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ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
e Rigorous and consistent approach throughout
e Notation boxes explain key mathematical language and symbols

2. Mathematical problem-solving The Mathematical Problem-Solving Cycle

e Hundreds of problem-solving questions, fully integrated specify the problem

into the main exercises
¢ Problem-solving boxes provide tips and strategies interpret results

collect information
¢ (Challenge questions provide extra stretch

process and
3. Transferable skills represent information

» Transferable skills are embedded throughout this book, in the exercises and in some examples
e These skills are signposted to show students which skills they are using and developing

Finding your way around the book

1 HYPERBOLIC

Each chapter is mapped to the

FU N CTI 0 N specification content for easy

T » / reference

After completing this chapter you should be able to:
® Understand the definitions of the hyperbolic functions » pages 2
® Sketch the graphs of the hyperbolic functions and know their properties

Each chapter starts with a
list of Learning objectives

The Prior knowledge
check helps make sure
you are ready to start the 3 ;
chapter

The real world applications of
the maths you are about to learn
are highlighted at the start of the
chapter

Glossary terms will
be identified by bold
blue text on their first
appearance
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ABOUT THIS BOOK

m 8 Use appropriate identities to find
Find fachren @ [sec x can be found by noting b [(sechy ~ tanhx)*dx ¢ f}:’nhr ~dx
) that g Gnfsecx - tan ) a [sinhxcoshxdx e [eoshixd t [tanh2vdx
Step-by-step worked etz e e e
Writng sechx 35 —L— and using the o ® 9 showthat [ cosh?(3)dx =3+ In16)

examples focus on the
key types of questions
you’ll need to tackle

exponertia fonm of cosh x gives So that secxdx = n(sec v+ tan ) + Chut ® (@) 10 The region bounded by th
Jaeenwar= [ 2 ax e through 360° about the x

J2e e

Use the substitution u = e*, then

rve y = sinh x, the line x = 1 and the positive
Show that the volume of the solid of revolution formed is
(© marks)

Multiply numerator and denominator by e*
du_ . 11 Using the result for [ sech xdx given in Example 7, find
Hoerso v J

[t

b [sech2vdx

o [{- (3 ar

evdx can be replaced by du.

Jooonsare [ anm2 [

Thisis now standard form 8 with variable u. 12 Using the substitution u = 3,

sh? (x?) d

= 2arctanu+ C
= 2arctaner + €

1 Find The standard results below, which you met in Section 4.1, can be derived directly by using a

b [tanh dxdx substitution.

icand

= You need to be able to use d hyperbolic

a [sinh?xcoshxdx c [tanhsxsech?xdx

Exercise questions
are carefully graded

1
8 [—L—dx=arsinc+ Ca <1
13y tanh3x dx f\/ﬂ—\’w arcsiny + €, Jx] <

e [Veoshzvsinh2x dx

4 [cosech’xcothxdx

2 Find 9 [drmarans

so they increase in —e sy p [Lrinh o [Seosh s 2sinh, :
e * jl* 3coshx f coshex & N coshx v 10 f‘/u» s =arsimhs + €
difficulty and gradually 3 a Show that oothedv = Insnh + C. N
H 2 T (x2-1)
brlng you up to exam b Show that [ C“"‘Z“i""‘y(“ In these cases, algebraic substitutions such as u = 1 - 2 for result 8, do not help, but an appropriate
R trigonometric or hyperbolic substitution can be used. The suggested substitutions below are made so
standard 4 H\}mlcgmum\ by parts o find ; that the two termed expressions in the denominator are transformed into one, by use of a relevant
a [xsinh3xdx b |xsech’xdx identity.
5 Find = For anintegral involving (1= try x= sin or x= tanh u fod-antd=costd

1= tanh?u = sech?u

a [ercoshrdr

® 6 Bywriting cosh 3xin exponential form, find [cosh? 3xdx and show that it is equivalent to the

Exercises are packed
with exam-style et found n Example oh
questions to ensure you 7 Evaluate J;Imd\.gl\mg your answer in terms of .

b [esinh3xdy ¢ [coshycosh3xdy

= Foraniintegralinvolving 1+ try x=tand orx=sinhu |
A1+ tan

14 sinhé,

= For an integral involving /(1 + ) try x = sinh or x= tan¢

= For an integral involving { (= 1) try x= coshu or x = secd - (==

are ready for the exams 7
Problem-solving boxes provide hints, Each section begins
tips and strategies, and Watch out with an explanation
Exam-style questions bf?cxesl high”ghiafeiz where students and key learning points
. often lose marks in their exams
are flagged with (£)
Problem-solving
questions are flagged Each chapter ends with a Chapter review
with ® and a Summary of key points
After every few chapters, a Review exercise
helps you consolidate your learning with XM PRACTICE )

lots of exam-style questions

Exam practice

Mathematics
International Advanced Subsidiary/
Advanced Level Further Pure 3

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

REVIEW EXERCISE

Review exercise

Answer ALL questions
| 1 Theline a directrix of the ellipse with equation
(® 1 Find the value of x for which b solve the equation - =2 2
o Sinhx ~ tanhx
2tanhx-1=0 giving your answer in the form K Ina, ”
giving your answer in terms of a natural where k and a are integers. 8 The point (3, 0) is the corresponding focus.

