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Functions and graphs

After completing this chapter you should be able to:

® Understand and use the modulus function

® Understand mappings and functions, and use domain

and range

-> pages 27-32

® (Combine two or more functions to make a composite

function

—> pages 32-35

® Know how to find the inverse of a function graphically

and algebraically

® Sketch the graphs of the modulus functions y = |f(x)|

and y = f(|x)

—> pages 40-44

® Apply a combination of two (or more) transformations to

the same curve
® Transform the modulus function

Make y the subject of each of the
following:
_2y+8x

5
€ 5x-8y=4+9%y « GCSE Mathematics

abx=9-T7y b p

Write each expression in its simplest form.

1
—_3)2_ 4
a bx-3)2-4 b 2Bx-5)—4

x+4+5

< GCSE Mathematics

xX+2
xX+4
-3
xX+2

Sketch each of the following graphs. Label
any points where the graph cuts the x- or
y-axis.

a y=e¥ b y=x(x+4)(x-5)
¢ y=sinx, 0= x =< 360° « Year 1
f(x) = x2 — 3x. Find the values of:

a f(7) b f(3) c f(-3) « Year1

Code breakers at Bletchley Park used inverse

| functions to decode enemy messages during
| World War Il. When the enemy encoded a

message they used a function. The code
breakers’ challenge was to find the inverse
function that would decode the message.

- pages 23-27

—> pages 36-39

—> pages 44-48
—> pages 48-52

@ The modulus function

The modulus of a number a, written as |a|, is its non-negative numerical value.

m The modulus

® A modulus function is, in general, a function of the function is also known as the

So, for example, |5] = 5 and also |-5| = 5.

type y = [f(x)].
« When f(x) = 0, |f(x)| = f(x)
« When f(x) <0, |f(x)] = —f(x)

Write down the values of

Functions and graphs

absolute value function. On a
calculator, the button is often
labelled ‘Abs’.

The positive numerical value of -2 is 2.

a |-2) b 16.5] ¢ %—%
a |-2] =2
b |65| =65
o 3-4- I~ -H -2
3 5|7 115 15| | 15"
Example o
f(x)=2x-3|+1
Write down the values of
a f(5) b f(-2) ¢ f(1)

a f(5)=[2x5-3| +1
=|7]+1=7+1=8

b f(-2)=]2(-2) - 3| +1
=|-7|+1=7+1=8

cf)=]2x1-3|+1
=|-1+1=1+1=2

® To sketch the graph of y = |ax + b|, sketch
y = ax + b then reflect the section of the
graph below the x-axis in the x-axis.

L 6.5is a positive number.

15 |— Work out the value inside the modulus.

m The modulus function acts like a

pair of brackets. Work out the value inside the
modulus function first.

@ Use your calculator to work out

values of modulus functions.

VA =x YA
Y y=|x]|
reflected
in the
> x-axis -
0] R \ lo X
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Chapter 2

Sketch the graph of y = |3x — 2|.

N
@ Explore graphs of f(x) and

[f(x)| using technology.

Step 1

V1 /y3x2
0/2 X
3
_2/
y=|3x-2|

Solve the equation |2x — 1| = 5.

\&'l_4/
N

Sketch the graph of y =3x - 2.
(Ignore the modulus.)

Step 2
For the part of the line below the x-axis (the

For example, this will change the y-value -2 into
the y-value 2.

’( negative values of y), reflect in the x-axis.

You could check your answer using a table of
o values:

X -1 0 1 2

y=13x-2| 5 2 1 4

Start by sketching the graphs of y = [2x — 1| and

At 4, 2x-1=5
2x =6
x=3

At B, -(2x - 1) =

-2x+ 1=

5
5

2x = -4
x=-2

The solutions are x = 3 and x = =2.
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y=5.

L The graphs intersect at two points, 4 and B, so

there will be two solutions to the equation.

A is the point of intersection on the original part
of the graph.

Bis the point of intersection on the reflected
part of the graph.

m The function inside the modulus

is called the argument of the modulus. You
can solve modulus equations algebraically by
considering the positive argument and the
negative argument separately.

N
m Explore intersections of

Solve the equation [3x — 5 =2 - %x.
N y=[3x-5]
B
ol ] X
y=2-5x

L6
~5

The solutions are x = 2 and x = 5

5

Solve the inequality |5x — 1| > 3x.

V4

At A, 5x — 1= 3x
2x =1
1

YE2

Lol
)

At B, —(5x — 1) = 3x
-5x +1=3x
&X=1J

Functions and graphs

straight lines and modulus graphs
using technology.

First draw a sketch of the line y = [3x — 5| and the
liney=2- %x.

The sketch shows there are two solutions, at 4
and B, the points of intersection.

This is the solution on the original part of the
graph.

When f(x) < 0, [f(x)| = ~f(x), 50 ~B3x - 5) = 2 %x

gives you the second solution.

This is the solution on the reflected part of the
graph.

First draw a sketch of the line y = [5x — 1| and the
line y =3x.

Solve the equation |5x — 1| = 3x to find the
x-coordinates of the points of intersection, A and B.

This is the intersection on the original part of the
graph.

Consider the negative argument to find the point
of intersection on the reflected part of the graph.
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Chapter 2

Problem-solving

The points of intersection are x = % and

1 Look at the sketch to work out which values of

X ==

& | x satisfy the inequality. y = |5x — 1| is above
So the solution to [5x = 1] >3xis x <5 y =3xwhen x > % orx < % You could write the
1
orx> 2 solution in set notation as {x:x > %} U {x:x < %}
1 Write down the values of
a %| b1-028 ¢ 311 d|§—% e 20—6x4 £ 42x2-3x7l

2 f(x)=|7 - 5x| + 3. Write down the values of:
a f(1) b f(10) ¢ f(-6)

3 g(x) =|x? — 8x|]. Write down the values of:
a g4 b g(-5) c g@8)

4 Sketch the graph of each of the following. In each case, write down the coordinates of any

points at which the graph meets the coordinate axes.

ay=Ilx-1l b y=12x+3| c y=lx-1I dy:%x—5|
e y=17-xl f y=16-4xl
4 4 m y =—|x]| is a reflection of y = |x|
g y=—|x| h y=-3x-1l| in the x-axis. « Year 1, Chapter 4
5 gx)= ‘4 - %x and h(x) =5

a On the same axes, sketch the graphs of y = g(x) and y = h(x).

b Hence solve the equation |4 - %x‘ =3.

6 Solve:
al3Bx-11=5 b‘%|=l c dx+3l==-2
4 - 5x X
d [7x-3l=4 e| 3 ‘_2 f |6 1|_3

7 a On the same diagram, sketch the graphs y = —2x and y = |%x - 2‘.

b Solve the equation —2x = %x - 2‘.

(E) 8 Solve[3x—5|=11-x.
9 a On the same set of axes, sketch y =16 — x| and y = %x - 5.
b State with a reason whether there are any solutions to the equation |6 — x| = lx - 5.

