphic calculator interactives

Simultaneous equations
y=a?-3z+1
2z +1y=3

Solutions: (2,-1) (-1, 5)

13
s 1 05 o ORGP ER TRy 00 0 IR
2.1

2ety=3

[EXE]:Show coordinates
Yl=x2-3x—6 i
Y2=2x+%——

X251

|

Interact with the mathematics you are learning
using GeoGebra's easy-to-use tools

Explore the mathematics you are learning and
gain confidence in using a graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to.use
your calculator in the exams.
They cover both Casio's scientific
and colour graphic calculators.

Finding the value of the first derivative

to access the function press:

(uew) () (swrr) @

S _

@ Work out each coefficient quickly using g Step-by-step guide with audio instructions
the *C, and power functions on your calculator.

P Pearson

on exactly which buttons to press and what
should appear on your calculator's screen

FO1_IASL_FPM1_44648_PRE_i-x.indd 10
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1 COMPLEX
NUMBERS

Learning objectives

After completing this chapter you should be able to:

Solve quadratic equations that have complex roots = pages 16-18
Solve cubic or quartic equations that have complex roots —» pages 18-22

Vo / P

® Understand and use the definitions of imaginary and complex numbers — page 2
® Add and subtract complex numbers - pages 2-3
® Find solutions to any quadratic equation with real coefficients -> pages 4-5
® Multiply complex numbers - pages 5-6 |
® Understand the definition of a complex conjugate —> pages 7-8
® Divide complex numbers ~> pages 7-8
® Show complex numbers on an Argand diagram - pages 9-10
® Find the modulus and argument of a complex number - pages 11-14
® Write a complex number in modulus-argument form - pages 15-16
°

°

Prior knowledge check

1 Simplify each of the following:
a /50 b /108 ¢ V180 < Pure 1 Section 1.5

2 Ineach case, determine the number of distinct Y o - : .
real roots of the equation f(x) = 0. \\‘ \ = L

a f(x)=3x2+8x+10

b f(x)=2x2-9x+7 \& (
¢ f(y)=4x2+12x+9 « Pure 1 Section2.3 |

3 ~For the triangle shown, find the values of: ‘ w » // \ \
a x b ¢
b Complex numbers contain a
5cm real part and an imaginary
= ¢ part. Engineers and physicists
12¢cm « International GCSE Mathematics | often describe quantities with

4 Findthe solutions of x2 — 8x + 6 =0, giving your answers in the
form a + b where a and b are integers. « Pure 1 Section 2.1

M (wo components using a single
complex number. This allows
them to model complicated
situations such as air flow over
a cyclist.

5 Write

]
in the form p + ¢gv/3
e Ll

where p and g are rational numbers. « Pure 1 Section 1.6

MO1_IASL_FPM1_44648_U01_001-027.indd 1 11/10/2018 16:16
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2 CHAPTER1 COMPLEX NUMBERS
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@ Imaginary and complex numbers

The quadratic equation ax? + bx + ¢ =0 has @ For the equation ax?+ bx + ¢ = 0
solutions given by the discriminant is b2 — 4ac.
_ —b +Vb? - bac e If b2 — 4ac > 0, there are two distinct real roots.
X= 2a e If b2 — 4ac = 0, there are two equal real roots.

. . . ° 2 _
If the expression under the square root is negative, If b% — 4ac <0, there are no real roots.
there are no real solutions.

You can find solutions to the equation in all cases by extending the number system to include v-T1.
Since there is no real number that squares to produce -1, the number V-1 is called an imaginary
number, and is represented using the letter i. Complex numbers have a real part and an imaginary
part, for example 3 + 2i.

mj=/-1 m The set of all complex

® An imaginary number is a number numbers is written as €.

of the form bi. where b € R. For the complex number z = a + bi:

e Re(z) = ais the real part

® A complex number is written in « Im(2) = b is the imaginary part

the form a + bi, where a,b € R.

Example ° CI{NK) INTERPRETATION

Write each of the following in terms of 1. .
You can use the rules of surds to manipulate

a V=36 b v-28 imaginary numbers.

b V=28 =28 x (-1) = @F . is 2iv/7. Avoid writing 2V/7i as this can easily be
= V47 V=1 =42/7]i confused with 2V7i.

a V=36 =/36 x (-1) = V36V~ = 6i
m An alternative way of writing (2v7)i
In a complex number, the real part and the imaginary part cannot be combined to form a single term.

® Complex numbers can be added or subtracted by adding or subtracting
their real parts and adding or subtracting their imaginary parts.

® You can multiply a real number by a complex number by multiplying out
the brackets in the usual way.

Simplify each of the following, giving your answers in the form a + bi, where a, b € R.

a (2+51)+(7+31) b (2-5)—-(5-11i) ¢ 2(5-28i) dw
a (2+5)+(7+3)=(2+7)+(5+ 3)i ————— Add the real parts and add the imaginary parts.
=9 + &i
b (2-5)-(5-1)=(2=5)+ (-5 —=(=1))i=—7 Subtract the real parts and subtract the
= -3 + Gi imaginary parts.

MO1_IASL_FPM1_44648_U01_001-027.indd 2 @
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COMPLEX NUMBERS CHAPTER 1 3

c 2(5-8i)=(2x5)-(2x8)i=10 - 16i

10+6_10 6 _ .
> —?+§l—5+3l

SKILLS INTERPRETATION

Do not use your calculator in this exercise.

2(5 — 8i) can also be written as (5 — 8i) + (5 — 8i).
d

L— First separate into real and imaginary parts.