 Further Pure 3 Section 1.3
«Further Pure 3 Sction 1.1
(® 2 Starting from the definition of cosh x in
terms of exponentials find, in ter
natural logarithms, the values of x for
which $ = 3cosh x

a Show that the value of pis 3/2 @
(® 8 a From the definition of coshx in terms
of exponentials, show that
cosh2v=2cosh®x — 1 @
Solve th ion

b Find the value of g. @
s of

2 a Starting from the definitions of sinh.x and cosh.x in terms of exponentials, show that

cosh2y = 1+ sinhx &)

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.

« Further Pure 3 Section 1.1

3 The curves with equations y = Ssinh x and

cosh2x - Scoshy =2
giving the answers in terms of

b Solve the equation

atural log cosh2x - 2sinh.x - 16 =
= 4cosh x meetat the point A(Inp. g). tatufal loganithins ® cosh2x = 2sinhx - 16= 0 ®
Find the exact values of pand . g bl it o b —_— )
«FurtherPure3 Section 13 () 9 a Using the definition of cosh.x in terms ? ’J B
® 4 Find the values of x for which A€ exposeatials, grors hal a Find an expression for f X4, 0 ®
Scoshx - 2sinhx =11 dcoshix - Jcoshx =cosh3x () fCErs
e swisa,aolve the cqjaal 90-1)
fv\mgi\our.m»\\vrnt\mlulhll © b Hmul. a{ru\l;m\‘m. solve the equation b Hence, or otherwise, show that ,= —— [,y n=2 ®
logarithms. 5 cosh3x = Scosh X
P iy o i ¢ Find Jyin the form k=, where k is a rational number. @
(® 5 By expressing sinh 2x and cosh 2x in terms logarithms. 4 u Differentiate x arsinh 2x with respect (0 x ®
of exponentials,find the exact values of x « Further Pure 3 Section 1.3 o
for which ®1 o d i b Hence, or otherwise, find the exact value of [ xarsinh 2v dx
0 a Starting from the definitions of cosh.x >
Gsinh2x +9cosh2v=7 d sinh.x in terms of exponentials, Give your answer in the form A In B + C where A, Band C are real numbers. 4]
giving cach answer in the form 31np, prove that
where p is a rational number. ) cosh(/ - B sosh Acosh B. 5 The curve with parametric equations x = cosh26, y = 4sinh# 0<A<1
~Further Pure 3 Section 1.3 —sinh AsinhB (@) i rotated through 27 radians about the x-axis.
® 6 Giventhat b Hence, or otherwise, given that Find the exact area of the surface generated. 4]

sinh.x + 2coshx = k

constant,

F values of & for which at
least one real solution of this equation
exists

b solve the equation when k=2 (3)
«~Further Pure 3 Section 1.3

Using the definitions of cosh.v and sinh x

in terms of exponentials,

a prove that cosh®x - sinh’

€}

cosh(x - 1) = sinh.x, show that

tanhx =

« Further Pure 3 Section 1.3

Starting from the definition
oo

sinhy

prove th; Il real values of x,

arsinh.x = In(x + (14 %) @

A full practice paper at the back of
the book helps you prepare for the

real thing



viii QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Further Pure Mathematics 3 (FP3) is an optional* unit in the following qualifications:
International Advanced Subsidiary in Further Mathematics

International Advanced Level in Further Mathematics

*|t is compulsory to study either FP2 or FP3 for the International Advanced Level in Further
Mathematics.

Assessment overview
The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

| Percentage | Mark | Time | Availability

FP3: Further Pure 33%% of IAS 75 1 hour 30 mins | January and June
Mathematics 3

16% % of IAL First assessment June 2020
Paper code WFM03/01

IAS: International Advanced Subsidiary, IAL: International Advanced A Level.

Assessment objectives and weightings

Recall, select and use their knowledge of mathematical facts, concepts and techniques in a

AO1 .
0 variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%
technology, and its limitations. Give answers to appropriate accuracy.