2
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(4 marks)

Functions and graphs

@ 10 A student attempts to solve the equation |3x + 4| = x. The student writes the following working:

3x+4=x -Bx+4)=x
4 =-2x or -3x-4=x
x=-2 -4 = 4x
x=-1

Solutions are x = =2 and x = —1.

Explain the error made by the student.

11 a On the same diagram, sketch the graphs of y = —[3x + 4/ and y = 2x - 9.
b Solve the inequality —[3x + 4] <2x - 9.

(E) 12 Solve the inequality [2x + 91 < 14 - x.

E/P) 13 The equation |6 — x| = lx + k has exactly one solution. Problem-solvin
3 g

a Find the value of k. (2 marks) The solution must be at the vertex of
b State the solution to the equation. (2 marks) Uiz g fpin @i e (meeltus neiion.

Challenge

f(x) =Ix2+9x+8landg(x) =1-x

(4 marks)

a On the same axes, sketch graphs of y = f(x) and y = g(x).
b Use your sketch to find all the solutions to Ix? + 9x + 8/ =1 — x.

@ Functions and mappings

A mapping transforms one set of numbers into a different set of numbers. The mapping can be
described in words or through an algebraic equation. It can also be represented by a graph.

® A mapping is a function if every input has a distinct output. Functions can either be one-to-

one or many-to-one.
A B \ o P </
- ||
[
[ TR [\

one-to-one many-to-one not a function
function function

Many mappings can be made into functions by changing the domain. Consider y = vx:

y A
_x m The domain is the set of all possible
’= inputs for a mapping.
The range is the set of all possible outputs for
0 > the mapping.
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Chapter 2

If the domain were all of the real numbers, R, then y =

x less than 0 would not be mapped anywhere.

If you restrict the domain to x = 0, every element in the domain is mapped to exactly one element in

the range.

We can write this function together with its
domainas f(x) =vVx, xeR, x = 0.

For each of the following mappings:

m You can also write this function as:

fixmJVx,xeR, x=0

i State whether the mapping is one-to-one, many-to-one or one-to-many.

ii State whether the mapping is a function.

a i Everyelement in set A gets mapped to
two elements in set B, so the mapping

<
1l
2|

Vx would not be a function because values of

y=x*-1

,— You couldn’t write down a single value for f(9).

is one-to-many.
i The mapping is not a function.

b i Every value of x gets mapped to one

value of y, so the mapping is one-to-one.

For a mapping to be a function, every input in the

|, domain must map onto exactly one output.

i The mapping is a function.

The mapping in part ¢ could be a function if

¢ i The mapping is one-to-one.
ii x =0 does not get mapped to a value
of y so the mapping is not a function.

d i On the graph, you can see that x and —x
both get mapped to the same value of y.

Therefore, this is a many-to-one mapping.

i The mapping is a function.

x = 0 were omitted from the domain. You could
write this as a function as f(x) = 1, xeR, x=0.

Find the range of each of the following functions:

a f(x) =3x -2, domain {x =1, 2, 3, 4}

¢ h(x) =+ domain {x € R, 0 < x < 3}

b g(x)=x? domain {x eR, -5 < x <5}

State if the functions are one-to-one or many-to-one.
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a f(x)=3x-2.{x=1,2, 3,4}

Functions and graphs

The domain contains a finite number of elements,

N
N

Y VY

BN VRN

Range of f(x) is {1, 4, 7, 10}.
f(x) is one-to-one.

b g(x) =x% {-5 < x=< 5}

so you can draw a mapping diagram showing the
whole function.

The domain is the set of all the x-values that

-5 0] 5 X

Range of g(x) is O = g(x) = 25.
g(x) is many-to-one.

c h(x):%{xER,O<x$3}

correspond to points on the graph. The range is
the set of y-values that correspond to points on
the graph.

y
y=nhx)
RN
3
O 3 X

1

Range of h(x) is h(x) = 3

h(x) is one-to-one.

The function f(x) is defined by

e 5 - 2xx<1
re x2+3, x=

a Sketch y = f(x), and state the range of f(x).

b Solve f(x) = 19.

Calculate h(3) == to find the m|n|mum value in
the range of h. As x approaches 0, = approaches

o0, 50 there is no maximum value in the range of h.

m This is an example of a piecewise-

defined function. It consists of two parts: one
linear (for x < 1) and one quadratic (for x = 1).

N
m Explore graphs of functions

on a given domain using technology.
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Functions and graphs

Chapter 2

a y m Although the graph jumps at x = 1, 2 For each of the following r.nap.plngs:
the function is still defined for all real values of x: i State whether the mapping is one-to-one, many-to-one or one-to-many.
f(0.9)=5-2(0.9)=3.2 ii State whether the mapping could represent a function.

fQ)=(1)2+3=4

0 a y b \y c r4
Yy =T(x
5
| — | Sketch the graph of y =5 —2x for x < 1, and the /
3L-% graphof y=x?+3forx = 1. /
D X [9) X Q
f(1) lies on the quadratic curve, so use a solid dot \

— on the quadratic curve, and an open dot on the

N

1

o X

line. d y e V4 f y
The range is the set of values that y takes
and therefore f(x) > 3. L Note that f(x) #3 at x = 1 5
b y SO f(x) >3 f\ E
y=5-2x y=x2+3 not fx) =3 0 1
"o NP2 o : NS

3 Calculate the value(s) of a, b, ¢ and d given that:
There are 2 values of x such that f(x) = 19.

a pla)=16wherep:x—3x-2, xR b q(b)=17whereq:x— x*-3, x€R
. ¢ 1(c) = 34 where r: 2(2%) + 2, R d s(d) = 0 where s: 2+ x-6, R
. : N Problem-solving (¢) W X 2(2%) X € (d=0w X X2+ X X e
The positive solution is where Use x2 + 3 = 19 to find the solution in the range 4 For each function:
Y2 4+ 3 =19 x = 1and use 5 —2x =19 to find the solution in i represent the function on a mapping diagram, writing down the elements in the range
x° =16 HISUEES <, ii state whether the function is one-to-one or many-to-one.
x =x4 L a f(x)=2x + 1 for the domain {x =1, 2, 3, 4, 5}
x = 4 o Itgnozre >; ? —4 b>ec1ause the function is only equal b g x+— vx for the domain {x = 1, 4,9, 16, 25, 36} m Remember, /x means
;he ”;@atIS solution is where Ox=+olorx = 1. ¢ h(x) = x2 for the domain {x=-2,-1,0, 1,2} the positive square root of x.
_2x =
—2x =14 d j:xH%forthedomain {x=1,2,3,4,5}
x=-7 e k(x)=e*+ 3 for the domain {x =-2,-1,0, 1, 2}
The solutions are x = 4 and x = =7. 5 For each function:

i sketch the graph of y = f(x)

i state the range of f(x)
Exercise )
iii state whether f(x) is one-to-one or many-to-one.