1 Write each of the following in the form bi, where b is a real number.

a v-9 b vV-49 ¢ v-121 d v-10000 e V=225
f V-5 g V-12 h V—45 i V=200 i V-147

2 Simplify, giving your answers in the form a + bi, where a, b € R,
a (5+20)+(8+91) b (4+101) + (1 —8i)
¢ (7+6i) + (-3 - 5i) d 3+3)+(3+3)

e (20 + 12i) — (11 + 3i)
g (~4 - 6i) — (-8 — 8i)
i (=2 =7i)+ (1 +30) = (=12 +1)

f(2-1i)=(=5+3i)
h V2 +i) = (V2 - i)
i (18 +5i) = (15 =2i) = (3 + 7i)

Uncorrected proof, all content subject to change at publisher discretion. @t for resale, circulation or distribution in whole or in part. ©Pearson 2019

3 Simplify, giving your answers in the form a + bi, where a, b € R.

a 2(7 + 2i) b 3(8 - 4i)
¢ 23 +1)+32+1) d 54+ 3i) =4(=1 + 2i)
6 — 4i ;154 2si
2 5
9+ 11i p 83 7-0i
&3 4 2

@ 4 Write in the form a + bi, where a and b are simplified surds.
2 4-2i b 2 — 61
V2 1+V3

5 Giventhatz=7=6iand w=7+ 6i, find,
in the form a + b1, where a, b € R:

m Complex numbers are often

represented by the letter z or the letter w.

az—w b w+z

@ 6 Giventhatz;=a+9i,z,=-3+biandz, -z, =7 +2i, find a and b where @, b € R. (2 marks)

@ 7 Given that z;, =4 +iand z, = 7 — 3i, find, in the form « + bi, where a, b € R:

a Z|1— Iy b 422 C 2Zl+522

@ 8 Given that z=a + bi and w = a — bi, where a, b € R, show that:

a z+ wis always real b z — wis always imaginary
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You can use complex numbers to find solutions to any quadratic equation with real coefficients.

m |f b2 — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,

neither of which are real.

Example e CI{(NKJ)  PROBLEM-SOLVING

Solve the equation z> + 9 = 0.

z2 = -9
z=+/=9 = +,/9 x (1) = £/9 V=T = £3i

z=+3i, z==3i

Solve the equation z? + 6z + 25 = 0.

Method 1 (Completing the square)

Note that just as z2 = 9 has two roots +3 and -3,

z2 = -9 also has two roots +3i and -3i.

4+ 6z=(z+3)2-9
24+ 62+25=(2+3P-9+25=(z+3F+16,
(z+32+16=0
(z+ 302 =-16
z+ 3 =x/-16 = +4i

Because (z+3)2=(z +3)(z+3) =224+ 62+ 9

F V=16 = /16 x (-1) = V16v—1 = + 4i

z=-3 x4
z==-3+4i,z==-3-4i

Method 2 (Quadratic formula)

You can use your calculator to find the complex
roots of a quadratic equation like this one.

-6 +/62 -4 x1x25 b+ VB — lae
z = 5 Using z = bizb 4ac
a
-6 £G4
= 2
L_=6£8i_ 5, 4 VL VT8 = /64 x (<1) = VB& V=T = 8

2
z==-3+4i,z=-3 -4

SKILLS PROBLEM-SOLVING

Do not use your calculator in this exercise.

1 Solve each of the following equations. Write your answers in the form hi.

a z2+121=0
d 3224 150=38-=z2

MO1_IASL_FPM1_44648_U01_001-027.indd 4

b z2+40=0
e z2+30=-32z2-66

c2z2+120=0
f 6z2+1=2z2
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2 Solve each of the following equations.

Write your answers in the form a £ bi. m The left-hand side of each equation

a (z=32-9=-16 is in completed square form already. Use
inverse operations to find the values of z.

b 2z-72+30=6 P -

c l6z+1D2+11=2

3 Solve each of the following equations. Write your answers in the form a * bi.
az2+2z+5=0 b z22-2z410=0 ¢ z22+4z+29=0
d 22+10z2+26=0 e 22+5z+25=0 f 22+3z+5=0

4 Solve each of the following equations. Write your answers in the form a * bi.
a 222+5z+4=0 b 722-3z+3=0 ¢ 522-z+3=0

5 The solutions to the quadratic equation z2 — 8z + 21 = 0 are z; and z,.
Find z, and z,, giving each in the form a + i/b.

6 The equation z? + bz + 11 = 0, where b € R, has distinct non-real complex roots.
Find the range of possible values of b. (3 marks)

@ Multiplying complex numbers

You can multiply complex numbers using the same technique that you use for
multiplying brackets in algebra. You can use the fact that i = V=1 to simplify powers of i.

mj2=-1

Express each of the following in the form @ + bi, where a and b are real numbers.
a (2+31)4+50) b (7 — 41)?

a (2 + 304 + 50) = 2(4-+ 51) + 3i(4 £50). Multiply out the two brackets the same as you
— 8 + 101 #1921 + 1512 would with real numbers.

=8 +10i + 12i - 15 ——— .
‘ ha, > Use the fact that i2 = —1.

=-7+ 22 Add real parts and add imaginary parts.

b (7 =4i)2 = (7 =4i)(7 — 4
=7(7 = 4) — 4(7 - 4) Multiply out the two brackets the same as you

=49 . o8i_ 280 + 1672 would with real numbers.

o - 28 -28i-1e L Use the fact that i2 = —1.

= (49 - 16) + (=281 — 28i) »—‘
=33 - 56i

Add real parts and add imaginary parts.

MO1_IASL_FPM1_44648_U01_001-027.indd 5 @
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Simplify: a i3 b i* ¢ (2i)
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a P=ixixi=iZxi=-i i2=-1
b it=ixixixi=iZxiZ=(=1)x(=1)="1
c (20)°=2ix 2i x 2i x 2i x 2i (2)>=25x1i°
l First work out 25 = 32.

=32(xixixixi)=32(2xi2x1i)
=32 x (-1) x (-1) xi=32i

Exercise @ (SN EXECUTIVE FUNCTION

Do not use your calculator in this exercise.

1

Simplify each of the following, giving your answers in the form a + bi.

a (5+1)(3+4) b (6 + 31)(7 + 2i) ¢ (5-2i)(1 + 51)

d (13 -3i)2 - 8i) e (-3-1)4+7) f (8 + 5i)?

g (2-91p h (1 +1)2+1)(3 +4) m For part h, begin by multiplying
i 3-=-21)(5+1)4-20) i (2+31) the first pair of brackets.

a Simplify (4 + 51)(4 — 51), giving your answer in the form a + bi.
b Simplify (7 — 2i)(7 + 2i), giving your answer in the form a + bi.
¢ Comment on your answers to parts a and b.

d Show that (a + bi)(a — bi) is a real number for any real numbers a and b.

Given that (a + 31)(1 + bi) = 25— 391, find two possible pairs of values for « and b.
Write each of the following in its simplest form.

a i b (31)* c P+i d (4i)} -4
Express (1 +1)¢ in the form a — bi, where a and b are integers to be found.

