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vi ABOUT THIS BOOK

ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
e Rigorous and consistent approach throughout
e Notation boxes explain key mathematical language and symbols

2. Mathematical problem-solving The Mathematical Probl ing Cycle

e Hundreds of problem-solving questions, fully integrated le
into the main exercises

¢ Problem-solving boxes provide tips and strategies 4 _
ollect information

¢ (Challenge questions provide extra stretch

rocess and
3. Transferable skills nt information

¢ Transferable skills are embedded throughout this boek: in the ex d in some examples

e These skills are signposted to show students whigh’skills they are using and developing

Finding your way around the bg

5 STATICS OF | |
RYGID BODIES ¢ SRS lahtheiiie

reference

Each chapter starts with a
list of Learning objegtives

- pag
ether a rigid body on an inclined plane will slide

s WL — —
~7atile

poges 153-
“w

The real world applications of
the maths you are about to learn
are highlighted at the start of the
chapter

2 Aparticle s acted upon by 3 coplanar
horizontal forces as shown in t
a Resolve these forces

e directions
North and East.

b ine the magnitude of
the resultant of these forces.

Mechanics 15ection 7.2 N

Glossary terms will
be identified by bold
blue text on their first
appearance
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28 CHAPTER2 ELASTIC STRINGS AND SPRINGS ELASTIC STRINGS AND SPRINGS CHAPTER 2 29

Each section begins
with explanation and
key learning points

@ Hooke's law and dynamics problems

@ You law bl

[sus SLE

A particle of mass 0.5 kg is attached to one end of a light elastic spring of natural length 1.5m and
modulus of elasticity 19.6N. The other end of the spring s attached to a fixed point O on a rough
plane which s inclined to the horizontal at an angle a., where tan a = . The coefficient of friction
between the particle and the plane is 0.2. The particle is held at rest on the plane at a point which is
1m from O down a line of greatest slope of the plane. The particle is géfkased from rest and moves

‘down the slope. Find its initial acceleration.
%

strings or springs.

feht elastic string, of natural length 0.5 m and modulus of elasticity 20N,
{0 a fixed point A. The other end of the string is attached to a particle of mass 2kg.

Explord
problems using §

Problem-solving

! four forces acting on
osm Drava diagram showing all the forces and the ation. Note that, since
H accelerationof the partice. Note that, athough produces a thrust,
l‘ " the particle is (instantaneously) at rest, it has an You can still apply
upward acceleration. Hooke'

Transferable skills are

By Hooke'slaw.

signposted where WT-20=20 e E—
they naturally occur Tt UseHooleston ?

= 40N
50,40 - 196 = 20
102=

in the exercises and
examples

Substitute for T.

F= R since the particle is about to move.
The inital acceleration is 10.2ms-
Solve for .

Q@D Rermemberthat the condition

for maximum velocity or speed is " = 0, that is

the accelertion = 0. A common misconception

isto think the partcl reaches maximum speed

20x_ 2¢ when the elastic goes stack (_e.when there is 1o
tensionin the sping).

reaches its masimum speed when Resolve down the plane.
celerating, that is when its ac-

celeration is zero. Substitute for T'and F.

Solve fora.

Maximum speed occurs at the equillrium position.

Exercise

1 A particle of mass 4kg

S0 the length of the string is
05 +049=099m length

horizontal plane with the end
al acceleration of the particle

Step-by-step worked Pr,
examples focus on the
key types of questions
you’ll need to tackle

e hints,
and strategies, and Watch out
ighlight areas where students
marks in their exams

Exercises are packed with
exam-style questions to ensure
you are ready for the exams

Exam-style questions
are flagged with (£)

Problem-solving
questions are flagged

with (&)

Exercise questions are carefully
graded so they increase in
difficulty and gradually bring
you up to exam standard

-style questions

Exam practice

Mathematics

International Advanced Subsidiary/
Advanced Level Mechanics 3

Time: 1 hour 30 minutes

You must have: Mathematical Formulae and Statistical Tables, Calculator
Answer ALL questions

REVIEW EXERC

1 Aparticle P of mass 1.5kg is moving along the x-axis in the positive direction.
i ) P passes through the origin with speed $ms", and at time ¢ seconds
the resultant force acting on P is 4xN, acting in the negative x direction.
a Find 2 in terms of x. ©
b How far does P travel before stopping? @

a Show that, at time f seconds, the
velocity of Pis (30 - 6/ +4)ms™1. (6)

b Find the distance of 7 from O when P
comes to instantancous rest. [ul

2

A particle P moves in a straight line.
At time ¢ seconds, the acceleration of Pis
ems2, where > 0. When
rest. Show that the speed, vms
time £ seconds is given by