1 For each of the following functions: a f x 3x + 2 for the domain {x = 0} b f(x)=x?+ 5 for the domain {x = 2}
i draw the mapping diagram ¢ f x> 2sinx for the domain {0 <x < 180} d f x ~ Vx + 2 for the domain {x = -2}
ii state if the function is one-to-one or many-to-one e f(x)=e* for the domain {x = 0} f f(x) = 7logx, for the domain, {x € R, x > 0}
iii find the range of the function. 6 The following mappings f and g are defined on all the real numbers by
a f(x) =5x -3, domain {x =3,4,5, 6} 4-x, x<4 4-x, x<4
b g(x) = x? - 3, domain {x = -3, -2, 1,0, 1,2, 3} f(")z{xug, =4 g(x) = {x2+9, x>4
¢ h(x)= ﬁ’ domain {x=-1,0, 1} a Explain why f(x) is a function and g(x) is not. b Sketch y = f(x).

¢ Find the values of: i f(3) ii f(10) d Find the solution of f(a) = 90.
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Chapter 2

@ 7 The function s is defined by
2 - <
s(x) = {x 6, x<0

10-x, x=0 Problem-solving

a Sketch y = s(x). The solutions of s(x) = x are the values in the
b Find the value(s) of a such that s(a) = 43. domain that get mapped to themselves in the
¢ Solve s(x) = x. range.
8 The function p is defined by
e, -S5=x<0
p(x) = xX*+4, 0sx<4
a Sketch y = p(x). (3 marks)
b Find the values of «, to 2 decimal places, such that p(a) = 50. (4 marks)

9 The function h has domain —10 < x < 6, and is linear from (-10, 14) to (-4, 2) and from
(-4, 2) to (6, 27).

a Sketch y = h(x). (P2 PG Problem-solving

b Write down the range of h(x). (1 mark) The graph of y = h(x) will consist of two
¢ Find the values of a, such that h(a) = 12. (4 marks) line segments which meet at (=4, 2).

@ 10 The function g is defined by g(x) = cx + d where ¢ and d are constants to be found.
Given g(3) = 10 and g(8) = 12 find the values of ¢ and d.

@ 11 The function f is defined by f(x) = ax? + bx — 5 where a and b are constants to be found.
Given that f(1) = =4 and f(2) = 9, find the values of the constants a and b.

12 The function h is defined by h(x) = x> — 6x + 20 and has Problem-solving

domain x = a. Given that h(x) is a one-to-one function find
the smallest possible value of the constant a. (6 marks)

@ Composite functions

Two or more functions can be combined to make a new function. The new function is called a
composite function.

First complete the square for h(x).

m fg(x) means apply g first, then apply f.
= fg(x) = f(g(x))

g f m The order in which the functions are

combined is important: fg(x) is not necessarily
the same as gf(x).

fg

Given f(x) = x> and g(x) = x + 1, find:
a fg(l) b gf(3) c fi(-2)

32

Functions and graphs

a fg(1) = (1 + 1) g(l)=1+1
=22 |_
=4 f(2) = 22
b gf(3) = g(32)
=g(9) L f(3) =32
=9+ 1
=10 L g9 =9+1
c ffi(-2) = f((-2)2)
=f(4) L f(=2) = (=2)2
= 42
B

f(4) = 42

The functions f and g are defined by f(x) = 3x + 2 and g(x) = x*> + 4. Find:
a the function fg(x)
b the function gf(x)

¢ the function f2(x) m f2(x) is ff(x).

d the values of b such that fg(b) = 62.

a fg(x) =1f(x? + 4) g acts on x first, mapping it to x? + 4.
=3x2+4)+2 B
= 3x2 + 14 facts on the result.
b gf(x) = g(3x + 2) L Simplify answer.
=3Bx+27°+4 L
—9x2 + 12x + & f acts on x first, mapping it to 3x + 2.
c fP(x) =f(3x + 2) L gacts on the result.
=3Bx+2)+2
=9x+6 L———— fmapsxto3x+2
d fg(x) = 3x% + 14 f acts on the result.
If fg(b) = 62
then 3b% +14 = 62 Set up and solve an equation in .
b? =16
b=+4

The functions f and g are defined by

f:x - 2x - 8|
x+1
2

a Find fg(3). b Solve fg(x) = x.

g X

33



Chapter 2

_ 3+ _(3+1
a fg3) = 1(22) g0 =211
=1(2)
=|2x2-8| fR)=12x2-8§|
= |-4|
=4
b First find fg(x):
fg(x) = f(%) g acts on x first, mapping it to d '; L
X+ 1
= ‘2( P ) - 8‘ f acts on the result.
=|x-7]
fgx) = x L— Simplify the answer.
|x =7 =x
V4 y=x
\ Draw a sketch of y =[x — 7] and y = x.
7/ y=|x-7 The sketch shows there is only one solution to
the equation |x — 7| = x and that it occurs on the
0 7 X reflected part of the graph.
When f(x) <0, |f(x)| = -f(x). The solution is on the
—(x-7)=x [ reflected part of the graph so use —(x — 7).
-X+7=x
ox =7 This is the x-coordinate at the point of
=35 [ intersection marked on the graph.

Exercise @

1 Given the functions p(x) = 1 — 3x, q(x) = % and r(x) = (x — 2)%, find:
a pq(-8) b qr(5) ¢ 1q(6) d p’(-5)

2 Given the functions f(x) =4x + 1, g(x) = x> — 4 and h(x) = %, find expressions for the functions:
a fg(x) b gf(x) ¢ gh(x) d fh(x) e f2(x)

e pqr(8)

@ 3 The functions f and g are defined by

fi(x)=3x-2,xeR

gx)=x2, xeR
(2 marks)
(4 marks)

a Find an expression for fg(x).
b Solve fg(x) = gf(x).

@ 4 The functions p and q are defined by
1
p(x)—x_z,xe[R,x:t2

qgx)=3x+4,xeR ,
. . . ax +
a Find an expression for qp(x) in the form x 1d

b Solve qp(x) = 16.

(3 marks)
(3 marks)

34

@) 9

@ 1

(® 1

Functions and graphs

The functions f and g are defined by:

f: x 19 - 4x]

3x-2
g X 3
a Find fg(6). (2 marks)
b Solve fg(x) = x. (5 marks)
Given f(x) = <+ #* —:
a Prove that f2(x) = i: > b Find an expression for f3(x).

The functions s and t are defined by

m Rearrange the equation in part c

— X
s(x)=2% xeR into the form 2% = k where k is a real
t(x)=x+3,xeR number, then take natural logs of both
a Find an expression for st(x). sides. « Year 1, Section 14.5

b Find an expression for ts(x).

¢ Solve st(x) = ts(x), leaving your answer in the form E—Z
Given f(x) = e and g(x) = 4 Inx, find in its simplest form:
a gf(x) (2 marks)
b fg(x) (2 marks)

The functions p and q are defined by
p:x—In(x+3),xeR, x>-3
gxe¥-1,xeR

m The range of p will be the set of possible
inputs for g in the function gp.

a Find gp(x) and state its range. (3 marks)
b Find the value of qp(7). (1 mark)
¢ Solve gp(x) = —126. (3 marks)
The function t is defined by

t:x—5-2x

Solve the equation t*(x) — (t(x))> = 0. (5 marks)

Problem-solving

You need to work out the intermediate steps for this problem yourself, so plan
your answer before you start. You could start by finding an expression for tt(x).