Find the value of the real part of (3 — 2i)*.

f(z) =222 -z +8 Problem-solving

Find: a f(2i) b f(3 - 61) You can use the binomial theorem to
f(2)=22= 2z + 17 expand (a + b)". < Pure 2 Section 4.3

Show that z =1 — 4i is a solution to f(z) = 0. (2 marks)
a Given thati! =iand i>= -1, write i’ and i* in their simplest forms.

b Write i°, i°, i” and i® in their simplest forms.

¢ Write down the value of*
i 100 i 2% i 1301

Challenge
m The principal square root

a Expand (a + bi)®. of a complex number, vz, has a positive
b Hence, or otherwise, find v40 — 42i, giving your answer in real part.

the form a — bi, where a and b are positive integers.
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@ Complex conjugation

= For any complex number z = a + bj, m T —
the complex conjugate of the number called a complex conjugate pair.

is defined as z* = a - bi.

Example a C{((NKJ) INTERPRETATION

Given that z=2 - 71,
a write down z* b find the value of z + z* ¢ find the value of zz*.

a z¥=2+7i Change the sign of the imaginary part from —to +.
bz+z¥=2 -7+ (2+7i)

=2 +2)+ (=7 +7)i=4 m Notice that z + z* s real.

c zz¥=(2 =72 + 7i)

=2(2 + 7i) = 7i(2 + 7i) Remember i2 = —1.
=4 + 14i — 14i — 4912
R w Notice that zz* is real.

=4+49=53

For any complex number z, the product of z and

z*is a real number. You can use this property The Methddl used to divide complex
(i.e. characteristic) to divide two complex numbersis similar to the method used to

numbers. To do this, you multlply both the rationalise a denominator when simplifying surds.
numerator and the denominator by the complex « Pure 1 Section 1.5

conjugate of the denominator and then simplify
the result.

Write hd

23 in the form a + bi.

The complex conjugate of the denominator is
2 + 3i. Multiply both the numerator and the
denominator by the complex conjugate.

5+4_5H4  2+3
2-_3 " 2-8 23

_ (5 + 402 + 3))
T (2 - 32 + 3i) L . o

10+ 81 $151% 1212 zz*is real, so (2 — 3i)(2 + 3i) will be a real number.

4+ Gi-Gi- 902

10 = 12 + 23i You can enter complex numbers directly into your
= 4+ 9 calculator to multiply or divide them quickly.
_—2+231__£+§,|
= 13 T 13 13 — Divide each term in the numerator by 13.
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Do not use your calculator in this exercise.
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1

10

P 1
(E/P) 12

(e) 13

(E/P) 14

Write down the complex conjugate z* for:

a z=8+2i b z=6-5i cz=3-4 d z=V5+i/10
Find z + z* and zz* for:
a z=6-3i b z=10+5i ¢ z=2+4 d z=5-3i/5
Write each of the following in the form « + bi.
a3—5i b3+5i c28—3i d 2+i

1+3i 6 - 8i -1 1 +4i

— 4j)2

Write I+ ; in the form x + iy, where x, y € R.
Given that z; = 1 +1, z, =2 +1iand z; = 3 + 1, write each of the following in the form a + bi.

212y (z)* 2z, + 5z;

2—3 b Z ¢ Zy

. S+2i . . .
Given that == =2 — 1, find z in the form a + b1. (2 marks)
Simplify 61 -:_811 + 61 +_8i1, giving your answer in the form a + bi.
= 4

8 —iV2

Express w in the form @ + biv2, where a and b are rational numbers.
w=1-9i

Express % in the form a + bi, where a and b are rational numbers.
z=4-1/2

Use algebra to express i

z-3
The complex number z satisfies the equation (4 + 2i)(z — 21) = 6 — 4.
Find z, giving your answer in the form a + i where a and b are rational numbers. (4 marks)

in the form p + giv2, where p and ¢ are rational numbers.

The complex numbers z; and z, are given by z; = p — 7i and z, = 2 + 51, where p is an integer.

Find % in the form a + bi, where a and b are rational, and are given in terms of p. (4 marks)

z =15 + 4i. z* is the complex conjugate of z.

Show that % = a + biV5, where a and b are rational numbers to be found. (4 marks)
_ p+5i

The complex number z is defined by z = m, peER,p>0.

Given that the real part of z is %,

a find the value of p (4 marks)

b write z in the form « + bi, where a and b are real. (1 mark)
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m Argand diagrams

® You can represent complex numbers on an Argand diagram. The x-axis
on an Argand diagram is called the real axis and the y-axis is called the
imaginary axis. The complex number z = x + iy is represented on the
diagram by the point P(x, y), where x and y are Cartesian coordinates.

Example o m INTERPRETATION

Show the complex numbers z; = -4 + 1, z, =2 + 3i and z3 = 2 — 31.0n an Argand diagram.

im A L =l2 43i The real part of each number describesits

horizontal position, and the imaginary part
describes its vertical position. For example,

234 +i z; ==4 +i has real part -4 and imaginary part 1.
o Re
Note thatz, and z; are complex conjugates.
T On an Argand diagram, complex conjugate pairs
I3 = - Dl

are symmetrical about the real axis.

Complex numbers can also be represented as vectors on an Argand diagram.

X
® The complex number g = x + iy can be represented as the vector (y

You can add or subtract complex numbers on an Argand diagram by adding or subtracting their
corresponding (i.e. equivalent) vectors.

z; =4 +1and z, = 3 + 3i. Show z,, z, and z; + z, on an Argand diagram.

) on an Argand diagram.

‘zj+z_2=(4+3)+(1+3)i=7+4i . . )
\ 4 The vector representing z; + z, is the diagonal

) ! of the parallelogram with vertices at O, z; and z,.
You can use vector addition to find z; + z,:
L (1)+(5)=C)
1 3 4
0|
| —
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z; =2+ 5iand z, =4 + 2i. Show z,, z; and z; — z, on an Argand diagram.
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Z—z,=(2-4)+ (5 - 2)i=-2+ 3i

The vector corresponding to z, is (4) so the
ReA ~ 2

vector corresponding to —z, is <:g)

The vector representing z; — z, is the diagonal of
Z2 the parallelogram with vertices at O, z; and —z,.

im
g © " @ Explore adding and subtracting O

o complex numbers on an Argand diagram
using GeoGebra.