1

« Mechanics 3 Section 1.1

@-1 ® 2 Figure | shows a sketch of the region R bounded by the ,
+ Mechanics 3 Section 1.1 § Rpafisbmothgionstliont ey curve with equation y = cos ¥, the line x = 7, the x-axis
. from rest at a point Ot time 1 = . and the y-axis. A uniform solid s formed by rotating the
2 A particle P moves along the x-axis in the ‘At fime ¢ seconds; the veloGity v 1§ region R through 21 radians about the x-axis.
positive direction. At time ¢ seconds, the given by 2 Show that the volume of Sis % (x + 2). )
BB vimE and jiacceleration 3(1-4), 0<1<5 b Find, in terms of =, the distance of the centre of mass
iste'ms When v=lose,  s<i<lo of § from 0. 0]
Pis 10ms-! ——— ;
& e e ® a Sketch a velocity-time graph for the 3 A particle P of mass m is above the Earth’s surface at a distance
# SRSty emen particle for 0< ¢ < 10 ¢ x from the centre of the Earth, the Earth is modelled as a sphere
b Find. to 3 significant figures, the speed b Find the set of values of ¢ for which of radius R and exerts a gravitational force on P which is o %
of Pwhen r=3. @ the acceleration of the particle is inversely proportional to x*.
R e ling el 6. ® Raking @ a Show that the magnitude of the gravitational force on gl
« Mechanics 3 Section 1.1  Show that the total distance travelled mg,
by the particle in the interval 0 = 1 = § = )
3 A particle P moves along the x-axis. At 3 5) . .
ket Lot bl mh ® A particle s fired vertcally upwards with speed 20 from a point which is a a height 1R above
Y Y d Find, to 3 significant figures, the ithe sarfie of the Barth. £
and its aceeleration is 2sinrms 2, both value of 7 at which the particle returns. . . (gR +6U%)R
i——— L 55 ® b Show that the gratest hfght achieved above the Eart'ssurfuce s 3o~y Q)
when 1=0,  Mechanics 3 Section 1.1
ot Bkl tecias iE © 4 A particle P of mass m s attached to one end of a light elastic string of natural length a

b calculate the distance travelled by P
between the times /=0 a

 Mechanics 3 Section 1.1

@P) 4 Attime=0,a particle Pis at the origin

0 and is moving with speed 18ms-! along
the x-axis in the positive x direction. At
time 1 seconds (1 > 0), the aceeleration of
P has magnitude

—>—ms and is directed towards 0.

A particle P moves along the
such a way that w
from the origin O

ts accel

-axis in

@)

« Mechanics 3 Section 1.2

and modulus of elasticity 2mg. The other end of the string is attached to a fixed point A
The string is initially resting in equilibrium with P hanging vertically below A. The particle

A full practice paper at the back of
the book helps you prepare for the
real thing
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QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Mechanics 3 (M3) is an optional unit in the following qualifications:
International Advanced Subsidiary in Further Mathematics
International Advanced Level in Further Mathematics

Assessment overview
The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ens
this course and know exactly what to expect in the assessment.

M3: Mechanics 3
Paper code WME03/01

| Percentage | Mark | Time | Availablity
333 % of IAS
165 % of 1AL

prepared for

IAS: International Advanced Subsidiary, IAL: Inter idhvanced A Level.

Assessment objectives and weighti

AO1 . 9
0 variety of contexts. 30%
Construct rigorous mat
logical deduction and i the manipulation of mathematical expressions,
AO2 30%
guments for handling substantial problems
kRewledge of standard mathematical models to represent
nise and understand given representations involving
10%
and interpret results from such models in terms of the original
ion of the assumptions made and refinement of such models.
nslations of common realistic contexts into mathematics; use the results of
0 make predictions, or comment on the context; and, where appropriate, read 5%

ogy, and its limitations. Give answers to appropriate accuracy.

5%
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Relationship of assessment objectives to units
Assessment objective

M3 AO1 | A02 | AO3 | AO4
Marks out of 75 20-25 25-30 10-15 5-10
% 265-33% 331-40 133-20 62-13%

Calculators

Students may use a calculator in assessments for these qualifications. Centres
making sure that calculators used by their students meet the requiremen

Do X, T X
imals of a degree,

Students are expected to have available a calculator with at least the followl
VX, % x*, In x, e, x|, sine, cosine and tangent and their inverses in
and in radians; memory.

Prohibitions
Calculators with any of the following facilities are prohiited in all gkaminations:
» databanks

* retrieval of text or formulae

 built-in symbolic algebra manipulations
« symbolic differentiation and/or inte
e language translators

e communication with other machines or th



x  EXTRA ONLINE CONTENT

’ Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides worked solutions for questions in the book. Downloa
solutions as a PDF or quickly find the solution you need online.