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.
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Relationship of assessment objectives to units

QUALIFICATION AND ASSESSMENT OVERVIEW

Assessment objective

()

FP3 AO1 AO2 AO3 AO4 AO5
Marks out of 75 25-30 25-30 0-5 7-12 5-10
% 333-40 333-40 6% 93-13 65-13%

Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements given in the table below.

Students are expected to have available a calculator with at least the following keys: +, —, x, +, 7, X%,
VX, % X, In x, e¥, x!, sine, cosine and tangent and their inverses in degrees and decimals of a degree,
and in radians; memory.

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
databanks

retrieval of text or formulae

built-in symbolic algebra manipulations

« symbolic differentiation and/or integration
» language translators
e communication with other machines or the internet



x  EXTRA ONLINE CONTENT

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.

‘ Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

Use of technology

Explore topics in more detail, visualise
problems and consolidate your understanding.
Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

SolutionBank provides worked solutions for questions in the book. Download
the solutions as a PDF or quickly find the solution you need online.

@ Find the point of intersection O%

graphically using technology.

GeaGebra

GeoGebra-powered interactives

CASIO.

Graphic calculator interactives

o ah il Az By=3

A=2
——
B=1
nsat-hmans:
Simuttaneous equations
y=2'-82+1
2z+1y=3

Solutions: (2,-1) (-1, 5)

El [EXE]:Show coordinates
T T

Az.0)

o ) e
- i‘::/nnsacr
e i s s 1 s B o 5.0

3 BT NRR TR SR TRRE R SRS AR SRR NED TR CRAES TRRESHRRY YRR
@-n
2ety=3

Interact with the maths you are learning
using GeoGebra's easy-to-use tools

Explore the maths you are learning and gain
confidence in using a graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use
your calculator in the exams.
They cover both Casio's scientific
and colour graphic calculators.

Finding the value of the first derivative

to access the function press:

(uew) @ (enrr) @

S _

the *C, and power functions on your calculator.

@ Work out each coefficient quickly using % Step-by-step guide with audio instructions

P Pearson

on exactly which buttons to press and what
should appear on your calculator's screen




1 HYPERBOLIC
FUNCTIONS

Learning objectives

After completing this chapter you should be able to:

® Understand the definitions of the hyperbolic functions - pages 2-3 ’
® Sketch the graphs of the hyperbolic functions and know their properties }" . e
—> pages 4-7 A Loy,
Understand and use inverse hyperbolic functions including their ' %gﬂf’{

graphs, properties and logarithmic equivalents - pages 7-10 Qi’
Prove identities and solve equations using hyperbolic functions - pages 10-14 § /

Prior knowledge check

Hyperbolic curves feature often in
architectural modelling. A hanging chain
might look like a parabola but it is actually

1 f(x)=2e¥—e™>
Solve the equation f(x) =2

¢« Pure 3 Section 4.2 a curve called a catenary (derived from

the Latin word for chain). In buildings the
inverted catenary provides a very stable
structure.

2 Show that

< Pure 2 Section 6.3




2 CHAPTER1 HYPERBOLIC FUNCTIONS

@ Introduction to hyperbolic functions

Hyperbollc. Lunftlons havg sfevera.l propbertle;. in m x belongs to the set of real numbers,
common with trigonometric functions, but they using the correct mathematical notation.

are defined in terms of exponential functions.

m Hyperbolic sine (or sinh) is defined
yp. h ex_(e—x ) m Often pronounced ‘shine’.
assinhx=——-—-

2
= Hyperbolic cosine (or cosh) is defined L
Cevier m Often pronounced ‘cosh’.
ascoshx =
= Hyperbolic tangent (or tanh) is defined , S,
_ sinhx m Often pronounced ‘tanch’ or ‘than’.
astanhx =
cosh x

You can use the definitions of sinh x and cosh x to write tanh x in exponential form.
sinhx _eY—e™ 2 _ev—e™

= X =
cosh x 2 e¥4+e™¥ e¥4e™

tanhx =

Multiplying the numerator and denominator of the final expression through by e~ gives:

2x _
» tanhx =S 1
e +1

There are also hyperbolic functions corresponding to (i.e. connected to) the reciprocal trigonometric
functions:

= Hyperbolic cosecant (or cosech) is defined
as cosechx = L = 2 m Often pronounced ‘cosech’ or ‘cosheck'.

sinh x ev—e™
= Hyperbolic secant (or sech) is defined
. ]. . 2 ‘ ’ 1 ’
assechx = oshx — erte~ m Often pronounced ‘sheck’ or ‘setch’.