SKILLS INTERPRETATION

1

2
3
4
5

(E/P) 9

Show these numbers on an Argand diagram.

a 7+2i b 5-4i c -6-1 d -2+5i
e 3i f V2 +2i g —3+3i h -4

z; =11+ 2iand z, =2 + 4i. Show z,, z, and z, + z, on an Argand diagram.
zy=-3+6iand z, = 8 — i. Show z,, z, and z, + 2, on an Argand diagram.

z; =8 +4iand z, = 6 + 7i. Show z,, z, and z; — z, on an Argand diagram.

z; = —6 - 5iand z, = -4 + 4i. Show z,, z, and z; — z, on an Argand diagram.

zy=7-51,zy=a+ biand z; = =3 + 2i, where a, b € Z. Given that z; = z; + z,,

a find the values of @ and b b showz, z, and z; on an Argand diagram.
z1=p+4qi, z,=9—=51and z; = -8 + 51, where p, ¢ € Z. Given that z; = z; + z,,

a find the values of p and ¢ b show z,, z, and z; on an Argand diagram.

The solutions to the quadratic equation z2 —= 6z + 10 = 0 are z, and z,.

a Find z, and z,, giving your answers in the form p + gi, where p and ¢ are integers. (3 marks)
b Show, on an Argand diagram, the points representing the complex numbers z; and z,. (2 marks)
f(z) =223 - 1922 + 64z — 60

a Show that fl (%) =0. (1 mark)
b Use algebra to solve f(z) = 0 completely. (4 marks)
¢ Show all three solutions on an Argand diagram. (2 marks)

Challenge m There will be six distinct roots in total.

SKILLS
CREATIVITY

a Find all the solutions to the equation z6 = 1. Write z6=1as (z* = 1)(z* + 1) = 0, then find three
¢ Show that each solution lies on a circle with roots of 22 +1=0.

centre (0, 0) and radius 1.
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@ Modulus and argument

The modulus or absolute value of a complex number is the magnitude (i.e. size) of its
corresponding vector.

® The modulus of a complex number, |z|, is the

distance from the origin to that number on m The modulus of the complex
an Argand diagram. For a complex number number z is writtef as r, |z] or |x + iyl:

Z =X + iy, the modulus is given by |z]| = /x2 + y?2.

The argument of a complex number is the angle its
corresponding vector makes with the positive real axis.

® The argument of a complex number, arg z, m The argument of the
is the angle between the positive real axis complex number z is written as arg z.
and the line joining that number to the It'is usually given in radians, where
origin on an Argand diagram, measured in * 27 radians = 360°
an anticlockwise direction (i.e. moving in the * mwradians = 180°
opposite direction to the hands of a clock). JRL)F1 Section 7.1

For a complex number z = x + iy,

the argument, 0, satisfies tan 6 = %

T
Im cex+iy ImZ The argument # of any complex number is usually @
: given in the range —m < # < 7. This is sometimes
; ‘. referred to as the principal argument.
‘ 0
A i BNVE
argz [_'
™
o X Re —E
Example @ CI(IEJ) PROBLEM-SOLVING
Given the complex number z = 2 + 7i, find:
a the modulus of z b the argument of z, giving your answer in radians to 2 d.p.
a im4 z22+7i
Sketch the Argand diagram, showing
\7 the position of the number.
o
o 2 Re
Modulus: |z| = |2 + 7i| =v22 + 72

=53
b Argument: tana:% a=12924... radians

arg z = 1.29 radians (2 d.p)
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If z does not lie in the first quadrant, you can use an Argand

diagram to help you find its argument. argz=m-a " argz=o
B et o be the positive acute angle made with the real axis
by the line joining the origin and z.
« If z lies in the first quadrant, then arg z = a. a 7 o Re
« If z lies in the second quadrant, thenarg z= 7 - a.
+ If z liesin the third quadrant, then arg z = —(7 — o). argz = —(r - a) argz = —a
+ If z lies in the fourth quadrant, then arg z = —a.
Given the complex number z = -4 — i, find:
a the modulus of z b the argument of z, giving your answer in radians to 2 d.p.

Sketch'the Argand diagram, showing the position
of the number.

z=-4 i
Modulus: |z| = |-4 —i| = V(=4)2 + (=1)?
=17 |
b Argument: tanoz=% a=0.2449... radians o . .
arg z = —(m — 0.2449) Here z is in the third quadrant, so the required
= —2.90 radians (2 d.p) argumentis —(r — ).

You can use the following rule to multiply the moduli of complex numbers quickly.
For any two complex numbers z, and z,,

|Z1”22| = |Z122|-

The proof of this result is beyond the scope of this book.

Z :3+4iand22:5—12i

Find:

a_the modulus of z; and the modulus of z,
b A4

¢ hence, find |z,z,| and verify that |z,l|z,| = |z,z,|

a |z] =V32+42 5. The modulus of a complex number
|zo] =452 + (-12)? =13 la +bi| = JaZ+b?
b z;z, = (3 + 45 - 12i)
=15 - 36i + 20i — 48i? Don't forget that i = —1.
=63 — 16i

c |ziz,| =V63%2 + (=162 =65 +~—————-  Thisis not a proof. However the result is verified
|z/]|z2] =5 X 13 =65 and works in every case.
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Exercise @ (S(NES@) PROBLEM-SOLVING

1

For each of the following complex numbers,

i find the modulus, writing your answer m In part c/fhe

in surd form if necessary

ii find the argument, writing your answer
in radians to 2 decimal places.

az=12+51 b z=V3+i ¢ z=-3+61
d z=2-2i e z=-8-Ti f z=-4+11i
g z=2/3-i/3 h z=-8-15i

For each of the following complex numbers,
i find the modulus, writing your answer in surd form

ii find the argument, writing your answer in terms of 7.

complex number is in the
second quadrant, soithe
argument will be 7 — .

In part d, the complex
number is in the fourth
quadrant, so the argument
will be —cv.

a2+2i b 5+5i ¢ -6+ 61 d —a-ai,aeR
The complex number z, is such that z; = 3 + 5i.
a Find 7). b Find (z)’. ¢ Hence verify that |z,| = |z,

26

The complex number z, is such that z; = 3400
a Write z; in the form a + bi, where @ and b are integers.
b Find |z|.

¢ Given that |z, z,| =264/13, find | z,).

d Given also thatz, = 5 + pi, find the possible values of p.

z=-40-91

a Show z on an Argand diagram.

b Calculate arg z, giving your answer in radians to 2 decimal places.
z=3+4i

a Show that z2= -7 + 24i.

Find, showing your working:

b |22

¢ arg (z?), giving your answer in radians to 2 decimal places.

d Show z and z? on an Argand diagram.

