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(Abstract.) The laws of planetary motion were empirical laws formulated by
Kepler in the early 1600s. They remained an enigma until the late 1600s when
Newton derived them from his laws of motion. The derivation has great
pedagogic value that will be appreciated by intermediate students of physics
and the calculus.

1. Introduction
1.1 Kepler’s laws of planetary motion (1609, 1619)
1.2 Newton’s laws of motion (1687)
2. Derivation by vector calculus
2.1 Kepler’s first law
2.2 Second law
2.3 Third law
2.4 Gravitational field of a spherical mass distribution
3. Conclusions
Appendix: Alternate derivation of planetary orbit

References


mailto:jvillanu@mdc.edu

From the voluminous data of Tycho Brahe (1546-1601), Johann Kepler (1571-1630)
deduced the three laws of planetary motion:

l. The orbit of each planet is an ellipse, with the Sun at one focus.

. The line from Sun to planet sweeps out area at a constant rate.

1. The square of the period of revolution of a planet is proportional to the cube of
its mean distance from the Sun.

These laws, the first two published in 1609, the third in 1619, were empirical laws deduced
from observations; they had no theoretical basis. They remained so until 1687 when Isaac
Newton (1642-1787) formulated his laws of motion in his Principia Mathematica, and he
derived Kepler’s laws from them in his ‘System of the World’.

I In the absence of a force, a body at rest stays at rest, and a body in motion
stays in motion with the same speed in the same direction.

II’. When a net force f acts on a body m, the body accelerates with acceleration a

proportional to f and inversely to m; the II” law is usually stated as, f = ma
(in vector form).

III’.  For every action, there is an equal and opposite reaction.

IV’.  (Law of gravitation) Between any two bodies m and M in the Universe, there
exists a force of attraction F that is proportional to the masses and inversely
proportional to the square of their separation r:

F=G "r‘—f G = the constant of gravitation.

What follows is an updated derivation of Kepler’s laws from Newton’s laws using vector
calculus.

I. From the second law of motion and the law of gravitation:

= alr ie, rxa=0. Then,
d = - =/ - = ot 4 - - = -
E(rxv)=r Xv+rXxv =vxXv+rxa=0
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= 7 X v = h, aconstant vector, in general, h # 0, i.e., 7 { v;



= 7 1 h forallt, so that the planet always lies in the plane through the origin L k. Thus,
the orbit of a planet is confined to a plane, or that the orbit is a plane curve.

To find the equation of the orbit:
R=FXb=FxX7 =rax (rd) =ra X (r'a+ra’) = rr' (@ X ) + r2(4 x u)
=r2(d x u).
Then, @ x h = — 50 X r2(@ x W) = —GMi x (1 X @) = —GM[(@ - 2)& — (@ - 2)2']
= GM1/', since |[G(t)|=1->40-0 =|4|>=1,and @i - 4'=0.

!

Andso, (5xh) =% xh=axh=GM

D

Integrate, » X h = GMAa +¢, ¢ aconstant vector.

Choose the coordinates so that k is along h, and the planet moves in the xy-plane. Since
both  x h and @ are L h, = ¢ lies in the xy-plane; choose ¢ to lie along i (Figure 1).

Figure 1. Plane of orbit

Then, (r, 0) are the polar coordinates of the planet, and:

-
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This is the polar equation of a conic section with focus at the origin and eccentricity e. (An
alternate way to obtain the trajectory of a planet is to solve the equation of motion in polar
coordinates, cf. Appendix.)
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Figure 2. Kepler’s I law

[1. In polar coordinates:

~

7 = [(r cos 8)i + (rsin B)7]], h = hk

—_

h=rxv=7rx7"=[(rcosf)i+ (rsinf)j] x [(r’cos@ —rsin@i—f)i+

. de\ . de +~

(r’smH + rcosf— ]] =r2=

t dt
de
= h=|h|=r2=
dt

1 dA 1 7] h . .
The element of area: dA = Erzde, and == Erz Pl constant since h is constant.