Use of technology

Explore topics in more detail, visualise @ Find the point of inte
problems and consolidate your understanding. graphically using techn@lo
Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeaGebra

GeoGebra-powered interactives

[EXE]:Show coordin

ates
1=x228=0 | 1 ¥

i

3 YSEE0. R TR ARaE THRECBaEe TRRE OARAE TR0
@-n
2ety=3

Interact with the maths you
using GeoGebra's

Explore the maths you are learning and gain
confidence in using a graphic calculator

Finding the value of the first derivative

to access the function press:
e exams.

io's scientific o A o @ @ (]

S _

P Pearson

@ Work out each coefficient quickly, using % Step-by-step guide with audio instructions

the "C, and power functions on your calculator. on exactly which buttons to press and what
should appear on your calculator's screen




2 ELASTIC STRINGS
AND SPRINGS Y™

Learning objectives

After completing this chapter you should be able to: 2
=2

® Use Hooke’s law to solve equilibrium problems involving elastic
strings or springs - pa

® Use Hooke’s law to solve dynamics problems involving elasti
strings or springs
® Find the energy stored in an elastic string or spring 31-33

® Solve problems involving elastic energy using th
conservation of mechanical energy and the w

—> pages 33-40

Prior knowledge check

1 Three forces act on a pati

<« Mechanics 1 Section 7.1

Bungee jumping is an activity
that involves jumping from

a high point whilst attached
to a long elastic cord. When
the person jumps, their

ss 4 kg is pulled along a rough horizontal table by a
of magnitude 12 N. Given that the mass moves with

¢ Mechanics 1 Section 5.3 gravitational potential energy
3 Asmooth plane isinclined at 30° to the horizontal. A particle of mass is converted (i.e. changed) into
0.4 kg slides down a line of greatest slope of the plane. The particle kinetic energy. As the bungee
starts from rest at point P and passes point Q with a speed 5m s cord extends, this kinetic
Use the principle of conservation of mechanical energy to find the energy (K.E) is converted into

distance PQ. « Mechanics 2 Section 4.2 elastic potential energy.
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@ Hooke’s law and equilibrium problems

You can use Hooke’s law to solve equilibrium problems involving elastic strings or springs.
The tension (T') produced when an elastic string or spring is stretched is proportional to the extension (x).

m Toxx

m T = kx, where k is a constant

The constant k depends on the unstretched

length of the string or spring, /, and the m An elastid

modulus of elasticity of the string or spring, /. compressed. Instead 3

also be

. T_),_x a thrust (or coy
Tl works for cQ

This relationship is called Hooke's law.

T'is a force measured in newtons, and x and /
are both lengths, so the units of 4 are also

newtons. The value of 1 depends on the material
from which the elastic string or spring is made,

A particle of mass 4 kg
string.

Draw a diagram showing all the forces acting on
the particle.

Note that the elastic string is in tension.

The particle is in equilibrium. Resolve vertically
upwards to find 7. ¢« Mechanics 1 Section 5.1

L Using Hooke's law, with A =29.4and /=2

L Equating the two expressions for 7.

The string stretches by ém
3 m This is the extension in the spring.

The total length will be Z%m.
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ETT e {(IEJ) PROBLEM-SOLVING

An elastic spring of natural length 1.5 m has one end attached to a fixed point. A horizontal force
of magnitude 6 N is applied to the other end and compresses the spring to a length of 1 m. Find the
modulus of elasticity of the spring.

I ¢N D i [ [
raw a diagram showing the app‘lled for .
and the thrust force T produced in g.
(=) T-6=0 The forces are in equilibrium.
T=6N
T= A x 05 Use Hooke's law. The ¢ th ing is
1.5 1.5-1=05m.
-4
-3
S0 % =6 Equating the two expressions tor 7.
A=18N

The modulus of elasticity is 18 N.

Example o (TP INTERPRETATION

The elastic springs PQ and QR are join
has natural length 1.6 m and moduluge
and modulus of elasticity 28 N. T
points which are 4 m apart, as s

Find the tension in the bi pring.

Problem-solving

Since Q is at rest the tension in each spring must
be the same.

Since PR = 4m, total extension of the springs is
4-16-14=1m

L Use Hooke’s law.

20x _ 28(1 — x)

Y Equate the tensions.
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20x _

K = 20(1 - X)
12.5x = 20 — 20x
32.5x = 20
X = % Solve for x.
so T= % X % Substitute for x into tension i PO.
_ 100
=3 N
The tension in the combined spring is
769N (3 =.f)

Example ° ANALYSIS
An elastic string of natural length 2/ and modulus of ¢ 4
nd A=

ed between two points
A and B. The points A and B are on the same horizo

1 level a [. A particle P is attached

to the midpoint of the string and hangs in equilibriumiiwith both parts of the string making an
particle.

Explore Hooke’s law in equilibrium O

problems involving two elastic springs using
eoGebra.

Problem-solving

Draw a large clear diagram showing the forces
acting on the particle. It is useful to label the
midpoint of 4 and B as well.

Let the mass of

(1) 2T cos 60° The particle is in equilibrium.

Use AAPC.

Since AP = PB

Use Hooke’s law.

4
=2mg |(—-2
g (B ) Cancel the /s.
= 0.62mg (2 =.f)
Hence, 0.62mg = Mg Use T'= Mg.