= Hyperbolic cotangent (or coth) is defined

ascothx = 1 = e +1 m Often pronounced ‘coth’.

tanh x ex —1

Example ° SKILLS JEUTINETS

Find, to 2 decimal places, the values of
a sinh3 b coshl1 ¢ tanh0.8

3 _ 3
a sinh3 = % =10.02 (2 d.p)

1 -1
b coshi =S +26 =154 (2 d.p)
el -1
tanh 0.6 = =066 (2 dp.
c tan RS (2 dp)

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.
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HYPERBOLIC FUNCTIONS CHAPTER 1 3

Find the exact value of tanh (In4).

2
62m4 -1 _ 6m4 -1 B 6\1116 -1

tanh(In4) = T R T
_16—1_@ Ink —
G117 Usoel=

Use the definition of sinh x to find, to 2 decimal places, the value of x for which sinh x =5

ex — e ~
=5=¢e"-e¥=10

2 . Multiply both sides by e*.
e’ —1=10e*
e?* = 10e*-1=0 | The substitution u = e* turns this into the
e¥=5=* 26 quadratic equation u?—10u—-1=0
= e¥=5+/26 L
So x=1n(5++26) =231 (2 dp) e~ cannot be negative.

1 Use your calculator to find, to 2 decimal places, the value of:

a sinh4 b cosh (%) ¢ tanh(-2) d sech 5

2 Write, in terms of e:
a sinh1 b cosh4 ¢ tanh0.5 d sech(-1)

3 Find the exact values of:
a sinh(In2) b cosh(In3) ¢ tanh(In2) d cosech (In )

In questions 4 to 8, use the definitions of the hyperbolic functions (in terms of exponentials) to find
each answer, then check your answers using an inverse hyperbolic function on your calculator.

4 Find, to 2 decimal places, the values of x for which cosh x = 2

5 Find, to 2 decimal places, the values of x for which sinh x = 1

6 Find, to 2 decimal places, the values of x for which tanh x = —%

7 Find, to 2 decimal places, the values of x for which coth x = 10

8 Find, to 2 decimal places, the values of x for which sech x = %
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4 CHAPTER1 HYPERBOLIC FUNCTIONS

@ Sketching graphs of hyperbolic functions

You can sketch the graphs of the hyperbolic functions by YA e
considering the graphs of y=e*and y = e~
X _ a—X X —o X =sinh

sinhx=S2F :e+(e) . y=sinhx

2 2 L
so the graph of y = sinh x is the ‘average’ of the graphs of o —
y=e¥and y=—~ /

y=—e

For the graph of y = sinh x YA y=sinhx

when x is large and positive, e~ is small, so sinh x ~ %ex

. . . . 1
« when x is large and negative, e is small, so sinh x ~ —Ee—x

= For any value g, sinh (-a) = —sinha 5

m f(x) = sinh x is an

odd function since f(-x) = — f(x)

“y

Consider the graphs of y =e¥and y = e~
e¥ e
2

so the graph of y = cosh x is the ‘average’ of the graphs of
y=e¥andy=e~

coshx =

For the graph of y = cosh x YA

y=coshx
when x is large and positive, e~ is small, so cosh x ~ %ex
when x is large and negative, e* is small, so cosh x =~ %e—x
= For any value a, cosh (—a) = cosh a 1
0 X
m f(x) = cosh x is an even

function because f(—x) = f(x)
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HYPERBOLIC FUNCTIONS CHAPTER 1

Example o Y([NEJ) CRITICAL THINKING

Sketch the graph of y = tanh x

sinh x
coshx

Whenx:O,tanhx:%:O

When x is large and positive, sinh x ~ %e"' and

tanhx =

coshx =~ %e“", so tanhx ~ 1.
When x is large and negative, sinh x = —%e-x and

coshx ~ %e‘x, so tanhx ~ -1.

As x — 00, tanhx — 1 and as x — —o0, tanhx — -1 _|
For f(x) = tanhx, x € R, the range of fis -1 < f(x) <1

y=-1and y =1 are asymptotes to the curve.

m Explore graphs of

hyberbolic functions using GeoGebra.

Consider the graphs of y = sinh x and
y = cosh x to work out the behaviour of
y=tanhxas x — ocoand x — —o0

You should always include any

Example e m CRITICAL THINKING

Sketch the graph of y = sech x

1
cosh x

Using sechx =

1
When x = O, 5echx=T=1
As x — 00, coshx — 00, so sechx — O
As x — —00, coshx — 00, so sechx — O

The x-axis is an asymptote to the curve.

VA
1.51
y =sechx
0.5+
5 2 o 12 5%
_05_

asymptotes on a sketch graph.