The function g has domain -5 < x < 14 and is linear from éﬂ
(-5, -8) to (0, 12) and from (0, 12) to (14, 5). y=g(x)
A sketch of the graph of y = g(x) is shown in the diagram.
a Write down the range of g. (1 mark) '
b Find gg(0). 2 mark . L,
a0, T 7
The function h is defined by h: x — 10— i
¢ Find gh(7). (2 marks) -3
35
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@ Inverse functions

The inverse of a function performs the opposite operation VA = f(x)

to the original function. It takes the elements in the range 61 Sy=x

of the original function and maps them back into elements 2 . g

of the domain of the original function. For this reason, N

inverse functions only exist for one-to-one functions. 5 y=Fi0)

® Functions f(x) and f-(x) are inverses of each other. / /
ff-1(x) = F1F(x) = x. At ———

® The graphs of y = f(x) and y = f-(x) are
reflections of each another in the line y = x.

® The domain of f(x) is the range of f-(x).
® The range of f(x) is the domain of f-(x).

Find the inverse of the function h(x) =2x? - 7, x = 0.

The inverse of
f(x) is written
as f~1(x).

square X2 =7
An inverse function
—— can often be found
using a flow diagram.

square root =2 +7

Range of h(x) is h(x) = =7, so domain of h™!(x) is x = =7.
E Y r7 |_ The range of h(x) is

5> =X = -7 the domain of h=1(x).

Therefore, h™(x) =

Find the inverse of the function f(x) = %, {x € R, x # 1} by changing the subject of the formula.

Let y = f(x) You can rearrange to find an inverse function.
3 Start by letting y = f(x).
y =
x —1 L
yx—=1)=3 Rearrange to make x the subject of the formula.
yx-y=3
y»x=3+y Define f~1(x) in terms of x.
3 3+y
YETY Check to see that at least one element works. Try 4.
Range of f(x) is f(x) # O, so domain of 7'(x) is Note that f-1f(4) = 4.
x = 0.
Therefore (x) = & ; x} x# 0
3 _3 f)
f(4) = =5 =1 R
4-1 3 4 1
f_1(1)=3+1=i=4 |_ ‘\__/
1 1 (%)
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The function, f(x) =Vx -2, xR, x = 2.

a State the range of f(x).

b Find the function f~!(x) and state its domain and range.

¢ Sketch y = f(x) and y = f~!(x) and the line y = x.

a Therange of f(x)isy € R, y = O.

b y=vx-2
ye=x-2
x2=y-2
y=x2+2

f(2) = 0. As x increases from 2, f(x) also increases
without limit, so the range is f(x) = 0, or y = 0.

The inverse function is f7(x) = x2 + 2.-—|_

Interchange x and y.

Always write your function in terms of x.

The domain of f-1(x) is x € R, x = O.
The range of i'(x) is y e R, y = 2.
The range of f(x) is the same as the domain of f~1(x).

c y=f"x)=x2+2

y
1 o The range of f~1(x) is the same as the domain of f(x).
5_
4 The graph of f-1(x) is a reflection of f(x) in the line
3 y =fx)=Vx—2 y = x.This is because the reflection transforms y
21 to x and x to y.
1_
O ,/ T T T T T

O1 2 3 456X

The function f(x) is defined by f(x) = x> -3, x € R, x = 0.

a Find f~!(x). b

a lety=1f(x)

y=x>-3 _|

y+3=x°
X=,y+3 J

-1 —
Flx)=vx+ 3 N
b y=f(x) m Explore functions and their
4 inverses using technology.

Sketch y = f~!(x) and state its domain. ¢ Solve the equation f(x) = f~!(x).

Change the subject of the formula.

~——— First sketch f(x). Then reflect f(x) in the line y = x.

.
.
.
.
.
.
.
T
-3 0
.
.
.
.
.
.
.
. — 34
.
.
.

The domain of f'(x

The range of the original function is f(x) = -3.
Jisx €R, x = -3. -—,
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c When f(x) =f'(x) Problem-solving

Exercise @

1

EP 6

38

f(x) =x y = f(x) and y = f-1(x) intersect on the line y = x.
X2 -3 =x This means that the solution to f(x) = f-1(x) is the
Y2—-x=-3=0 same as the solution to f(x) = x.
1+/13
So x = .
2 L From the graph you can see that the solution

must be positive, so ignore the negative solution
to the equation.

For each of the following functions f(x):
i state the range of f(x)
ii determine the equation of the inverse function f~!(x)
iii state the domain and range of f~!(x)
iv sketch the graphs of y = f(x) and y = f~!(x) on the same set of axes.

afix>2x+3,xeR bf:x|—>x+5,xe[R

2
¢c fxp4-3x,xeR dfix»x*-7,xeR

Find the inverse of each function:

a f(x)=10-x,xeR m Two of these functions are self-

X

b g(x)= 50 xXeER inverse. A function is self-inverse if f~1(x) = f(x).
3 In this case ff(x) = x.

¢ h(x)=3,x#0,xeR

d kix)=x-8xeR
Explain why the function g: x = 4 — x, {x € R, x > 0} is not identical to its inverse.

For each of the following functions g(x) with a restricted domain:
i state the range of g(x)
ii determine the equation of the inverse function g=!(x)
iii state the domain and range of g~'(x)
iv sketch the graphs of y = g(x) and y = g~!(x) on the same set of axes.

ag(x):%,{xeR,x>3} b gx)=2x-1,{xeR,x=0}
cg(x):%,{xeR,x>2} d glx)=Vvx-3,{xeR,x=7}
e gx)=x+2,{xeR, x>2} f gx)=x3-8, {xeR,x=2}

The function t(x) is defined by

m First complete the square for the function t(x).
tx)=x2-6x+5,xeR, x=5

Find t~!(x). (5 marks)
The function m(x) is defined by m(x) = x> + 4x + 9, x € R, x > q, for some constant a.

a State the least value of a for which m~!(x) exists. (4 marks)
b Determine the equation of m~!(x). (3 marks)
¢ State the domain of m~!(x). (1 mark)

7

8

@ 1

The function h(x) is defined by h(x) = 2;_4-

21, {x eR, x=2}.

a What happens to the function as x approaches 2?

b Find h~!(3).

¢ Find h~!(x), stating clearly its domain.

d Find the elements of the domain that get mapped to themselves by the function.

The functions m and n are defined by

mx—~2x+3,xeR

2
a Find nm(x)

n xe ,XER

b What can you say about the functions m and n?

The functions s and t are defined by

s(x)=x_3|_1,x¢—1

3—x
X

t(x) = X #0

Show that the functions are inverses of each other.

The function f(x) is defined by f(x) = 2x*> - 3, {x € R, x < 0}.
Determine:

a f-!(x) clearly stating its domain

b the values of a for which f(a) = f~(a).

The functions f and g are defined by
fix—e'-5xeR

gx—In(x-4),x>4

a State the range of f.

b Find f-!, the inverse function of f, stating its domain.
c

On the same axes, sketch the curves with equation y = f(x) and y = f-!(x),
giving the coordinates of all the points where the curves cross the axes.