The mass of the particle is 0.62m (2 s.f).
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Example o CY(NKJ) PROBLEM-SOLVING

An elastic string has natural length 2 m and modulus of elasticity 98 N.
One end of the string is attached to a fixed point O and the other end is
attached to a particle P of mass 4 kg. The particle is held in equilibrium
by a horizontal force of magnitude 28 N, with OP making an angle 0
with the vertical, as shown. Find

a the value of 0
b the length OP. @ Explore Hooke’s law in

GeoGebra.

Problem-solving

4g could also

. easier to use your

a («) Tsinf=28 ded value for 6 to find x.
(1) Tcosl = 4g

_26_5

tanf = =7

s0, § = 35.5°

the equations to eliminate T.

swer to 2 s.f. as value for g is correct to 2 s.f.

= 36° (2 sf)
28
b T=
sin 6
. 26 _ 98x Use Hooke’s law, with x as the extension of the
sing 2 string.
S50 X = 4
"~ 7sinf

=0.983..
OP =2 + 0.963...

INTERPRETATION

stic springs PQ and QR each have natural length / and modulus of elasticity 2mg.
The spr1 re joined together at Q. Their other ends, P and R, are attached to fixed points, with P
being 4/ vertically above R. A particle of mass m is attached at Q and hangs at rest in equilibrium.
Find the distance of the particle below P.
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P Problem-solving

} Draw a diagram showing the forces acting on
the particle. Note that we have assumed that
T2 X the lower spring is stretched and is therefore
in tension. If the extension of the low@Rspring
mg 7 turns out to be negative, then it meansithe lower
T, / spring is in compression.
R
I+x+y+1=4] Since P is 4/ above
y=2l-x
MT,-mg-T,=0
2mgx 2mg2l — x)
= i =mg + ]

2x =1+ 2 (2] - x)
2x =1+ 4l - 2x

4x = 5l
_ 5! ring is in tension. The value of y is also
4 positive. This demonstrates that the bottom

The distance of the particle below P is pring is also in tension.

Add on the natural length, /, of the spring.

the plane is % The ball rests in limiting equilibrium, on the point

Problem-solving

Draw a clear diagram showing all the forces.
The ball is on the point of sliding down the plane,
so the frictional force acts up the plane.
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Let extension of string be xm.

sinf = % 50 cosf = % Resolving forces perpendicular to the plane.
g F
(") R=3gcost =— e I
5 5 I— Ball is in limiting equilibrium so F= uR
FepR=g

() T+ F=3gsind Resolving forces up the plane and substi

for Tand F.
T=3gsind - F
B 4\ 3¢ 98
T—(3g><5)— 5 =5 =176N (3 o.f)
Ax
i T =
ii "
_ 10x
17.6—70G

sox = 1.06m (3 s.f.)
Length of string = 0.6 + 1.06
=1.66m (3.5.f)

sion in the string, so
nd the total length.

b If,u>%then

F would be greater as F = uR
T would be less as T = 3g sinf — F

~roblem-solving

N

coeffigient of friction is greater, which
there is a greater force due to

¥ would be less as T = Ax acting up the plane. The st'rlng h§§ tc')
) oduce less force to keep the ball in equilibrium,
50 answer to part a ii would be n less extension is required.

1.66m

1 Oneend of alig
other end

g is'attached to a fixed point. A force of 4 N is applied to the
stretch it. The natural length of the string is 3m and the
. Find the total length of the string when

b A=12 c A=16

2 fThe le elastic spring is reduced to 0.8 m when a force of 20 N compresses it.
i at odulus of elasticity of the spring is 25 N, find its natural length.
@ 3 An spring of modulus of elasticity 20 N has one end fixed. When a particle of mass

1 kg is attached to the other end and hangs at rest, the total length of the spring is 1.4 m. The
particle of mass 1 kg is removed and replaced by a particle of mass 0.8 kg. Find the new length
of the spring.

@ 4 A light elastic spring, of natural length « and modulus of elasticity 4, has one end fixed. A scale
pan of mass M is attached to its other end and hangs in equilibrium. A mass m is gently placed
in the scale pan. Find the distance of the new equilibrium position below the old one.
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©)

5

® ¢

&P 7

E/P) 8

An elastic string has length ¢; when supporting a mass m; and length a, when supporting a
mass n1,. Find the natural length and modulus of elasticity of the string.

When a weight, W'N, is attached to a light elastic string of natural length /m the extension of
the string is 10 cm. When W is increased by 50 N, the extension of the string is increased by
15cm. Find W.