The complex numbers z, and z, are given by z; =4 + 6iand z, = 1 +1.

Find, showing your working:

. .
a — in the form a + bi, where a and b are real

Z]

bZ2

Zr .. . . .
¢ arg 7, giving your answer in radians to 2 decimal places.
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z
8 The complex numbers z, and z, are such that z; = 3 + 2pi and Z—; =1 -1, where p is a real constant.

(®) 12

EP) 13

@ 14

a Find z, in the form a + b1, giving the real numbers a and b in terms of p.
Given that arg z, = tan™! 5,

b find the value of p

¢ find the value of |z,|

z
d show z,, z, and Z—; on a single Argand diagram.

Given the complex number z = %, find:

a zin the form a + 1b, where a, b € R
b z2in the form a + ib, where a, b € R
¢ |z

d arg (z?), giving your answer in radians to 2 decimal places.

Given that z; =4 + 21, z, =2 + 41, zy = a + bi, where a, b € R,
a find the exact value of |z; + z,|.
2123

Given that w = ——,
2

b find w in terms of @ and b, giving your answer in the form x + iy, where x, y € R.

Given also that w = % - %i, find:

¢ the values of ¢ and b
d argw, giving your answer in radians to 2 decimal places.

The complex number w is given by w = 6 + 3i. Find:

a |w|

b argw, giving your answer in radians to 2 decimal places.
Given that arg(4 + 51 + w) = % where Ais a real constant,

¢ find the value of A.

Given the complex number z = —1 —i/3 , find:
a |z|
N

=
% z .. .
¢ argz, arg (z*) and arg—, giving your answers in terms of 7.
z

The complex numbers w and z are given by w = k + 1 and z = —4 + 5ki, where k is

a real constant. Given that arg(w + z) = 2%, find the exact value of k.

The complex numbers w and z are defined such that argw = %, |w|=5andargz = 27
Given that arg(w + z) = %, find the value of |z|.
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@ Modulus-argument form of complex numbers

You can write any complex number in terms of its modulus and argument.

® For a complex number z with |z| = r and arg z = 0, the modulus-argument form of z is
Z=r(cos O +isin 6).

m Z=x+iy From the right-angled triangle, x = rcos# and y = rsiné.
z=Xx+1y =rcosf +irsinf = r(cosf + isin )
r 1
7 This formula works for a complex number in any quadrant of the Argand diagram.
0 r‘ The argument, 6, is usually given in the range = < 6 < 7, although the formula
o X Re  works for any value of # measured anticlockwise from the positive real axis.

Example @ m INTERPRETATION

Express z = —/3 + i in the form r(cos @ + isin#), where -7 < § < 7.

Sketch the Argand diagram, showing the position

of the number.
Here z is in the second quadrant, so the required

argument.is m — a.

V3 0 Re
F= (B + =T =2 ‘
9 . 1 T 57 — Find rand 6.
=—argz=m—arctan|—| =11 — - =—F o—-———
E (@) 6

Therefore, z = 2<c05E + isin Apply z = r(cosf + isinf).

4 2
Example @

Express z = —1 = 11in the form r(cos + isinf), where -7 < 0 < 7.

‘ im Sketch the Argand diagram, showing the position

A
1 o of the number.
| o J R:e Here z is in the third quadrant, so the required
1 arg z argument is —(m — «).

z=-1-i

W= JERH (12 =V2 _
1) 3r — Find r and 6.

9=arqu=—7r+arctan(T =—7r+%=—7

Therefore, z = \FZ(cos (— %) + isin (— ﬁ))

Apply z = r(cosf + isinf).
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@ 6 The complex number z is such that |z| = 5 and argz = —

SKILLS INTERPRETATION

1 Express the following in the form r(cosf + i sind), where -7 < 0 < 7.
Give the exact values of r and # where possible, or values to 2 d.p. otherwise.

a 2+2i b 3i c -3+4i d1-i/3
e -2-15i f -20 g 7-24i h -5+ 5i

2 Express these in the form r(cosf + 1 sinf), giving exact values of r and 6 where possible,
or values to 2 d.p. otherwise.

2 3 b 1 c 1+1
1+i/3 2-1i 1 -1
3 Express the following in the form x + iy, where x, y € R.
T .. T 1 T .. T St . . Sw
a 5(cos2 +1s1n2) b 2(cos6 +1s1n6) c 6(cos 6 + 1sin 5 )
d 3(cos (—2—7T> +isin (—2—7T)) e 2\/5(cos (—E + isin (—E ) f —4<cos7—7r + isinzz)
3 3 4) 4) 6 6
2w\ . . (2@, .
@ 4 a Express the complex number z = 4{cos|—=—| + i sin{=—] | in the form x + iy,
3 3
where x, y € R. (2 marks)
b Show the complex number z on an Argand diagram. (1 mark)

@ 5 The complex number z is such that |z| = 7 and argz = “—W. Find z in the form p + g1,

where p and ¢ are exact real numbers to be found. (3 marks)

4771-. Find z in the form a + b1,

where « and b are exact real numbers to be found. (3 marks)

m Roots of quadratic equations

® For real numbers a, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are non-real
complex numbers, then they occur as a conjugate pair.

Another way of stating this is that for a real-valued quadratic function f(z), if z; is a root of f(z) =0
then z,* is also a root. You can use this fact to find one root if you know the other, or to find the
original'equation.

® |f the roots of a quadratic equation are .
Y - Roots of complex-valued polynomials
a and (3, then you can write the equation are often written using Greek letters such as

as(z-a)(z-PB)=0 o (alpha), 3 (beta) and v (gamma).
orZ2—(a+0Q)z+aB=0

MO1_IASL_FPM1_44648_U01_001-027.indd 16 @
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Example Q CI{(NEJ)  EXECUTIVE FUNCTION

Given that o = 7 + 2i is one of the roots of a quadratic equation with real coefficients,
a state the value of the other root, 3
b find the quadratic equation

¢ find the values of « + 8 and a5 and interpret the results.

a f=7-2i aand f will always be a complex

conjugate pair.
b (z-a)z-0 el

)=0
(z—(7+2)z—-(7-2i)=0
22 —z(7 = 20)—z(7 + 2))+ (7 + 2)(7 = 2i) = O

22 =724 2iz=7z-2iz+49 - 14i+ 141 - 4 =0
22 =142+ 49+ 4 =0 C(ollect like terms. Use the fact that

The quadratic equation with roots « and

Bis(z—a)(z-p) =0.