=

Find g1, the inverse function of g, stating its domain.

o

Solve the equation g-!(x) = 11, giving your answer to 2 decimal places.

The function f is defined by
3(x+2) 2
X2rx—20 x-47%

fixe >4

a Show that f: x — L, x>4.
x+5
b Find the range of f.

¢ Find f~!(x). State the domain of this inverse function.

Functions and graphs

(4 marks)
(4 marks)

(1 mark)
(3 marks)

(4 marks)
(3 marks)
(3 marks)

(4 marks)

(2 marks)
(4 marks)
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€ »=f)] and y = f(|x])
® To sketch the graph of y = |f(x)|:
 Sketch the graph of y = f(x).

» Reflect any parts where f(x) <0
(parts below the x-axis) in the x-axis.

* Delete the parts below the x-axis.

® To sketch the graph of y = f(|x|):

» Sketch the graph of y = f(x) for x = 0.

* Reflect this in the y-axis.

f(x)=x*-3x-10
a Sketch the graph of y = f(x).
¢ Sketch the graph of y = f(|x]).

a fx) =x2-3x-10=(x-5)(x+ 2)
f(x) = O implies (x = 5)(x+ 2) =0

Yy y=£fx) y6y=lf(X)|
2-N\O 3 x 2 10 3 x
-6
YAy =f(x))
—Y‘/E» ;C
-6

b Sketch the graph of y = |f(x)|.

The graph of y = x> — 3x — 10 cuts the x-axis at

Sox=5o0orx=-2

-2 and 5.

f(O) = =10

L The graph cuts the y-axis at -10.

This is the sketch of y = x2 = 3x — 10.

The sketch includes the points where the graph

intercepts the coordinate axes.

A sketch does not have to be to scale.

@ Explore graphs of modulus O

functions using technology.

40

i

(the negative values of y) in the x-axis.

Reflect the part of the curve where y = f(x) < 0

¥
y="f(lx])
-5 2 5
—10

g(x) =sinx, —360° < x < 360°
a Sketch the graph of y = g(x).

b Sketch the graph of y = |g(x)|.
¢ Sketch the graph of y = g(|x]).

1&0\?6 X

a y
1
/ N\

—-360 —180 9
—1
b y
1
—-360 —180 0
—1

c ¥

—1

Functions and graphs

Reflect the part of the curve where x = 0 (the
positive values of x) in the y-axis.

The graph is periodic and passes through
the origin, (180, 0) and (360, 0).
<« Year 1, Section 9.5

Reflect the part of the curve below the
x-axis in the x-axis.

Reflect the part of the curve where
x = 0in the y-axis.
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The diagram shows the graph of y = h(x), with five
points labelled.

Sketch each of the following graphs, labelling the
points corresponding to 4, B, C, D and E, and any
points of intersection with the coordinate axes.

a y = [h(x)|
b y =h(x])
a VA
B(-2.5,15)
c
11 E'(6,5)
A D y=hx)|
-7 o 3 X
b y
1112C
D/\D
3 X
E(6,-5)

\_/_3 ¢
y=h(]x])

1 f(x)=x>-7x-28
a Sketch the graph of y = f(x).
¢ Sketch the graph of y = f(|x]).

2 g x> cosx, —360° = x =< 360°
Sketch the graph of y = g(x).
Sketch the graph of y = g(|x]).

[T

8]
=

cxx(x = Dx=-2)(x+3)
a Sketch the graph of y = h(x).
Sketch the graph of y = h(]x]|).

(]
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11
A D y=h(x)

/—7 19} 3\/
E(6,-5)

The parts of the curve below the x-axis are
reflected in the x-axis.

The points 4, B, C and D are unchanged.

The point E was reflected, so the new
coordinates are E'(6, 5).

The part of the curve to the right of the y-axis
is reflected in the y-axis.

The old points 4 and B had negative x-values
so they are no longer part of the graph.

The points C, D and E are unchanged.

There is a new point of intersection with the
x-axis at (=3, 0).

b Sketch the graph of y = |f(x)|.

b Sketch the graph of y = |g(x)|.

b Sketch the graph of y = |h(x)|.

®) 4

The function k is defined by k(x) =5, @ > 0, x € R, x # 0.

X
a Sketch the graph of y = k(x).

b Explain why it is not necessary to sketch y = [k(x)| and y = k(|x|).

The function m is defined by m(x) = %, a<0,xeR,x=#0.

¢ Sketch the graph of y = m(x).

d State with a reason whether the following statements are true or false.

i k() =Im(x)] i k(x))=m(x]) iii m(x)=m(x])

The diagram shows the graph of y = p(x) with 5 points
labelled.

Sketch each of the following graphs, labelling the points
corresponding to 4, B, C, D and E, and any points of
intersection with the coordinate axes.

a y=|p(x)| (3 marks)
by =p(x]) (3 marks)

The diagram shows the graph of y = q(x) with 7 points
labelled.

Sketch each of the following graphs, labelling the points
corresponding to A, B, C, D and E, and any points of
intersection with the coordinate axes.

a y=|qx) (4 marks)
b y=q(x)) (3 marks)

k(x)=%,a>0,x¢0

a Sketch the graph of y = k(x).
b Sketch the graph of y = |k(x)|.
¢ Sketch the graph of y = k(|x|).

m(x) =%, a<0,x#0

a Sketch the graph of y = m(x).

Functions and graphs

b Describe the relationship between y = |m(x)| and y = m(|x|).

f(x) =e*and g(x) = e~

a Sketch the graphs of y = f(x) and y = g(x) on the same axes.

b Explain why it is not necessary to sketch y = [f(x)| and y = |g(x)|.

¢ Sketch the graphs of y = f(]x|) and y = g(]x|) on the same axes.

y=p)
3|D
A C EQ, 1)
—8\/2 [9) x
B(-4,-5)
V4
y=qx)
D(-4,3)
A
-10 -5 —3(/4 X
—4|F
B(-8,-9)
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10 The function f(x) is defined by
f(x) = {—2x -6,-5=x<-1
x+1DA-1lsx=<2
a Sketch f(x) stating its range.
b Sketch the graph of y = |f(x)|.
¢ Sketch the graph of y = f(|x]).

Functions and graphs

A piecewise function like this

does not have to be continuous.
(5 marks) Work out the value of both
(3 marks) expressions when x = -1 to

(3 marks) help you with your sketch.

Apply the translation inside the brackets first.
The dotted curve is the graph of y = f(x + 2),

which is a translation of y = f(x) by vector ((2))
@ Combining transformations

Next apply the translation outside the brackets.

You can use combinations of the following transformations of a function to sketch graphs of more
complicated transformations.