An elastic spring has natural length 2a and modulus of elasticity 2mg. A partd
is attached to the midpoint of the spring. One end of the spring, 4, is attach

a Find the distance of the particle below the ceiling when it is in equilik . (8 marks)
b In reality the spring may not be light. What effect will the z 5 on the calculation
of the distance of the particle below the ceiling? (1 mark)

A uniform rod PQ, of mass 5kg and length 3 m, has hinged to a fixed
point. The other end, Q, is attached to one end of of modulus of elasticity
30 N. The other end of the string is attached to a
level as P with RP = Sm. The system is in equilib
a the tension in the string

b the natural length of the string.

and ZPOR = 90°. Find
(5 marks)
(3 marks)

Problem-solving

irst take moments about P.
< Mechanics 1 Section 8.1

th / and modulus of elasticity 2mg. Another light
length#and modulus of elasticity 4mg. The strings are joined at

¢ end A is attached to a fixed point. A particle of mass m is hung

gst in equilibrium. Find the length AD. (7 marks)

their ends B
from the end

(7 marks)
ngth of PB (2 marks)
¢/ the tension in PB. (2 marks)

A particle of mass 2 kg is attached to one end P of a light elastic string PQ of modulus of
elasticity 20 N and natural length 0.8 m. The end Q of the string is attached to a point on a

D . 3 :
rough plane which is inclined at an angle « to the horizontal, where tan a = <. The coefficient

4
of friction between the particle and the plane is % The particle rests in limiting equilibrium, on
the point of sliding down the plane, with PQ along a line of greatest slope. Find
a the tension in the string (5 marks)

b the length of the string. (2 marks)

27




28 CHAPTER 2 ELASTIC STRINGS AND SPRINGS

@ Hooke’s law and dynamics problems

You can use Hooke’s law to solve dynamics problems involving elastic strings or springs.

Example o (I CRITICAL THINKING

One end of a light elastic string, of natural length 0.5 m and modulus of elasticity 20 N,
is attached to a fixed point A. The other end of the string is attached to a particle of g.
The particle is held at a point which is 1.5 m below A4 and released from rest. Find:

N

a the initial acceleration of the particle
b the length of the string when the particle reaches its maximum speed.

a A
0.5m Draw a diagr
acceleratio
the partic
T
fm upward ac

A
2g
MT-2g=2a olve uptyards.
20 x 1
T= 05 oke’s law.
= 40N
S

50, 40 — 19.6 = 2a
10.2 =a ubstitute for 7.

Solve for a.

m Remember that the condition

celeration is zero.
for maximum velocity or speed is 3—‘; =0, that is

T-2g=
T=

the acceleration = 0. A common misconception

is to think the particle reaches maximum speed
when the elastic goes slack (i.e. when there is no
tension in the spring).

Maximum speed occurs at the equilibrium position.

So the length of the string is
0.5+ 049 =099m Add on the natural length to the extension.
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Example o (Y(NEJ) INTERPRETATION

A particle of mass 0.5 kg is attached to one end of a light elastic spring of natural length 1.5m and
modulus of elasticity 19.6 N. The other end of the spring is attached to a fixed point O on a rough

friction

plane which is inclined to the horizontal at an angle «, where tan o = T The coefficient

between the particle and the plane is 0.2. The particle is held at rest on the plane at a poi
1 m from O down a line of greatest slope of the plane. The particle is released fr

down the slope. Find its initial acceleration.
m Explore Hog

which is

ed, it produces a thrust,
whn the plane. You can still apply

05¢g
19.6 x 0.5
T= i ; By Hooke’s law.
196
=—5°N
(") R=0.5gcos There is no acceleration perpendicular to the plane.
4
=49 x 5
=3.92N
so, F'=0.2x 3.9 F = iR since the particle is about to move.
=0.764N
= Resolve down the plane.

Solve for a.

1 A particle of mass 4 kg is attached to one end P of a light elastic spring PQ, of natural length
0.5m and modulus of elasticity 40 N. The spring rests on a smooth horizontal plane with the end
O fixed. The particle is held at rest and then released. Find the initial acceleration of the particle

a if PO = 0.8 m initially
b if PQ = 0.4m initially.
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@ 2 A particle of mass 0.4 kg is fixed to one end A4 of a light elastic spring 4B, of natural length
0.8 m and modulus of elasticity 20 N. The other end B of the spring is attached to a fixed point.
The particle hangs in equilibrium. It is then pulled vertically downwards through a distance
0.2 m and released from rest. Find the initial acceleration of the particle. (4 marks)

3, 0.6m »

ength
0.4m and modulus of elasticity 20 N. The ends of the elastic string arefattached togdwo fixed

points 4 and B which are on the same horizontal level, with AB = 0. 6 is held in
the position shown, with AP = BP = 0.5m, and released from r celeration
of the particle and state its direction. (5 marks)

4 A particle of mass 2 kg is attached to one end P of a light elaSti
the spring is attached to a fixed point O. The sprin

e other end Q of
75> m and modulus of

magnitude and direction. (5 marks)

1c spring of natural length 1.6 m

and modulus of elasticity 21.5N. The ing is attached to a fixed point O on

angle o where tan o = 1—52 The coefficient

of friction between the parti . The particle is held at rest on the plane at a

a rough plane which is inclined tgQ

point which is 1.2 m fro

the particle and the plane was greater than % (1 mark)

gs each have natural length /and modulus of elasticity A.
kg is attached to one end of each string. The other ends of the

The initial acceleration of the particle is % ms—2.