22 -14z+53=0 ‘ 2=-1.
c a+pB=(7+2)+ (7 -2
=(7+7)+ 2+ (=2)i=14 m For z = a + bi, you should learn
The coefficient of z in z2 = 14z + 53 is —(a + ). the results:
af = (7 + 2)(7 = 2) = 49 — 14i + 14i - 41 z+z%=2a
=49 + 4 =53 zz* = a® + b?
The constant term in z2 — 14z + 53is af. You can use these to find the quadratic

equation quickly.

SKILLS EXECUTIVE FUNCTION

1 The roots of the quadratic equation z> + 2z + 26 = 0 are o and f3.
Find: a «andf b a+p c af

2 The roots of the quadratic equation z> — 8z + 25 = 0 are « and (.
Find: = a «aand b a+f c af

@ 3 Given that 2 + 3iis one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation (1 mark)

b find the quadratic equation, giving your answer in the form z2 + bz + ¢ =0
where b and c are real constants. (3 marks)

@ 4 Given that 5 —1is a root of the equation z2 + pz + ¢ = 0, where p and ¢ are real constants,
a write down the other root of the equation (1 mark)
b find the value of p and the value of g¢. (3 marks)

(E/P) 5. Given that z; = -5 + 4i is one of the roots of the quadratic equation
z2+ bz + ¢ =0, where b and ¢ are real constants, find the values of b and c. (4 marks)

(E/P) 6 Given that 1 + 2iis one of the roots of a quadratic equation with real coefficients,
find the equation, giving your answer in the form z? + bz + ¢ = 0, where b and ¢
are integers to be found. (4 marks)
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7 Given that 3 — 5iis one of the roots of a quadratic equation with real coefficients,

find the equation, giving your answer in the form z2 + bz + ¢ = 0, where b and ¢
are real constants. (4 marks)

[N

5
(E/P) 8 z=7"

a Find z in the form a + bi, where ¢ and b are real constants. (1 mark)

Given that z is a complex root of the quadratic equation z2 + pz + ¢ = 0,
where p and ¢ are rational numbers,

b find the value of p and the value of ¢. (4 marks)

9 Given that z =5 + ¢i is a root of the equation z> — 4pz + 34 = 0, where p and ¢

are positive real constants, find the value of p and the value of ¢. (4 marks)

@ Solving cubic and quartic equations

You can generalise the rule for the roots of quadratic equations to'any polynomial with real coefficients.

m |f f(z) is a polynomial with real

coefficients, and z; is a root of f(z) =0, w If z; is real, then z;* = z,.
then z,* is also a root of f(z) = 0.

You can use this property (i.e. characteristic) to find roots
of cubic and quartic equations with real coefficients.

® An equation of the form az? + bz? + ¢z + d = 0 is called a cubic equation, and has three roots.

® For a cubic equation with real coefficients, either: m A real-valued cubic

 all three ':OOtS are real, or equation might have two or three
* one root is real and the other two roots repeated real roots.

form a complex conjugate pair.

Example @ (TR  EXECUTIVE FUNCTON

Given that —1 is a root of the equation z* — z> 4 3z + k =0,
a find the value of & b find the other two roots of the equation.

a If =1is.a root,
(=1)° = (=12 +3(-1+k=0
-1-1-3+k=0

k=5
b —1is a root of the equation, so z + 1is a Problem-solving
factor of z3 — z2 + 3z + 5.
2_0,45 — Use the factor theorem to help: if f(a) = 0, then
z+123-22+3245 ais a root of the polynomial and z — « is a factor
z3 4z of the polynomial.
- 2z° + 3z
-2z -2z L Use long division (or inspection) to find the
5z+5 quadratic factor.
5z+5
o _ |
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23 -z224+3z24+5=C+Nz2-2z4+5)=0

®

CHAPTER 1

-

Solving zZ2 = 2z + 5 =0,

2= 2z=(z-1)% -1
22-2z2+5=(z-12-1+5=(z-1°+4
z=12+4=0

(z=12=-4
z—1==x/-4 =x2i
z=1=%2i

z=1+2iL,z=1-2i

So the other two roots of the equation are
1+ 2iand 1 - 21

The other two roots are found by solving the
quadratic equation.

Solve by completing the square. Alternatively,
you could use the quadratic formula.

The quadratic equation has‘complex roots which
must be a conjugate pair.

You could write the equation as
z+Dz—@+2)][z-(1-20)]=0

® An equation of the form az* + bz> + cz? + dz + e = 0 is called a quartic equation,

and has four roots.

® For a quartic equation with real coefficients, either:

« all four roots are real, or

* two roots are real and the other two roots form a

complex conjugate pair, or

* two roots form a complex conjugate pair and the

Watch out FN RN

quartic equation might have
repeated real roots or repeated
complex roots.

other two roots also form a complex conjugate pair.

Given that 3 + i is a root of the quartic equation 2z* — 323 — 3922 + 120z — 50 = 0,

solve the equation completely.

Complex roots occur in

Another root is 3 —i.

So(z—=(3 +10)(z—-(3=1)is afactor

conjugate pairs.

of 2z4 =323 — 3922 + 120z — 50

z=B+Nz=-3B=i)=2z2-z3-)—-z3+)+B+)3 -1

=z2 - 6z + 10

If « and 3 are roots of f(z) =0,
then (z — a)(z — 3) is a factor
of f(z).

S0 z2 — 6z + 10 is a factor of 2z% =323 — 3922 + 120z — 50.

‘ (z2 — 6z + 10)(az?4 bz + ¢) = 2z% — 323 — 3922 + 120z - 50

Consider 2z%:

The only z4 term'in the expansion is z? x az?, so a = 2.
(z2 = 6z + 10)(2z2 + bz'+ ¢) = 2z% — 323 — 3922 + 120z — 50

Consider —3z3:

The z3 terms in the expansion are z2 x bz and -6z x 222,

s0 bz® — 1223 = =323
‘ b=12=-3
b=9

50 (22 — 6z + 10)(2z2 + 9z + ¢) = 2z% — 323 — 3922 + 120z — 50

You can work this out quickly by
noting that
[z = (a + bi)][z - (a — bi)]

=z2—2az + a® + b?