The solid curve is the graph of y = f(x + 2) + 2, as
S required. This is a translation of y = f(x + 2) by
‘,’ 1 0
(0, -1) \“ vector (2)
_ 1 The images of O, 4 and B are (-2, 2), (O, 1)
® f(x + a) is a translation by the vector ( 0 ) ® f(ax) is a horizontal stretch of scale factor a and (4, 6) respectively.
® f(x) + ais a translation by the vector (g m af(x) is a vertical stretch of scale factor a cy= if(g x)
4
n f(- i -axi .
Flx) - reflects flx) In the y-axis. You can think of f(-x) and ~f(x) as stretches i ’ (3,@4) Apply the stretch inside the brackets first. The
m —f(x) reflects f(x) in the x-axis. with scale factor —1. < Year 1, Sections 4.6, 4.7 \ P PRY :
y

Example @ \

dotted curve is the graph of y = f(2x), which is a
/' ' horizontal stretch with scale factor%
. _ B(6, 4) ' ’," (3,1) ‘\‘ Then apply the stretch outside the brackets. The
?ﬁe diagram shov:tsl a Sk;tiﬁ of t,h? grgptl;l of y . —tf(x). \ ! “ solid curve is the graph of y = %f(Zx), as required.
€ Curve passes 1‘roug ¢ origin U, the poin y *9-25) / 1 This is a vertical stretch of y = f(2x) with scale
A(2, -1) and the point B(6, 4). y=£fx .0 g N\ factor 1
Sketch the graphs of: A v
a y=2f(x)-1 b y=fx+2)+2 0 X (4.7
1 4@,-1) The images of O, 4 and B are (O, 0)
=— = _ - ges of O, A an are (O, O),
cy 4f(2)c) d y=—f(x-1)
In each case, find the coordinates of the images of the points O, 4 and B.

(1, =0.25) and (3, 1) respectively.
d y = —f(x - 1)

y
Apply the stretch first. The dotted curve is the “\\ (,7;.?:) Apply the translation inside the brackets first.
graph of y = 2f(x), which is a vertical stretch with \ / | The dotted curve is the graph of y = f(x — 1),
scale factor 2. N9 3,1 ,’I, ‘\‘ which is a translation of y = f(x) by vector (1)
0/\‘\ L7 VX
Next apply the translation. The solid curve is 3.1 Y Then apply the reflection outside the brackets.
the graph of y = 2f(x) — 1, as required. This is a : The solid curve is the graph of y = —f(x — 1), as
translation of y = 2f(x) by vector (_01>

required. This is a reflection of y = f(x — 1) in the
(7, -4) x-axis.
m The order is important. If you
(2.-3)

The images of O, 4 and B are (1, 0), (3, 1)
and (7, —4) respectively.
applied the transformations in the opposite order
The images of O, 4 and B are (O, -1), you would have the graph of y = 2(f(x) — 1) or
(2, =3) and (6, 7) respectively. y=2f(x) -2
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f(x)=lnx, x>0
Sketch the graphs of
a y=2f(x)-3

by = |f(=x)|

Show, on each diagram, the point where the graph meets or crosses the x-axis.

In each case, state the equation of the asymptote.

a Ytx=0
y=lInx
o 1 X
2inx -3=0
Inx—é
T2
3
X=e>
=445 (3 s.f)

The graph y = 2In x = 3 will cross the

XxX-axis at (4.48, O).

g x=0

2Inx-3

m Explore combinations of O

transformations using technology.

Problem-solving

You have not been asked to sketch y = f(x) in this

question, but it is a good idea to do this before
sketching transformations of this graph.
Sketch y = f(x), labelling its asymptote and the
coordinates of the point where it crosses the

Xx-axis. <« Year 1, Section 14.3

Solve this equation to find the x-intercept of
y = 2f(x) - 3.

The original graph underwent a vertical stretch by
a scale factor of 2 and then a vertical translation

ol [a4e

b The graph of y = f(=x) is a reflection of

y = f(x) in the y-axis.

7 x=0

y=In(=x)

y=lInx,

by vector (_03)

The original graph is first reflected in the y-axis.
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The x-intercept becomes (-1, 0).

The asymptote is unchanged.

Exercise @

1 The diagram shows a sketch of the graph y = f(x). 4

Functions and graphs

To sketch the graph of y = |f(=x)]| reflect any
negative y-values of y = f(—x) in the x-axis.

The curve passes through the origin O, the point BG.4)

A(=2, =2) and the point B(3, 4).
On separate axes, sketch the graphs of:

a y=3f(x)+2 b y=f(x-2)-5
c y= %f(x +1) d y=-f(2x)
e y =0 £ y=If(-x) J *
In each case find the coordinates of the images of the A
) A(=2,-2) y=1x)
points O, 4 and B.
2 The diagram shows a sketch of the graph y = f(x). 4
The curve has a maximum at the point A(-1, 4) and A(-1,4)
crosses the axes at the points (0, 3) and (-2, 0).
_ _1 (l ) 3
a y=3f(x-2) by—zf >
c y=-f(x)+4 d y=-2f(x+1) y=fx)
e y=2f(x]) /—2 0 X
For each graph, find, where possible, the coordinates
of the maximum or minimum and the coordinates of
the intersection points with the axes.
3 The diagram shows a sketch of the graph y = f(x). 4 N =)
The lines x = 2 and y = 0 (the x-axis) are asymptotes ;
to the curve.
On separate axes, sketch the graphs of: i
a y=3f(x)-1 b y=f(x+2)+4 | :
U
¢ y=—f(2x) d y=f(x) I
For each part, state the equations of the asymptotes 0 2; x

and the new coordinates of the point 4.
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@ 4 The function g is defined by
gx—(x-22-9,xeR.
a Draw a sketch of the graph of y = g(x), labelling the turning points and the x- and

y-intercepts. (3 marks)
b Write down the coordinates of the turning point when the curve is transformed
as follows:
i2g(x-4) (2 marks)
i g(2x) (2 marks)
iii |g(x)| (2 marks)

¢ Sketch the curve with equation y = g(|x|). On your sketch show the coordinates of all

turning points and all x- and y-intercepts. (4 marks)

5 h(x) =2sinx, —180° < x < 180°.
a Sketch the graph of y = h(x).
b Write down the coordinates of the minimum, 4, and the maximum, B.
¢ Sketch the graphs of:
i h(x-90°)+1 ii %h(%x) iii %|h(—x)|
In each case find the coordinates of the images of the points O, 4 and B.

@ Solving modulus problems

You can use combinations of transformations together with [f(x)| and f(|x|) and an understanding of

domain and range to solve problems.

Given the function t(x) =3|x - 1| -2, x e R,
a sketch the graph of the function

b state the range of the function

¢ solve the equation t(x) = %x + 3.

) Problem-solving

v =|x]| Use transformations to sketch the graph of

y=3lx-1-2.

(@] X

Sketch the graph of y = |x]|.

48

Functions and graphs

yl
Step 1 .
1 Horizontal translation by vector <O>
o X
\ y=3|x-1]
3
Step 2
Vertical stretch, scale factor 3.
o 1‘ X
Y y=3|x-1]-2

Step 3 n
Vertical translation by vector (_2).

N

(1.-2)

b The range of the function t(x) is y € R,

y=-2. The graph has a minimum at (1, —2).

y
First draw a sketch of y = 3|x — 1| — 2 and the line
3 —_— 1
B y—Ex+3.