3V2,
a Show that when the particle is released the tension, 7; in each string isTg N.

b Given that at the point the particle is released, each string has extended by of
its natural length, find the modulus of elasticity for each string.
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@ Elastic energy

You can find the energy stored in an elastic string or spring.

You can draw a force-distance diagram to show the extension x in an elastic string as a gradually
increasing force is applied. The area under the force-distance graph is the work done in sffetching
the elastic string.

A is the modulus of elasticity of

&~ . -
g x|l ————" stringand/isits natural len
) B
S 1
©
2
ey
Q.
< Work done

0 X

Extension, s

The applied force is always equal and opposite to the t
increases as the string stretches.

string, T. This value

Using the formula for the area of a triangle:

m This rule applies as long

as the extension is within the elastic
limit of the string or spring.

When d in newtons and x and / are measured in metres, the work done is in joules (}).

etched string is released it will ‘ping’ back (i.e. return) to its natural length. In its stretched
as the potential to do work, or elastic potential energy (this is also called elastic energy).

L elastic potential energy (E.PE.) stored in a This is an application of the
retched string or spring is exactly equal to the

- . work-energy principle.
amount of work done to stretch the string or spring.

< Mechanics 2 Section 4.3
® The E.P.E. stored in an elastic string or spring of modulus

2
of elasticity A which has been stretched from its natural length [ to a length (/ + x) is %

You can apply the same formulae for work done and elastic potential energy when an elastic string or
spring is compressed.
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Example @ CY(NKJ) PROBLEM-SOLVING

An elastic string has natural length 1.4 m and modulus of elasticity 6 N. Find the energy stored in
the string when its length is 1.6 m.

6 x 0.22
2 x 14

= 0.0857J (3 s.f)

SETT @ (IEJ) PROBLEM-SOLVING

A light elastic spring has natural length 0.6 m and modulus of elasticity 1 ie\work done
in compressing the spring from a length of 0.5m to a length of 0.3 m.

2
Energy stored = Use % withx=16-14=0.2

e spring is being compressed, so it

Work done in  Energy stored when  Energy stored when
= r stored energy at the

compression length is 0.3 m - length is 0.5 m

_10x032 10x0.1?
T 2x06 2 x 0.6

L Use the compression in the formula,

19 032 -0m)
ot the length.

(03 + O.N(0.3 = 0.)
A common error is to use

=—x04 x0.2 ! 12
- 2x06 06
=2
3

2, of natural length 0.8 m and modulus of elasticity 4 N, is compressed to a
ind the elastic potential energy stored in the spring.

4 An elastic spring has natural length 0.7 m and modulus of elasticity 20 N. Find the work done
when the spring is stretched from a length

a 0.7mto0.9m

b 0.8mtol.0m m Note that your answers

to a, b and c are all different.
¢ 1.2mtol.4m
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@ 5 A light elastic spring has natural length 1.2 m and modulus of elasticity 10 N. One end of the
spring is attached to a fixed point. A particle of mass 2 kg is attached to the other end and hangs
in equilibrium. Find the energy stored in the spring. (3 marks)

6 An elastic string has natural length a. One end is fixed. A particle of mass 2m is attac
free end and hangs in equilibrium, with the length of the string 3a. Find the elastic p
energy stored in the string. (3 marks)

@70

) Smg

A particle P of mass m is attached to one end of aflight elastic\tring, of natural length a and

Find

a the tension in the string (5 marks)

(4 marks)

This is an application of

sum of its kinetic energy, the principle of conservation of

ntial energy and elastic potential mechanical energy.
« Mechanics 2 Section 4.3

example

(S (/NK3 INTERPRETATION

A light elastic string, of natural length 1.6 m and modulus of elasticity 10 N, has one end fixed

at a point 4 on a smooth horizontal table. A particle of mass 2 kg is attached to the other end of
the string. The particle is held at the point 4 and projected horizontally along the table with speed
2ms~!. Find how far it travels before first coming to instantaneous rest.
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2ms™ Oms™
_’ _>
[ L J

Ae—16+x ——

Suppose that the extension of the string
when the particle comes to rest is x.

K.E. lost by the particle = E.PE. gained by the

string
1 A?
2 21
%X 2x = 212)?%6
1.28 = x?
113... =x

Total distance travelled is 2.73m (3 s.f)

It is important to realise that in the example above, the particle i
instantaneous rest. Therefore you cannot use forces to solve this
acceleration and will immediately ‘spring” back toward

Example @ SKILLS PROBLEM-SOLVING

modulus of elasticity 19.6 N. The other ¢
particle is released from the point O4fi

0 o *Oms‘1
2m
X
PEMIOst by partigle = E.PE. gained by string
i
21
19.6x2
+ Xx) = 7
2+ x=x*%
O=x2-x-2
O=x-2)x+1)
x=2 or -1

Hence greatest distance reached below O is
4 m.