Check this sketch using the graphic
function on your calculator.
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Example o ({((NEJ) CRITICAL THINKING

Sketch the graph of y = cosech x, x # 0

1
sinh x

Using cosechx =

For positive x, as x — O, cosechx — oo

For negative x, as x — O, cosechx — —o0

As x — oo, sinhx — 00, so0 cosechx — O

As x — —o0, sinhx — —o00, so0 cosechx — O
The x- and y-axes are asymptotes to the curve.
\

Vi
104

y = cosech x

Example 0 CY(INEJ) CRITICAL THINKING

Sketch the graph of y = coth x, x # 0.

Using cothx = P

For positive x, as x — O, cothx — o0

For negative x, as x — O, cothx — —o0

As x — oo, tanhx — 1, so cothx — 1

As x — —oo0, tanhx — -1, so cothx — -1

The y-axis is an asymptote to the curve.
y=-1and y=1are asymptotes to the curve.

A

v = cothix

r\).
wy

HYPERBOLIC FUNCTIONS

Check this sketch using the graphic
function on your calculator.

Check this sketch using the graphic
function on your calculator.
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Exercise @

1 On the same diagram, sketch the graphs of y = cosh2x and y = 2 cosh x

2 a On the same diagram, sketch the graphs of y = sech x and y = sinh x

b Show that, at the point of intersection of the graphs, x = lln (2 =15)

2

3 Find the range of each hyberbolic function.

a f(x)=sinhx, x € R

b f(x)=coshx,x €ER

¢ f(x)=tanhx,x € R

d f(x)=sechx,x €R

e f(x)=cosechx,x€R, x=0

f f(x)=cothx,x€R, x=#0
4 a Sketch the graph of y=1+cothx, x ER, x=0

b Write down the equations of the asymptotes to this curve.

Sketch the graph of y =3 tanhx, x € R
b Write down the equations of the asymptotes to this curve.

Challenge JEEer R graph of y = sinh x + cosh x

@ Inverse hyperbolic functions

You can define and use the inverses of the hyperbolic functions.
If f(x) = sinh x, the inverse function f-1 is called arsinh x.

The graph of y = arsinh x is the reflection of the graph of y = sinh x
in the line y = x.

The inverse of a function is defined only if the function is one-to-one, so
for cosh x the domain must be restricted in order to define an inverse.

For f(x) = cosh x, x = 0, f-1(x) = arcoshx, x =1

V4

y= cosh/x, x=0

’
’

P
//y—x
,

s

.
4
/.~y =arcoshx

1 X
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= The following table shows the Hyperbolic function | Inverse hyperbolic function
inverse hyperbolic functions, — sinh x — arsinh x
with domains restricted where J . = 4 - —
necessary. y=coshx,x=0 y=arcoshx, x=1
y=tanhx y=artanhx, [x| <1
m arsinh, arcosh and y=sechx,x=0 y=arsechx,1<x=<1
artanh are sometimes written y=cosechx, x 0 y =arcosechx, x 0
as sinh7!, cosh~! and tanh-!
y=cothx, x#0 y=arcothx, |x| >1

Example e (Y(IEJ) REASONING/CRITICAL THINKING

Sketch the graph of y = arcoth x, |x| > 1

~

y = arcothx .-

Reflect the graph of y = coth x in the line
12 3 45X y=x

You can express the inverse hyperbolic functions in terms of natural logarithms.

Example o (IEJ) ANALYSIS

Show that arsinh x = In(x + X2 + 1)

Let y = arsinh x

X =sinhy

=< —26‘" Use the definition of sinh.
e —e?=2x

ey — 1 = 2xe¥ Multiply by e”

e -2xe’-1=0

€@ -xP-x2-1=0 Problem-solving

&= Xk A e? —2xe’—1=0is a quadratic in e”

e’ =Xx - vx? + 1 can be ignored since vx2 + 1 > x, You can write it as )2 — 2xe¥ — 1 = 0 and
and would give a negative value of €’, which is not then complete the square.

possible.

So er=x+Vx? +1

y=Inlx +Vx2 + 1) = arsinhx = In(x + Vx2 + 1)

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.
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HYPERBOLIC FUNCTIONS

Show that arcoshx =In(x + /x> - 1), x = 1

Let y = arcoshx

X = coshy

e +e”

CHAPTER 1 9

Use the definition of cosh.

