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(Abstract.) The irreducible factors of the binomial equation z" —1 = 0 give the
cyclotomic equations. Their solution gives #n points around the circumference of the
unit circle, which locate the vertices of the regular polygon of # sides inscribed in
the circle. Thus, solving the cyclotomic equations solves the regular n — gon, and
getting the distance between neighboring vertices gives the side L of the regular
polygon. The harder problem is to express this side L in terms of radicals. We will
demonstrate this for two cases: (a) for » = 5 and (b) for n =17. For the pentagon we
will use a trick from De Moivre, and for the 17 — gon, we will use the more general
method of Gauss. We will then assert that in general the cyclotomic equation of any
degree n is solvable, and that the side L of any constructible polygon of # sides

n=2"p,py .0y, T,Mm = integers, p, =22 +1,

may be expressed in terms of radicals.

The binomial equation z" — a = 0 is among the simplest polynomial equation, yet its
study could get quite involved especially when a # 1. When a = 1, its roots are given by
De Moivre’s formula, known as the nth roots of unity, consisting of { = cos(2m/n) +
i sin(2m/n) and its first n powers, 1,, {2, ...,{" 1. Clearly, when 7 is a prime, every nth
root of unity (except 1) is a root of

x"—1

x—1

=x"1 4 x4+,

which is irreducible. In factored form

x"—1=Jl(x—-¢), 0<i<n



We define the nth cyclotomic polynomial ®,,(x) to be the product
®,(x) =TI(x—¢t), 0<i<n,ged(in)=1.

Thus the roots of ®,,(x) are & for those 0 < i < n relatively prime to n. For example,
D, =x—1, d,=x+1, &3 =x?>+x+1, &, =x?+ 1, we will show
Oy =x*+x3+x2+x+1, &g=x%—x+1.

The roots of z™ — 1 = 0 are given by

z, = (k= e?mik/n = cos%+ isin%, k=012,..,n—1.
In the complex plane their locations give the vertices of the regular polygon of n sides
inscribed in the unit circle. Finding the side L of the regular polygon inscribed in the unit
circle is easy for n = 3,4, & 6. It is a challenge to find a rational expression for n =5,
which we will show, and also forn = 17.

(1) For a triangle (n = 3), the central angle is 8 = 27 /3:

Figure 1. Finding the side L of a regular triangle inscribed in a unit circle.

L 0 T
§=Rsin§=Rsin§ = L = R3.

(ii) For a square (n = 4), 6 = 21 /4:

Figure 2. A square in a unit circle.



L 0 T
§=Rsin§=RsinZ = L =RV2.

(c) For a hexagon (n = 6),0 = 21 /6:

Figure 3. A regular hexagon in a unit circle.

- = n—= —_ = = K.
) Sl ) 51112

Finding L for the pentagon is challenge. First of all, & = 2w /5 is not a special angle.
Second, the cyclotomic equation is of degree 4:

z5-1
(1) =2+ 428 +z+1=0.
We use a neat trick from De Moivre. Let
2 t=z+1, t2=22 42+~
( ) =z Z’ =Z 22 .
And (1) becomes
t24+t—1=0 withsolutions t= _1;_”@.
Back to z, we get two equations:
z2—vz+1=0 with v= _1:\@, and
-1-/5

z2—v'z+1=0 with v = ,

with solutions



_ V5—-1+/-10-2+5 —V/5-1+/-104+2V5
4 4 ’

Zy 4 and z;3 =

Now, all five vertices of the pentagon are found. The side L is the distance between

: : . . / /5
adjacent vertices. This is easiest done for L = |z, — z3| = %

Figure 4. A regular pentagon inscribed in a unit circle.

As a check, from previous results forn = 4 & 6:

1IR<L<+V2R, R=1,

and L= /% R = 1.175571R.

Or, we can evaluate

L =2Rsin? = 2(1)sin2Z = 1.175571.
2 2(5)

One remarkable achievement by Gauss is the discovery that the regular polygon of 17
sides is constructible, that is, its side L is expressible in radicals. (Since Euclid’s time no
mathematician has thought about this.) To show this.

First, its cyclotomic equation is of degree 16:

z17-1

z—1

=z104754..47241=0.

De Moivre’s trick will not work here for we will end up with an equation of degree 8. For
the case n = 17, we will use the more general method of Gauss’s law of periods of the
cyclotomic equations. Gauss showed that the cyclotomic equations of prime degree p may
be reduced to equations of degree equal to the prime factors of p — 1. In particular, the 17%



roots of unity are determined by solving successively 4 quadratic equations: 17 — 1 = 24,
We will do the computations now and justify the theory later.