\_/
The sketch shows there are two solutions, at 4
(1,-2) and B, the points of intersection.
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AtA,3(x—1)—2=%x+3

3x—5=%x+3

§x=8

2
_le

This is the solution on the original part of the

Y=
At B —3(x—1)-2="x+3

graph.

2
—3x+3—2=%x+3
—%x:Z

| When f(x) <0, [f(x)] = (x), 50 use ~(3x — 1) = 2 to
find the solution on the reflected part of the graph.

L4
T 7

The solutions are x = % and x = —%

The function f is defined by f: x — 6 — 2|x + 3|.

the sketch.

A sketch of the graph of the function is shown in the diagram.

a State the range of f.
b Give a reason why f~! does not exist.
¢ Solve the inequality f(x) > 5.

a The range of f(x) is f(x) < 6.

This is the solution corresponding to point B on

S

b f(x) is a many-to-one function.
Therefore, £~ does not exist.
c f(x) = 5 at the points 4 and B.
f(x) > 5 between the points A and B.

The greatest value f(x) can take is 6.

For example, f(0) = f(-6) = 0.

Problem-solving

-G (0] X
y="x)

Only one-to-one functions have inverses.

Add the line y = 5 to the graph of y = f(x).

Between the points 4 and B, the graph of y = f(x)

At4,6-2(x+3)=5
—2(x+ 3)=-1

1
x+3—2

is above the line y = 5.

This is the solution on the original part of the

.5
T2

50

graph.

Functions and graphs

At B,6 - (-2(x+3)) =5

L When f(x) <0, |f(x)] = =f(x), so use the negative

2(x+ 3) = -1
1 argument, —2(x + 3).
X+ 3=-=
2
X = _7 This is the solution on the reflected part of the
2 graph.
The solution to the inequality f(x) > 5 is

N
—% <x< —% @ Explore the solution using O

technology.

@ 1 For each function
i sketch the graph of y = f(x)
ii state the range of the function.
afixm4x-3,xeR

m For part b transform the graph of y = |x| by:

« A translation by vector (_02>

1
b f(x) = 3 k+2/-1,xeR + A vertical sketch with scale factor%

¢ flx)=-2|x-1+6,xeR
(x) | | + A translation by vector (_01)

d fZXH—%|x|+4,X€R

2 Given thatp(x)=2|x +4| -5, x € R,
a sketch the graph of y = p(x)
b shade the region of the graph that satisfies y = p(x).

3 Given that q(x) = -3|x| + 6,x € R,
a sketch the graph of y = q(x)
b shade the region of the graph that satisfies y < q(x).

4 The function f is defined as
fix—4x+6/+1, xeR.
a Sketch the graph of y = f(x).
b State the range of the function.

¢ Solve the equation f(x) = —%x + 1.

5 Given that g(x) = —§|x =-2|+7,xeR,

a sketch the graph of y = g(x)
b state the range of the function
¢ solve the equation g(x) = x + 1.
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6 The functions m and n are defined as
m(x)=-2x+k,x €R
n(x)=3x-4/+6,xeR
where k is a constant.

Problem-solving

and y = n(x) do not intersect.

The equation m(x) = n(x) has no real roots.

m(x) = n(x) has no real roots means that y = m(x)

Find the range of possible values for the constant k. (4 marks)
7 The functions s and t are defined as
s(x)=-10-x,xeR
t(x)=2lx+b -8, xeR
where b is a constant.
The equation s(x) = t(x) has exactly one real root. Find the value of b. (4 marks)
8 The function h is defined by ’
h(x):%|x— -7, xeR
The diagram shows a sketch of the graph y = h(x).
a State the range of h. (1 mark) X 0 / X
b Give a reason why h-! does not exist. (1 mark)
¢ Solve the inequality h(x) < -6. (4 marks)
d State the range of values of k for which the y=h
equation h(x) = %x + k has no solutions. (4 marks)
9 The diagram shows a sketch of part of the graph Py
»y =h(x), where h(x) =a - 2|x + 3|, x € R.
The graph intercepts the y-axis at (0, 4). 4
a Find the value of a. (2 marks) \Q
b Find the coordinates of P and Q. (3 marks) / 0 *
¢ Solve h(x) = %x + 6. (5 marks) y=h(x)
10 The diagram shows a sketch of part of the graph y = m(x), g
where m(x) = —4|x + 3|+ 7, x e R.
a State the range of m. (1 mark) /\
b Solve the equation m(x) = %x + 2. (4 marks) 0 *
Given that m(x) = k, where & is a constant, has two distinct
roots - y=m()
¢ state the set of possible values for k. (4 marks)
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Challenge

1 The functions f and g are defined by
f(x)=2|x-4|-8,xeR

gx)=x-9,xeR
The diagram shows a sketch of the graphs of y = f(x) and y = g(x).

7 y="f(x)

y=g(x)

/A

a Find the coordinates of the points 4 and B.
b Find the area of the region R.

2 The functions f and g are defined as:
f(x)=—|x-3|+10,x e R
gx)=2|x-3]+2,xeR

Show that the area of the shaded region is %

AN

Functions and graphs

y=gx)

y="f(x)

Mixed exercise o

1 a On the same axes, sketch the graphs of y=2 — xand y = 2|x + 1|.
b Hence, or otherwise, find the values of x for which 2 — x = 2|x + 1].

2 The equation [2x — 11| = %x + k has exactly two distinct solutions.

Find the range of possible values of k.

3 Solve |5x—2|=—ix+8.

4 a On the same set of axes, sketch y =12 — 5x| and y = —2x + 3.

b State with a reason whether there are any solutions to the equation
[12 = 5x|=-2x+3

(4 marks)
(4 marks)
(3 marks)
(2 marks)
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Chapter 2

For each of the following mappings:

@ 1w

i state whether the mapping is one-to-one, many-to-one or one-to-many

ii state whether the mapping could represent a function.

a y b y

I
NUI

/.

/ o X 0

The function f(x) is defined by

d V1

-x, x=1

i) = {x—2, x> 1

a Sketch the graph of f(x) for -2 < x < 6.
b Find the values of x for which f(x) = -

N | —

The functions p and q are defined by
px~ x’+3x-4,xeR
gxP2x+1,xeR

a Find an expression for pq(x).

b Solve pq(x) = qq(x).

The function g(x) is defined as g(x) =2x + 7, {x € R, x = 0}.
a Sketch y = g(x) and find the range.
b Determine y = g~!(x), stating its range.

(® 1

¢ Sketch y = g!(x) on the same axes as y = g(x), stating the relationship between the

two graphs.

The function f is defined by

2x+3
—1°

fix {xeR, x>1}

a Find f-(x).
b Find: i therange of f~!(x)

ii the domain of f-!(x)

o X
1
(4 marks) 13
(3 marks)
(2 marks)
(3 marks)
(®) 14
(3 marks)
(3 marks)
(2 marks)
15
(4 marks)
(2 marks)

The functions f and g are given by
X 1

f:xsz_l—m, {xeR, x>1}
g:xH%, {xeR, x>0}
1

a Show that f(x) = G-Dx+1)

b Find the range of f(x).
¢ Solve gf(x) = 70.