Problem-solving

It is possible to factorise a
polynomial without using a
formal algebraic method. Here,
the polynomial is factorised

by ‘inspection’ (i.e. looking
carefully). By considering each
term of the quartic separately,
it is possible to work out the
missing coefficients.
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Consider =50:

The only constant term in the expansion is 10 x ¢, so ¢ = =5.
2z4 — 323 = 39224+ 120z - 50 = (z2 — 6z + 10)(2z2 + 9z — 5)

Solving 2z2 + 9z — 5 = O:
(2z-=MNz+5)=0

S
z=5,2z=-5

So the roots of 2z% — 323 — 3922 + 120z — 50 = O are:
2. -5, 3 +iand 3 - |

Example @ CI(IEJ)  EXECUTIVE FUNCTION

Show that z2 + 4 is a factor of z4 — 223 + 2122 — 8z + 68.

Hence solve the equation z* — 223 + 2122 = 8z + 68 = 0.

Using long division:

22 -2z 417
22 + 4)z4 — 223 + 2122 — 8z + G
z4 + 4z°
-2z3 + 1722 - 8z
-2z3 - 8z
1722 + 68
1722 + 66

o)

There is no remainder and hence z2.+ 4 is a factor of
z4 = 223 + 2122 - &z + G8.

Sozd—-223+ 2122 -8z+68=(z2+4)(z?=2z+17)=0

Either z24+ 4 =0o0rz2 = 2z +17 =0

Solving z? + 4 = O:

z? = =4

z==*2i

Solving z2 =2z + 17 = O:

(

(z-12+16=0

(z — 12 ==16
z— 1 ==+4i
z=1x4i

So the roots of z4 — 222 + 2122 — 8z + 68 = O are:
2i, =2i, 1 i4'| and 1: 4i

MO1_IASL_FPM1_44648_U01_001-027.indd 20

You can check this by
considering the z and z2 terms
in the expansion.

Alternatively, the quartic can be
factorised by inspection:
z4=223+2122-8z+ 68

= (z2 + 4)laz? + bz + ¢)

a = 1, as the leading coefficient
is 1.

The only z* term is formed by
22X bz s0 b =-2.

The constant term is formed by
4 x ¢, 504c=68 and ¢ =17.

Solve by completing the square.

Alternatively, you could use the
quadratic formula.

m You could use your

calculator to solve

z2 -2z + 17 = 0. However, you
should still write down the
equation you are solving, and
both roots.
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Exercise Q (S/(NES@) EXECUTIVE FUNCTION

® 1

® 2

@

(E) 10

f(z)=z3-6z2+21z-26
a Show that f(2) = 0.
b Hence solve f(z) = 0 completely.

f(z)=2z3+522+92-6
a Show that f(%) =0.

b Hence write f(z) in the form (2z — 1)(z2 + bz + ¢),
where b and c¢ are real constants to be found.

¢ Use algebra to solve f(z) = 0 completely.

g(z)=2z3-4z2-52-3
Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = 0 completely.

p(z)=z3+4z2-15z2-68

Given that z = —4 + i is a solution to the equation p(z) =0,
a show that z2 + 8z + 17 is a factor of p(2).

b Hence solve p(z) = 0 completely.

f(z) =2z3+9z2+ 332+ 25

Given that f(z) = (z + 1)(z> + az + b), where « and b are real constants,
a find the value of @ and the value of b

b find the three rootsof f(z) =0

¢ find the sum of the three roots of f(z) = 0.

g(z)=z3-12z2+ cz+d =0, where ¢, d € R.

Given that 6 and 3 + i are roots of the equation g(z) =0,
a write down the other complex root of the equation

b find the value of ¢ and the value of d.

h(z) =223+ 32243z + 1

Given that 2z +1 is a factor of h(z), find the three roots of h(z) = 0.
f(z)=2z>-622+28z+ k

Given that f(2) = 0,

a find the value of k

b find the other two roots of the equation.

Find the four roots of the equation z4 — 16 = 0.

flz)=2z%- 1223+ 3122 + 108z — 360

a Write f(z) in the form (z2 — 9)(z2 + bz + ¢),
where b and ¢ are real constants to be found.

b Hence find all the solutions to f(z) = 0.
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g(z)=z%+223 - 22+ 382+ 130
Given that g(2 + 3i) = 0, find all the roots of g(z) = 0.

f(z) =z% - 10z3 + 7122 + Qz + 442, where Q is a real constant.

Given that z = 2 — 3iis a root of the equation f(z) = 0,

a show that z2 — 6z + 34 is a factor of f(z) (4 marks)
b find the value of Q (1 mark)
¢ solve completely the equation f(z) = 0. (2 marks)

Challenge

Three of the roots of the equation z° + bz* + ¢z* + dz% + ez + f = 0, where
b, ¢ de feR,are =2, 2iand 1 + i. Find the values of b, ¢, d, e and f.

Chapter review Q

1

©

Given that z; = 8 — 3i and z, = -2 + 41, find, in the form a + bi, where a, b € R:

a Zj +Zz
b 322
C 621—22

The equation z> + bz + 14 = 0, where b € R, has no real roots.
Find the range of possible values of 5. (3 marks)

The solutions to the quadratic equation z2 — 6z + 12 = 0 are z, and z,.

Find z, and z,, giving each answer in the form a % iVh.
By using the binomial expansion, or otherwise, show that (1 + 2i)° = 41 — 38i. (3 marks)

f(z)=z2-6z+10

Show that z = 3 + i is a solution to f(z) = 0. (2 marks)

You are given the complex numbers z; =4 + 2i and z, = -3 + 1.

Express, in the form a + bi, where a, b € R:

a z; b z,2, c —

Write

(7 =212
1 +1/3

in the form x + iy, where x, y € R.

4-T7i

Given that =3 +1, find z in the form a + bi, where a, b € R. (2 marks)
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9 You are given the complex number z = ﬁ
Express in the form a + bi, where a, b € R:

@

@ 12

13

14

15

@

16

@

17

18

19

20

2

az bz—%

) . z a2 — b2 2ab .
Given that z = a + bi, show that kT (a2 + bz) + (a2 + bz)l

+ qi
where ¢ € R.

The complex number z is defined by z = m,

Given that the real part of z is 11—3,
a find the possible values of ¢

b write the possible values of z in the form « + bi, where a-and b are real constants:

Given that z = x + 1y, find the value of x and the value of y such that
z +4iz* = -3 + 181, where z* is the complex conjugate of z.

z=9+61,w=2-31
Express % in the form a + b1, where a and b are real constants.

g+ 3i
4 + gi
Express z in the form a + hi where a and b are rational and are given in terms of g.