We may restate the Il Law: The line from Sun to planet sweeps out equal areas in equal
times.
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Figure 3. Kepler’s Il law



From a physics point of view, the area swept out by the planet is proportional to the angular
momentum, L, of the planet:

1,~ N 1 N N 1
dA = =|r X vdt| = — |r X mv|dt = — Ldt = constant.
2 2m 2m

We note that this result is true for any central force, f = fr.
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Figure 4. The area swept out in terms of angular momentum

I1l. Kepler’s third law

From the Il law:

dA 1
— = = h, a constant,
dt 2

A = %ht +Cp. A0) =70 > A(t) = %ht.

A = area of ellipse, T = period of orbit

2A 2mab

A(T) =hT - T=22=22

From the I law:

h? ed 2 2 _ b?
—=ed, a= - ed=a(l—e*). Also,1—e¢ =— Hence,

GM 1-e?
h? b?
2 —ed=2
GM a?
4m%a?p? a 42
T2 = 00 = 4p2q2p? 2o = 2T g3
h2 GMb?2 GM

We need to show that the mean distance from Sun to planet over one period is equal to the
semimajor axis a of the ellipse.



To this end, take an arbitrary ellipse

xZ yZ
—+5=1 c?=a®-b%

The distance from Sun to planet, FP, is:

d(x,y) = FP =/(x — )2 + (y — 0)2 =Jx2—2cx+cz+b2—2—zx2

2
= J(l —Z—z)xz —2cx +a? = i\/czx2 — 2ca?x + a*

1 2_ _
=-y(cx—a?)?. d= %,smce a? > cx.
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i.e., the mean distance from one focus F to a point P on the ellipse is the semimajor axis a.

From the physics point of view, the gravitational force provides the centripetal force on the
planet in a circular orbit with mean radius, r = a:
GmM _ _ v? 2 _ GM

—=m— - v°=—,
r r r

Also, in a circular orbit:
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Figure 5. Kepler’s III Law, T? vs. a3



Gravitational field due to a spherically distributed mass. One of Newton’s motivations for
developing calculus was to prove that the gravitational field outside a solid sphere is the
same as if the mass of the sphere were concentrated at its center. We will show that the
gravitational field at a distance r from the center of a uniform spherical shell of mass M

and radius R is:

- GM .
g=-=z14 r>R

and g =0, r <R.

For a solid sphere, we consider it to consist of a continuous set of spherical shells. Since
the field due to each shell is the same as if its mass was concentrated at the center of the
shell, the field due to the entire solid is as if the entire mass were concentrated at its center:

- GM .
g=-=z14 r > R.

Inside, only the mass inside the radius r contributes to the field:
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Figure 6. Gravitational field due to a sphere

The results above hold whether or not the sphere has constant density p, so long as p =
p(r) for spherical symmetry.

A spherical shell of mass M and radius R consists of rings a distance x from the field point
P. (i) Outside, r > R. The field due to dm has magnitude dg = Gdzm along s; over the ring,

N
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Figure 7. Ring element of mass dm

The shell consists of ringstrips of mass dM and area dA:

(2nRsin0)(RAO) _ M .

dA
dM =M —=M —sin6d6
A 47R?
d _ Gam __ GMsinfdé
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Rd&

Figure 8. Relation between the variables
The three variables s, 8, a are related by:

s2 =124+ R?>—-2rRcosf® — 2sds = 2rRsin6do;

2 2 2
s“+r“—R
R?> =s?+71r?2—-2srcosa - cosq =————
2sr
GM sds s®+r%?—R? GM ( r2—R2
- dg,=————— = — 1+ )ds.
9r 252 rR 2ST 412R 52

The field due to the entire shell is found by integrating froms =r —R (0 =0)tos =r +
R (6 = 1809),

GM T+R r2—R2 GM r2-R?]r + R GM
gr=——] (1+ )ds=— s — ] =——.
4r2RJr—-R s2 41r2R s r—R r2

(i1) If the field point P is inside the shell (r < R), the calculation is identical except for a
change in limits:



GM [ _r*-R:IR+7r _

9r = " 4r?R s IR—7r 0.