ELASTIC STRINGS AND SPRINGS

Draw a simple diagram showing the initial and
final positions of the particle.

You can apply the conservation of en
principle since the table is smooth

Note that you do not need to cons e energy
of the particle in any in 0

Add on the

rium when it comes to
m. The particle has an

Draw a diagram showing the initial and final
positions of the particle. Let the extension of the
string be x when the particle comes to rest.

There is no K.E. involved as the particle starts
at rest and finishes at rest. Assuming no air
resistance, energy will be conserved.

Problem-solving

x is the extension in the string so it must be
positive. Ignore the negative solution, and
remember to add the natural length of the string.
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Example @ (Y{(IEJ) INTERPRETATION

A light elastic spring, of natural length 1 m and modulus of elasticity 10 N, has one end attached
to a fixed point A. A particle of mass 2 kg is attached to the other end of the spring and is held at
a point B which is 0.8 m vertically below A. The particle is projected vertically downwards from B
with speed 2 ms~!. Find the distance it travels before first coming to rest.

A
0.86m
2m 5‘4 B
1
0.2m q
_________ Problem-s( ving
Om 5_1¢ X inciple of conservation
h kinetic energy,
Let the extension of the spring be x when the itati otential energy and elastic

particle comes to rest.
K.E. loss + FE. loss = EFE. gain
1

§x2x22+2g(0.2+x)=

10x2 10 x Q, Let the extension of the spring be x.
2 E.PE. gain = final E.PE. — initial E.P.E.

4 4+ 392 +19.6x=5x>-0.2

0= 5x2 — 196x — 812 rite in the form ax? + bx + ¢ = 0 to solve

quadratic.

19.6 +/19.62 + (4 x 5 x 8.
10

_19.6 £23.37...
- 10

X =4.298... or

Ignore the negative solution.

0.2 »—L
The spring is compressed by 0.2 m at the start.

2 sf)

Distance

' cXamp *

A light elastic spring, of natural length 0.5 m and modulus of elasticity 10 N, has one end attached

¢ coefficient of friction between the particle and the plane is 0.4. Initially the particle lies on the
plane with 4P = 0.5m. It is then projected with speed 2 ms~! away from A along the plane. Find
the distance moved by P before it first comes to rest.
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«~—05m—p

TTT® Draw a diagram showing the initial and final
A —>oms positions of the particle.
«—X—>PpP Let the extension of the spring be x.
[0 AT,
—»Oms™

R Problem-solving

As it slides, P will be moving agai
from the plane.

O4R

0b&g

(1 R=0.8g First find the magnitug

Friction = 0.4 x 0.6g
=0.32¢g

work done against friction = overall loss in o
Apply the Work-energy hinciple.

energy
work done  KE. loss E.PE. gain
against friction ~ of P of spring
2 2
0.32gx = % x 0.8 x 22 — 213)60.5 Us€force x distance, %mv2 and %

10x% + 0.32gx — 1.6 =0

_0.32¢ +(0.32g) + G4
r= 20

L

the form ax? + bx + ¢ = 0 to solve quadratic.

Solve for x.
x=0.2728... or =0.586...

P moves a distance 0.27 G Ignore the negative solution.

coming to rest.

zontal table. The other end is attached to a particle P of mass m. The particle is

the table with AP = %l and is released. Find the speed of the particle when the
its natural length.

of mass m is suspended from a fixed point O by a light elastic string, of natural length
a and modulus of elasticity 4mg. The particle is pulled vertically downwards a distance d from its
equilibrium position and released from rest. If the particle just reaches O, find d.

3 A light elastic spring of natural length 2/ has its ends attached to two points P and Q which are at
the same horizontal level. The length PQ is 2/. A particle of mass m is fastened to the midpoint of
the spring and is held at the midpoint of PQ. The particle is released from rest and first comes to
instantaneous rest when both parts of the spring make an angle of 60° with the line PQ.
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Challenge

a Find the modulus of elasticity of the spring. (6 marks)
b Suggest one way in which the model could be refined to make it more realistic. (1 mark)

A light elastic string, of natural length 1 m and modulus of elasticity 21.6 N, has one end
attached to a fixed point O. A particle of mass 2 kg is attached to the other end. The garticle is
held at a point which is 3 m vertically below O and released from rest. Find

a the speed of the particle when the string first becomes slack 5 marks)

b the distance from O when the particle first comes to rest. arks)

OPis 53—a. The particle is now projected vertically downwards

comes to instantaneous rest at a distance léﬂ below O. Find (7 marks)

3m and modulus A N. The ends of the string are atfd@ched to tw@ points 4 and B on the same
horizontal level with 4B = 3 m. The particle is held nt of AB and released from rest.
The particle falls vertically and comes to instantane point which is 1 m below the
midpoint of 4B. Find

a the value of 1 (5 marks)
b the speed of P when it is 0.5 m bel iti ition. (5 marks)
A light elastic string of nat odulus of elasticity 117.6 N has one end