The complex number z is given by z = where ¢ 1S an integer.

f(z) =22+ 5z + 10

a Find the roots of the equation f(z) = 0, giving your answers in the form a + ib,
where « and b are real numbers.

b Show these roots on an Argand diagram.

Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients,
a write down the other root of the equation

b find the quadratic equation, giving your answer in the form z> + bz + ¢ =0
where b and ¢ are real constants.

Given that z = 4— ki is a root of the equation z2 — 2mz + 52 = 0, where k and m
are positive real constants, find the value of k and the value of m.

h(z)=z3- 112+ 20
Given that 2 + i is a root of the equation h(z) = 0, solve h(z) = 0 completely.

f(z)=z3+ 62+ 20
Given that f(1 + 31) = 0, solve f(z) = 0 completely.

f2)=z3+3z2+kz+48, keR

Given that f(41) = 0,

a find the value of &

b find the other two roots of the equation.
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® 22

(E/P) 23

@) u

fz)=22+22+32z-5

Given that f(-1 + 21) = 0,

a find all the solutions to the equation f(z) = 0

b show all the roots of f(z) = 0 on a single Argand diagram

¢ prove that these three points are the vertices of a right-angled triangle.

f(z)=z%-z3- 162274z - 60

a Write f(z) in the form (z2 — 5z — 6)(z% + bz + ¢),
where b and ¢ are real constants to be found.

b Hence find all the solutions to f(z) = 0.

g(z)=z%= 623+ 1922 - 36z + 78
Given that g(3 — 2i) = 0, find all the roots of g(z) = 0.

f(z)=z4=223 =522+ pz+ 24

Given that f(4) = 0,

a find the value of p

b solve completely the equation f(z) = 0.

fz)=z*-—23+1322-47z+ 34

Given that z = —1 + 4i is a solution to the equation,
a find all the solutions to the equation f(z) = 0

b show all the roots on a single Argand diagram.

The real and imaginary parts of the complex number z = x + iy
satisfy the equation (4 — 3i)x — (1 + 61)y — 3 =0.

a Find the value of x and the value of y.

b Show z on an‘Argand diagram.

Find the values of:

¢ |7

d argz

A complex number z is given by z =a + 4i where « is a non-zero real number.

a Find z2 + 2z in the form x + iy, where x and y are real expressions in terms of a.

Given that z2 + 2z is real,
b find the value of a.
Using this value for a,

¢ find the values of the modulus and argument of z, giving the argument
in radians and giving your answers correct to 3 significant figures.

d Show the complex numbers z, zZ and z2+ 2z on a single Argand diagram.
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@ 28 The complex number z is defined by z = 32+_5il.
Find:
a |z| (4 marks)
b argz (2 marks)
@ 29 You are given the complex number z = 1 + 2i.
a Show that |22 — z] = 2/5. (4 marks)
b Find arg(z? — z), giving your answer in radians to 2 decimal places. (2 marks)
¢ Show z and z2 - z on a single Argand diagram. (2 marks)

@ 30 You are given the complex number z = i

a Express in the form a + bi, where a, b € R:

iz2 ii z— % (4 marks)
b Find |Z2. (2 marks)
¢ Find arg (z - %) giving your answer in radians to 2 decimal places. (2 marks)
31 Given is the complex number z = %2, where a € R.
a Given that a =4, find |z|. (3 marks)
b Show that there is only one value of a for which argz = %, and find this value. (3 marks) [O)
@ 32 Express 4 — 4i in the form r(cos 6 + isinf), where r > 0, -7 < 0 < 7,
giving r and @ as exact values. (3 marks)

Challenge

SKILLS a Explain why a cubic equation with real coefficients cannot have a
INNOVATION repeated.non-real root.

b By means of an example, show that a.quartic equation with real
coefficients can have a repeated non-real root.

Summary of key points

1 i=/-1landiz=-1
2 Animaginary number is a number of the form bi, where b € R.
3 A complex number is written in the form a + bi, where a, b € R.

4 Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

5 You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.
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If b2 — 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which is real.

For any complex number z = a + bi, the complex conjugate of the number is defined as
z¥=a- b1

For real numbers a, b and ¢, if the roots of the quadratic equation az? + bz + ¢ = 0 are
non-real complex numbers, then they occur as a conjugate pair.

If the roots of a quadratic equation are « and £, then you can write the equation as
(z—a)z—-pP) =0o0rz2—(a+ PB)z+aB=0.

If f(z) is a polynomial with real coefficients, and z; is a root of f(z) = 0,
then z,* is also a root of f(z) = 0.

An equation of the form az® + bz? + ¢z + d = 0 is called a cubic equation, and has three roots.

For a cubic equation with real coefficients, either:
e all three roots are real, or

e one root is real and the other two roots form a complex conjugate pair.

An equation of the form az* + bz* + ¢z? + dz + e = 0 is called a quartic equation,
and has four roots.

For a quartic equation with real coefficients, either:
e all four roots are real, or
e two roots are real and the other two roots form a complex conjugate pair, or

e two roots form a complex conjugate pair and the other two roots also form
a complex conjugate pair.

You can represent complex numbers on an Argand diagram. The x-axis on an Argand
diagram is called the real axis and the y-axis is called the imaginary axis. The complex
number z = x + ip.is represented on the diagram by the point P(x, y), where x and y are
Cartesian coordinates.

X

The complex numberz = x + iy can be represented as the vector (y

) on an Argand diagram.

The modulus of a complex number, |z|, is the distance from the origin to that number on an
Argand diagram. For a complex number z = x + iy, the modulus is given by |z| = /x? + y2.

The argument of a complex number, arg z, is the angle between the positive real axis and
the line joining that number to the origin on an Argand diagram. For a complex number

z = Xx +1y, the argument, 6, satisfies tanf = %
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17 Let « be the positive acute angle made with the real axis
by the line joining the origin and z.
e [f z liesin the first quadrant, then argz = .
e [f z liesin the second quadrant, thenargz =7 — a.
e If z lies in the third quadrant, then argz = — (7 — ).
e If z lies in the fourth quadrant, then argz = —a.

18 For a complex number z with |z| = rand argz = 6,
the modulus-argument form of z is z = r(cos @ + isin#).

19 For any two complex numbers z; and z,, |z; z,| = |z4]|2;|
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