Conclusions:

e The laws of planetary motion (Kepler) are derivable from the laws of motion
(Newton);

e The derivation is a beautiful elegant powerful demonstration of planetary motion
from the laws of motion using a synthesis of physics, geometry, vector analysis,
polar coordinates, calculus, and differential equations at a level well appreciated by
the beginning student;

e Historically, Newton formulated his laws of motion with Kepler’s laws as guides;

e Nowadays, we assign this problem as a weekend homework in our classes in
intermediate physics.

Appendix: Alternate derivation of planetary orbit.

Tofind r=f(0,t) — f(6). On the x,y-plane, in terms of the moving unit vectors
Uy, Ug:

1) U, =cosfi+sinfj, uUg=—sinfi+cosbj
di; dig _
2 — = — = -1
(2) o 6 do r
dw,  duy - diig  dig ., e
3 L=—T0"=0'u —L=—"t0"=-0'u
(3) dt ao ’ dt ao r
T =71l

@) =7 =rT e =ra g

Qy
Il
<
Il

"= 0"+ ') + (r'0'ng + 10" + r@’ﬁg\’)
=0" -r0)Hu; + @0" +2r'9)uy

[In 3-D space (though we won’t be needing these):

G) v=7=ru+r0u;+zk

a= 0" —rd)u; + (0" + 2r'e)uy + "'k,



where (0, g, k) make atriad: @ x g =k, g Xk =1, kx4 = u5.]

The equation of motion is given by:

(6) F=mi"=-20F - 7 =-227

i.e., the planet is accelerated toward the Sun at all times. This= 7 x 7" = 0. But,

d o = e e ..
E(rXr’)=r’><r’+r><r”=r><r”=0.

(7 ~ X7 = h, constant = 7&7¥ always lie in a plane L to a fixed vector hie.,
the orbit is planar. Choose coordinates so that at t = 0:

() r=mn,

(i) r' =0, minimum,

(iii) 6 =0,

(lV) UO = TQ' because 170 == |9|t=0 = |T'ﬁ? + T@'ﬁmt:o = 7‘0'.

From (5), (6):

(8) r—rg'? = -
(7) » h=7xb=ru x0T +1r0'0) =rro)k.

2 2
(9) Att=0: ruo=720" > 6’ =" (8)becomes r” =" 20

2 r3 r2

dr r3 r2 r2

2GM

Att =0: C =vy2—=—; (10)becomes

To



1) r?=v?(1-%)+26Mm (- 2)

2
0
T2 To

r_dr/dt _ dr
But, 5 = a0/t 28’ and from (9),

1 HE) e G-

r4 92 1?2 1relvei \r 1y
1 1 11 GM
=t 2h(i-5) h=2
let u=t @_ _idr (2)2 _ L(E)Z.
T r’ d8  r2de’ \ao) ~ rt\dae) ’
du)? 2 2 2 2

(12) » (E) =uy* —u®+ 2hu — 2huy = (up —h)* —(u—h)* -
(13)  Z=2/—h)2—u—h).

! ! ar _ du _ _ 1ar
Weuse (—): 8'>0,r" >0, d9—9,>0, and - =2

-1 du
(14) Cro-mP—(u—ny as  *
-1 u—-h _ I,

cos (u—o_h) =0+4+C';
when 8 = 0: u = uy,cos™(1)=0 - C' =0.
The solution is:

— = cos 6

uo—h

and, %=u=h—(u0—h)cose
2
(15) or, AT oL TP I LI |
1+ecos@ Toh GM

a conic section with the Sun at one focus and with eccentricity e.
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