— Multiply by e”

- 2
e+ eV =2x
e’ +1=2xer

e — 2xe’ + 1

=0

( Form (i.e. create) and solve a quadratic in e”

Note that both x + vx2—1 and x —vx2-1 are

(& -x2-x2+1=0

Soel=x=+Vx%2 -1

y=Inlx £ VX2 -1)

positive.

arcosh x is always non-negative. For all values of

x>1,x—vVx2—1 <1sothe value of

= arcoshx = In(x + Vx2 - 1) ln(x —Vx2— 1) is negative.

You can use a similar method to express artanh x in terms of natural logarithms.

The following formulae are provided in the formula booklet and can be used directly unless you are
asked to prove them.

» arsinhx=In(x+/x2+1) m arcoshx=Inlx+/x2-1),x=1

1
hx=1 (
® artanhx 2ln 1

1+x

Express as natural logarithms

a arsinh 1

), x| <1

b arcosh2 c artanh%

a arsinhl=In(1+V12+1) =In(1+v2)
b arcosh2 =In(2 +v22 = 1) = In(2 + V3)

tanh— = |
c artan 2n

3

|
Y e

1

_1
3

=%|n2 =In/2 ———— Usealnx=Inx

1 Sketch the graph of y = artanh x, |x| <1

@ 2 Sketch the graph of y = arcosechx, 0 < x <1

3 Prove that artanh x = %ln (1 * x)) x| <1 (5 marks)

1 -x
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4 Express as natural logarithms

a arsinh2 b arcosh3 c artanh%

5 Express as natural logarithms

a arsinhv2 b arcoshv5 ¢ artanh0.1
6 Express as natural logarithms .
a arsinh (-3) b arcosh% c artanhf
7 Given that artanh x + artanh y = In\/3, prove that y = 2;__ 21 (6 marks)

m Identities and equations

You can find and use identities for the hyperbolic functions that are similar to the trigonometric
identities. You can solve equations involving hyperbolic functions.

Example @ (Y((NKJ REASONING/ARGUMENTATION

Prove that cosh? 4 — sinh? 4 =1

A -4\2 A _ -A4\2
LHS = cosh? 4 — sinh2 4 = (e +26 ) - (e 26 ) Use the definitions of cosh and sinh.
:(62A+2+6‘2A)_(62A—2+6‘2A) B
- 4 4 L edxed=8_1

e4

ENEN
[
(1]
70
T
@)

m cosh24 -sinh24=1 (this formula is given to you in the formula booklet)

Prove that sinh (4 + B) = sinh 4 cosh B + cosh A4 sinh B

RHS = sinh 4 cosh B + cosh A sinh B

) e

6A+B + 6A_B _ 6—A+B _ @_A_B @A+B— @A_B + 6_A+B _ 6_A_B
4 * 4

26A+B _ 26—A—B 6A+B _ e—(A+B)

- 4 - 2

= sinh(4 + B) = LHS

You can prove other sinh and cosh addition formulae similarly, giving:
® sinh (4 & B) = sinh 4 cosh B & cosh 4 sinh B
m cosh (4 £+ B) = cosh A cosh B + sinh 4 sinh B

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.
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Prove that cosh2A4 = 1 + 2sinh? 4

RHS =1+ 2sinh? 4

=1+ Z(CA _ZC_A)(eA —25‘/‘) Use the definition of sinh.
24 _ 2+ 672/4 62A + 6—2/4
z1+2(6—)z1—1+(7)
4 2
= cosh2A4 = LHS

Given a trigonometric identity, it is generally possible to write down the corresponding hyperbolic
identity using what is known as Osborn’s rule:

+ Replace cos by cosh: cos 4 — cosh 4

* Replace sin by sinh:  sin 4 — sinh 4

However ...

« replace any product (or implied product) of two sin terms by minus the product of two sinh terms:
e.g. sinAsin B— —sinh 4 sinh B

This is the implied product of two sin terms because
tan? 4 — —tanh? 4 sin A

tan’A4 =
cos® A
Example @ (TEJ) ANALYSIS
Write down the hyperbolic identity corresponding to
tan A —tan B

a cos24 =2cos?A4 -1 b tan(A—B)Em

a cosh2A = 2cosh?4 -1 . .
Implied product of two sin terms because

b tanh(d — B) = tanh A — tanh B sfir A il

~ 1 —tanh 4 tanh B tanAtan B =
Example @

Given that sinh x = %, find the exact value of

cos A cos B

a coshx b tanh x ¢ sinh2x

a Using cosh? x — sinh?x = 1,
25

9
2 _—= 2 —
cosh® x G 1 = cosh® x c

= coshx =

% coshx =1, so cosh x = —% is not possible.

b Using tanhx = f!)nshh);
tanhx = % + % = %

¢ Using sinh 2x = 2 sinhx cosh x
sinh2x = 2 x%x%:%
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Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.