The following functions f(x), g(x) and h(x) are defined by

f(x)=4(x-2), {xeR, x=0}

gx)=x*+1, {xeR}

h(x) = 3%, {x e R}
a Find (7), g(3) and h(=2). b Find the range of f(x) and the range of g(x).
¢ Find g '(x). d Find the composite function fg(x).

e Solve gh(a) = 244.

The function f(x) is defined by f:x = x? + 6x — 4, x € R, x > a, for some constant a.

a State the least value of « for which f~! exists.
b Given that @ = 0, find f~!, stating its domain.

The functions f and g are given by
f:x—4x -1, {xeR}

{xe[R,x:t%}

3
2x - 17
Find in its simplest form:

g:x -

a the inverse function f-!
b the composite function gf, stating its domain

¢ the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places.

The functions f and g are given by
X
f.x»—>x_2, {xeR, x=2}

g:xH%, {xeR, x=0}
a Find an expression for f~!(x).

b Write down the range of f~!(x).
¢ Calculate gf(1.5).

d Use algebra to find the values of x for which g(x) = f(x) + 4.

The function n(x) is defined by
B 5-x, x=0
n(x) = x%, x>0

a Find n(-3) and n(3). b Solve the equation n(x) = 50.

Functions and graphs

(3 marks)

(1 mark)
(4 marks)

(4 marks)
(4 marks)

(2 marks)
(3 marks)
(4 marks)

(2 marks)

(1 mark)
(2 marks)
(4 marks)
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Chapter 2

16 g(x) = tan x, —180° < x < 180°

(E) 18

@ 19

@

56

a
b

C

Sketch the graph of y = g(x).
Sketch the graph of y = |g(x)|.
Sketch the graph of y = g(|x]).

The diagram shows the graph of f(x).

The points A(4, —3) and B(9, 3) are turning points on the

graph. y=1) /\
y=1f(2x)+1 (3 marks)

Sketch on separate diagrams, the graphs of

a

(0] X
b y=|f(x)| (3 marks) \/
¢ y=-f(x-2) (3 marks) A(4,-3)

Indicate on each diagram the coordinates of any turning

points on your sketch.

Functions f and g are defined by

a
b

C

fix—4-x, {x e R}

g:x - 3x%, {x eR}
Write down the range of g. (1 mark)
Solve gf(x) = 48. (4 marks)

Sketch the graph of y = |f(x)| and hence find the values of x for which [f(x)| = 2. (4 marks)

The function f is defined by f:x — |2x — a|, {x € R}, where a is a positive constant.

a

Sketch the graph of y = f(x), showing the coordinates of the points where the graph

cuts the axes. (3 marks)
On a separate diagram, sketch the graph of y = f(2x), showing the coordinates of the

points where the graph cuts the axes. (2 marks)
Given that a solution of the equation f(x) = %x is x = 4, find the two possible

values of a. (4 marks)

Sketch the graph of y = |x — 24|, where a is a positive constant. Show the coordinates

of the points where the graph meets the axes. (3 marks)
Using algebra solve, for x in terms of a, |x — 2a| = %x. (4 marks)
On a separate diagram, sketch the graph of y = a — |x — 24|, where a is a positive constant.

Show the coordinates of the points where the graph cuts the axes. (4 marks)

Sketch the graph of y = |2x + 4|, a > 0, showing the coordinates of the points where

the graph meets the coordinate axes. (3 marks)
On the same axes, sketch the graph of y = % (2 marks)
¢ Explain how your graphs show that there is only one solution of the equation
xX2x+al-1=0 (2 marks)
Find, using algebra, the value of x for which x|2x + a| - 1= 0. (3 marks)

Functions and graphs

22 The diagram shows part of the curve with equation y = f(x), where
f(x)=x*-7x+5Inx+8, x>0

The points 4 and B are the stationary points of the curve.

a Using calculus and showing your working, find the ’ B
coordinates of the points 4 and B. (4 marks) 4 y=10
b Sketch the curve with equation y = —=3f(x — 2). (3 marks)
¢ Find the coordinates of the stationary points of the B
curve with equation y = —-3f(x — 2). State, without
proof, which point is a maximum and which point 0 / ¥
is a minimum. (3 marks)
23 The function f has domain -5 < x < 7 and is linear from y (7, 18)
(-5, 6) to (-3, -2) and from (-3, -2) to (7, 18).
The diagram shows a sketch of the function. y= 1)
a Write down the range of f. (1 mark) (-5,6)
b Find ff{(=3). (2 marks) \ -
¢ Sketch the graph of y = |f(x)|, marking the points at A\ x
which the graph meets or cuts the axes. (3 marks) (=3.-2)
The function g is defined by g: x — x? — 7x + 20.
d Solve the equation fg(x) = 3. (3 marks)
@ 24 The function p is defined by 14
p:x =2x+4|+10
The diagram shows a sketch of the graph.
a State the range of p. (1 mark)
b Give a reason why p~! does not exist. (1 mark) .
¢ Solve the inequality p(x) > —4. (4 marks) 0 ¥
d State the range of values of k for which the equation
p(x) = —%x + k has no solutions. (4 marks) y=p)
a Sketch, on a single diagram, the graphs of y = a®> — x?and y = |x + ¢,
where a is a constant and a > 1.
b Write down the coordinates of the points where the graph of y = a®> — x?
cuts the coordinate axes.
¢ Given that the two graphs intersect at x = 4, calculate the value of a.
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Summary of key points
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11
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14
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16
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A modulus function is, in general, a function of the type y = |f(x)]|.
® When f(x) = 0, |f(x)| = f(x)
e When f(x) <0, |f(x)| = —f(x)

To sketch the graph of y = |ax + b|, sketch y = ax + b then reflect the section of the graph
below the x-axis in the x-axis.

A mapping is a function if every input has A B >4 N7
a distinct output. Functions can either be > E
one-to-one or many-to-one. i’ [5X [
one-to-one many-to-one not a function
function function

fg(x) means apply g first, then apply f.
fg(x) = f(g(x))

g f

fg
Functions f(x) and f-1(x) are inverses of each other. ff-1(x) = x and f~f(x) = x.
The graphs of y = f(x) and y = f~1(x) are reflections of each another in the line y = x.
The domain of f(x) is the range of f~(x).
The range of f(x) is the domain of f~1(x).

To sketch the graph of y = |f(x)|

® Sketch the graph of y = f(x)

® Reflect any parts where f(x) < 0 (parts below the x-axis) in the x-axis
® Delete the parts below the x-axis

To sketch the graph of y = f(|x|)
® Sketch the graph of y =f(x) forx =0
® Reflect this in the y-axis

f(x + a) is a horizontal translation of —a.
f(x) + a is a vertical translation of +a.

f(ax) is a horizontal stretch of scale factor%
af(x) is a vertical stretch of scale factor a.
f(—x) reflects f(x) in the y-axis.

—f(x) reflects f(x) in the x-axis.
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