; @ (5 marks)

peed of P during the fall. (4 marks)

Problem-solving

P will be travelling at its greatest speed when the
acceleration is zero.

ss 2 kg is attached to one end of a light elastic string of natural length 1 m
elasticity 40 N. The other end of the string is fixed to a point O on a rough

hich is inclined at an angle a, where tan o = % The particle is held at O and released

rest. Given that P comes to rest after moving 2 m down the plane, find the coefficient of
ion between the particle and the plane. (4 marks)

An elastic string of natural length /m is suspended from a fixed point O.
When a mass of M kg is attached to the other end of the string, its extension

is % m. An additional M kg is then attached to the end of the string.

gl
20 J

3
Show that the work done in producing the additional extension is

37
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Chapter reviewe CI{(NKJ) PROBLEM-SOLVING

® 1 A particle of mass m is supported by two light elastic strings, each of natural length a and

15m
modulus of elasticity Tg The other ends of the strings are attached to two fixed points 4

and B where 4 and B are in the same horizontal line with 4B = 2a. When the particle hangs at
rest in equilibrium below A B, each string makes an angle # with the vertical.

a Verify that cos = %

b How much work must be done to raise the particle to the midpoint of 4B?

2 A light elastic spring is such that a weight of magnitude ¥ resting on t
compression a. The weight W is allowed to fall onto the spring from a

Find the maximum compression of the spring in the subseque

a Find the modulus of elasticity of the string.
A particle of mass 0.5 kg is attached to the midpoi e string. The particle is pulled 0.1 m

A d BP. The points 4 and B are on the

S5ia

The modulus of elastiei is 4. Show that the natural length of BPis ————
3mg + 52

a distance 32—a from the wall, on a rough horizontal plane, and released from rest.

t of friction between the ball and the plane is %
, In terms of ¢ and g, the speed ¥ of the ball as it hits the wall.

The ball rebounds (i.e. bounces back) from the wall with speed 2%/ The string stays slack.

b Find the distance from the wall at which the ball comes to rest.
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6 A light elastic string has natural length / and modulus 2mg. One end of the string is attached to a
particle P of mass m. The other end is attached to a fixed point C on a rough horizontal plane.

Initially P is at rest at a point D on the plane where CD = %l

a Given that P is in limiting equilibrium, find the coefficient of friction between P and the plane.

The particle P is now moved away from C to a point E on the plane where C
b Find the speed of P when the string returns to its natural length.
¢ Find the total distance moved by P before it comes to rest. (4 marks)

oints A and B
is attached to
1angs in equilibrium

7 A light elastic string of natural length 0.2 m has its ends attachg
which are on the same horizontal level with 4B =0.2m. A pa
the string at the point P where AP = 0.15m. The system is reléased and F
below 4B with ZAPB = 90°.

a If ZBAP =0, show that the ratio of the extensiogof AP and B

4cosfh -3
4sinf— 1 (4 marks)
b Hence show that
cosf (4cosf—3)=3sinb ( (4 marks)
8 a light elastic string, of natural length 1 m

a Find the val ; (3 marks)

b Find the exte the string. (3 marks)
¢ If the hori is removed, find the magnitude of the least force that will keep the

e angle. (2 marks)

B are on the same horizontal level with 4B = 3a. A particle P of mass m is
light inextensible string of length 4a and is joined to B by a light elastic

m
strin@)of natural length ¢ and modulus of elasticity Tg The particle P is held at a point C,

such that BC = a and both strings are taut. The particle P is released from rest.
ow that when AP is vertical the speed of P is 2,/ga (6 marks)
Find the tension in the elastic string in this position. (4 marks)
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Challenge

A bungee jumper attaches one end of an elastic rope to both ankles.
The other end is attached to the platform on which he stands.

The bungee jumper is modelled as a particle of mass m kg attached to
an elastic string of natural length /m with modulus of elasticity 4 N.

a Show that the maximum distance the jumper descends after

/
jumping off the platform is / + k + v 2kl + k? where k = %

b Suggest a refinement to this model that would result in
i agreater maximum descent
ii asmaller maximum descent.

Summary of key points

1 When an elastic string or spring is stretched, the tension, T, #foduced is onal to the
extension, x.
e Txx
o T =kx,wherekis a constant
The constant k& depends on the unstretched | h of ghe spring or string, /, and the modulus
of elasticity of the string or spring, 4.
. poix
)

This relationship is called Hooke's |

2 The area under a force-dista aph i done in stretching an elastic string or spring.
astic string or spring with modulus of elasticity
Ax?

Z h(l+x) ISZ—I

and / are measured in metres, the work done is in joules (}).

YE.) stored in a stretched string or spring is exactly equal to
retch the string or spring.

g or spring of modulus of elasticity 4 which has been stretched from
. AX?
is =—

2/

rgy, gravitational potential energy and elastic potential energy remains constant.
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