Solve 6 sinh x — 2 cosh x = 7 for real values of x.

6(6x - e‘x) _ Z(ex + 6_x) -7

2 2
3e¥-3eN-—e¥—-er=7
2e¥ =7 -4e>*=0
2e’x —7e¥ -4 =0
(2e¥+ Ne¥-4) =0
e’ = —%, e'=4

e =4
x=In4

There is no hyperbolic identity that will easily
transform the equation into an equation in just one
hyperbolic function, so use the basic definitions.

There are no real values of x for which e¥ = —%

Solve 2 cosh? x — Ssinh x = 5, giving your answers as natural logarithms.

Using cosh?x — sinh?x = 1,

2(1 + sinh?x) — 5sinhx =5
2sinh?x — 5sinhx -3 =0
(2 sinhx + 1)(sinhx — 3) =0

1
So sinhx = -5 or sinhx =3

Then, |
X = arsinh(—é) or X = arsinh 3
1 1
:>x=|n(—§+ Z+1)orx=|n(3+\/9+1)
:>x=|n(—%+§) orx =1In(3 +10)

Use this identity to transform the equation into
an equation in just one hyperbolic function.

Use arsinhx = In(x + x2 + 1).

Solve cosh 2x — 5cosh x + 4 = 0, giving your answers as natural logarithms where appropriate.

Using cosh 2x = 2 cosh?x — 1,

2cosh?x —1-5coshx+4 =0
2cosh?x — 5coshx+3 =0
(2coshx — 3)(coshx = 1) =0

3
So coshngor coshx =1

3 [9
:>x=|n(§i Z—1)orx=0

éx:ln(%:t?)orx:O

Use this identity to transform the equation into
an equation in just one hyperbolic function.

You can use arcosh x = In(x + Vx2 — 1), but
remember that both In(x + Vx2 — 1) and

In(x — VX2 — 1) are possible.

For any value of k greater than 1, cosh x = k will
give two values of x, one positive and one negative.
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Exercise m REASONING/ARGUMENTATION

1 Prove the following identities, using the definitions of sinh x and cosh x.

a sinh2A4 = 2sinh 4 cosh 4 b cosh (A — B) = cosh 4 cosh B - sinh 4 sinh B
¢ cosh34 =4cosh’A4 - 3cosh 4 d sinh 4 - sinh B = 2sinh (A%B) cosh (AzLB)

Use Osborn’s rule to write down the hyperbolic identities corresponding to the following
trigonometric identities.

a sin(4 - B)=sinAcosB-cosAsinB b sin34 =3sinA —4sin’ 4
_ A+B) (A—B) _1-tan?4

¢ cosA+cosB_2<:os( 7 )cos(T> d cos2A_71+tan2A

e cos2A4 =cos*A4 —sin* 4

Given that cosh x = 2, find the exact values of

a sinhx b tanhx ¢ cosh2x

Given that sinh x = -1, find the exact values of

a coshx b sinh2x ¢ tanh2x

Solve the following equations, giving your answers as natural logarithms.

a 3sinhx+4coshx=4 b 7sinhx - 5coshx=1

¢ 30coshx =15+ 26sinh x d 13sinhx-7coshx+1=0

e cosh2x - 5sinhx=13 f 3sinh?x-13coshx+7=0

g sinh2x - 7sinhx =0 h 4coshx + 13e~=11

i 2tanh x = cosh x

]

Starting from the definitions of sinh x and cosh x in terms of exponentials, prove that

cosh2x =2cosh?x -1 (3 marks)
b Solve the equation
cosh2x -3 coshx =8

giving your answers as exact logarithms. (5 marks)

Solve the equation
2sinh?x — 5coshx =5

giving your answer in terms of natural logarithms in simplest form. (6 marks)
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@ 8 Joshua is asked to prove the following identity:
1 + tanh? x

| tanh?x = 2cosh?x -1
His answer is below.
1 i tz::ii = > iegz;xzx (using sech 2x = 1 + tanh?x: same identity as the trig one)
= # -1 (splitting the fraction up and cancelling)
= 2 1 (taking the reciprocal of both terms)
sech 2 x
= 2cosh?x — 1

Joshua has made three errors. Explain the errors and provide a correct proof.