Note that the 17" roots of unity are given by g = 3, i.e., the powers of 3 mod 17 are:
m 0,1,2, 3, 4,5 6,7, 8 9,10,11,12,13, 14,15
3m 1,3,9,10,13,5,15,11, 16,14, 8, 7, 4, 12, 2, 6.
Now, let ¥ = e!2™k/17,
}’1=(3+(10+55+{11+<14+€7+(12+€6
Y, =%+ {13 4 715 4 716 4 78 4 7% + 72 + 1.

Then, using the identities

21k 2m(17-k) ok

et17 +e " 17 =2c0s" - and

2 cosacosfB = cos(a + B) + cos(a — B), we get
yity,=-1 yy, = -4
Thus, y; and y, satisfy the quadratic equation:

3) y>*+y—4=0,

and therefore V1

In y, and y,, take:
yin =+ + M2
Yiz =¢0+ M+ {7+ 8
Vo1 =7+ 3P+ %+
Voa = (VP + T+ + TN
Then: y;3 +y12=y1 and  y11y1, = —1.

And y;4, ¥, satisty

4) y>—y1y—1=0,



y1— /3’%4‘4

yi+ /J/f +4
And therefore —

Yu = > and  y1; = 2
Similarly,
2 _ |y2
(5) Y21 = y—2+\/23; and  y;; = ZE \Eﬁ
The next period:
yin =¢+ 3 Yo11 =¢° +®
Yirz = ¢+ Ya12 = ¢ + 7
Vi1 =0+ 7 Yo21 =P+ %
Yizz =M+ (0 Ya22 = {1+ %

The last two:

Y221 T V222 = Y22 and  ¥,21Y222 = Y11 satisfy

(6) ¥2 = Y22y +¥11 = 0.
And ther6ef01‘e y221 — yZZ_— “:)/2222_43/11 and y222 — y22+Vy2222_4‘y11 .

The last periods are {* and {16, with (' + (' =y,,, and ¢! {'® = 1. Thus,

1 _ Yozot+y222%2—4

2

¢

17

= cos 2 = —i+i\/17+i\[34— W17 +§\/17+ 3V17 — 2434 + 24/17.

The law of periods of Gauss follows from group theory. The roots of unity (¥ = e?27k/n,
k=0,,..,n—1, form a cyclic group Z,, whose order is |Z,| = ¢(n), the number of
integers i, 0 < i < n, relatively prime to n (¢ (n) is Euler’s totient function). Because

2wk . . 2mk
(¥ = cos=—+isin—,
n n

2mk _2m(n—k) ok
en +e =2cos=—, and

2cosacosfB =cos(a+B) +cosa —p),



we get periods for the roots. For example, forn =7, wegetn—1=6=3-2,1.e., 3 2-
periods; forn = 17, we getn — 1 = 16 = 2%, or 4 quadratic equations to solve, as we have
illustrated.

Concluding remarks. The more general binomial equation z" — a = 0, for some element a
in a field F, has roots given by De Moivre’s formula. If one root is given, then all the roots
are known, for, if b = ¥/a, the real root and {¥ = 2™/ then all the other roots are

b,b{,bl?, ...,b{" 1, ad all these rots are also in F. In the complex plane, the points

(cos % ,Sin %) for k = 0,1,2,...,n — 1, which represent the nth roots of unity, are the

vertices of a regular polygon with 7 sides: they divide the circumference into n equal parts.
For this reason, the theory which is concerned with nth roots of unity, or with the sine and
cosine of 2mk /n for integers £, n, is called cyclotomy, meaning ‘division of the circle’ into
equal parts.

e Allroots of z™ —a = 0 are known for any integer a.
e All roots of the cyclotomic equation ®,, = 0 are known for arbitrary integer n.
e The roots of unity {¥ = e/ are solutions to the binary equation z" — 1 = 0,
and represent the vertices of a regular polygon of n sides inscribed in a unit circle.
e All roots of the cyclotomic equation ®@,, = 0 are expressible as radicals.
e When the roots of unity are expressible in radicals this means the corresponding
regular polygon is constructible by straightedge and compass.
e We demonstrated by an explicit calculation that the side of a regular pentagon is
expressible in radicals, and that the pentagon is constructible.
e We also showed by an actual calculation that the regular 17-gon is constructible.
e A regular n-gon is constructible if the number of sides is given by
n = 2"p,p, .0y, Fa-+integer, and
pm = 22" 41, m = 0 integer.
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