9 a Express 10 cosh x + 6 sinh x in the form R cosh (x + ) m Use the identity
where R > 0. Give the value of « correct to for cosh (4 + B)
3 decimal places. (4 marks)
b Write down the minimum value of 10 cosh x + 6 sinh x (1 mark)

¢ Use your answer to part a to solve the equation 10cosh x + 6sinh x = 11
Give your answers to 3 decimal places. (4 marks)

Chapter review° CY((NKJ) PROBLEM-SOLVING, REASONING/ARGUMENTATION

1 Find the exact value of a sinh(In3) b cosh(In5) c¢ tanh (ln %)

2 Given that artanh x — artanh y = In 5, find y in terms of x.

6

Using the definitions of sinh x and cosh x, prove that

sinh (4 — B) = sinh 4 cosh B - cosh 4 sinh B (5 marks)

6

Using definitions in terms of exponentials, prove that

2tanh %x
sinh x = 1 (5 marks)
1 - tanh? 5%

9}

Solve, giving your answers as natural logarithms
9coshx - 5sinhx =15 (6 marks)

Solve, giving your answers as natural logarithms
23sinhx - 17coshx+7=0 (6 marks)

©@ O ©

<

Solve, giving your answers as natural logarithms
3cosh?x + 11sinhx =17 (6 marks)

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.
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®8a
b
@ 9

b

IOa

b

C

On the same diagram, sketch the graphs of y = 6 + sinh x and y = sinh 3x

(2 marks)

Using the identity sinh 3x = 3 sinh x + 4 sinh? x, show that the graphs intersect where

sinh x = 1 and hence find the exact coordinates of the point of intersection.

Given that 13 cosh x + Ssinh x = Rcosh (x + o), R > 0, use the identity
cosh (A4 + B) = cosh A4 cosh B + sinh A4 sinh B to find the values of R and «,
giving the value of « to 3 decimal places.

Write down the minimum value of 13 cosh x + 5sinh x

Express 3 cosh x + 5sinh x in the form Rsinh (x + «), where R > 0
Give « to 3 decimal places.

Use the answer to part a to solve the equation 3 cosh x + Ssinhx = 8§,
giving your answer to 2 decimal places.

Solve 3 cosh x + 5sinh x = 8 by using the definitions of cosh x and sinh x.

Challenge

SEESY  Sketch the graph of y = (arsinh x)?

Summary of key points

CREATIVITY

1

2

ex — p-x
2
e+ e~
2
sinhx e& -1

* Hyperbolic sine (or sinh) is defined as sinh x = ,XER

« Hyperbolic cosine (or cosh) is defined as cosh x = ,XxER

- Hyperbolic tangent (or tanh) is defined as tanh x = = ,XER
P gent ( ) Y oshx er4ll”
« Hyperbolic cosecant (or cosech) is defined as cosech x = e X< R
+ Hyperbolic secant (or sech) is defined as sech x = #, xeR
. . e +1
+ Hyperbolic cotangent (or coth) is defined as coth x = 1" eR

- The graph of y = sinh x: - The graph of y = cosh x:

For any value g, sinh (—a) = —sinh a.

74 y=sinhx r4 y =cosh x
3 X 1
0 X

(5 marks)

(4 marks)
(1 mark)

(4 marks)

(3 marks)
(4 marks)

For any value «, cosh (—a) = cosh a.
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3 The table shows the inverse hyperbolic functions, with domains restricted where necessary.

Hyberbolic function Inverse hyperbolic function
y=sinhx y =arsinh x
y=coshx,x=0 y=arcoshx, x=1
y=tanhx y=artanhx, |x| <1
y=sechx,x=0 y=arsechx,0<x=<1
y=cosechx, x #0 y=arcosechx, x # 0
y=cothx,x #0 y=arcothx, [x] >0

4 The following formulae are given to you in the formula booklet in the examination.
« cosh?x —sinh?x =1
+ sinh2x = 2sinh x coshx
+ cosh2x = cosh®x + sinh®x
- arcoshx=In{x+/x2 -1} x=1
- arsinhx = In{x + /X2 + 1}

1 1+x
. hyzt (
artanh x 2ln1

| (xd<v
5 sech?4 =1 —-tanh?4 cosech?A4 =coth?4 -1

6 * sinh (4 £+ B) = sinh 4 cosh B & cosh 4 sinh B
« cosh(4 & B) = cosh A4 cosh B = sinh 4 sinh B

7 If f(x) = sinhx, then the inverse function 1 is called arsinh x (sometimes written as sinh™1 x).
8 If y =arsinhx then x = sinhy
9 The graph of y = arsinh x is the reflection of the graph y = sinh x in the line y = x.

10 The inverse of a function is defined only if the function is one-to-one, so for cosh x the domain
must be restricted in order to define an inverse.

For f(x) =coshx x=0, f1(x)=arcoshx (x=1)

Sample material. Not for resale, circulation or distribution in whole or in part. © Pearson 2020.
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