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43Student name    Date    Score 

NCEA Mathematics and Statistics AS 1.2

Apply algebraic methods

Achievement Achievement 
with Merit

Achievement with 
Excellence

Apply algebraic 
methods

Apply algebraic 
methods involving 
relational thinking

Apply algebraic methods 
involving extended 
abstract thinking

Level 6
•	 AO1	Form	and	solve	quadratic	and	simple	exponential	

equations

 8 (2x + 5)(x - 6) = 0 

 9 (2x - 1)(3x + 2) = 0 

10 (4x + 1)(4x - 1) = 0 

11 (3x + 5)2 = 0 

12 x(x - 3) = 0 

13 2x(x + 4) = 0 

14 5x(1 - 8x) = 0 

9.01 Using the Null Factor Law – 
equation already factorised

Quadratic equations are ones in which the highest 
power of x is x2. They can often be solved by using the 
property:

When two quadratic factors multiply together to 
give 0, either one factor or the other factor is zero.

Quadratic equations usually have two solutions.

Examples
1 Solve (x + 5)(x - 4) = 0.
 Either x + 5 = 0 or x - 4 = 0
  ⇒ x = -5 or x = 4
 The two solutions are -5 and 4.
2 Solve (2x + 1)(x + 3) = 0.
 Either 2x + 1 = 0 or x + 3 = 0

 ⇒ 2x   =  -1   or x  = -3
  ⇒ =

−
x 1

2
  The two solutions are 

−1
2

and -3.

Write the solutions to these quadratic equations.

 1 (x - 1)(x - 2) = 0 

 2 (x + 4)(x - 3) = 0 

 3 (x + 7)(x + 12) = 0 

 4 (x - 1)(x + 13) = 0 

 5 (x + 4)2 = 0 

 6 (1 - x)(x + 7) = 0 

 7 (x + 3)(2x - 3) = 0 

Usually when solving quadratic equations you have 
to complete the factorising step yourself.

Example
Solve the quadratic equation x2 - x - 42 = 0.

9.02 Solving quadratic equations 
by factorising

First factorise:
x2 - x - 42 = 0 ⇒ (x - 7)(x + 6) = 0
 ⇒ x = 7 or x = -6

1–8  Solve these quadratic equations.

 1 x2 - 3x + 2 = 0 

 2 x2 + 4x - 12 = 0 

 3 x2 + 7x + 10 = 0 

 4 x2 - x - 30 = 0 

 5 x2 - 5x + 6 = 0 

 6 x2 + x - 6 = 0 

 7 x2 + 10x + 25 = 0 

 8 x2 - 64 = 0 

9–12  Solve these quadratic equations. Note the expressions 
contain common factors.

 9 x2 + 5x = 0 

10 3x2 - 3 = 0 

11 3x2 - 7x = 0 

12 5x2 - 10x - 40 = 0 

 9 Quadratic and simple exponential equations – 1
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44 Chapter 9 Quadratic and simple exponential equations – 1

13 One of the factors of 2x2 + x - 6 is (x + 2).

a Write the other factor. 

b Hence solve the equation 2x2 + x - 6 = 0.

14 Solve the quadratic equation 2x2 + 3x - 20 = 0.

5 1 1
2x

x= +  6 (x + 1)(x - 7) = 3x - 7

Quadratic equations can only be solved by factorising 
if one side is 0.

The usual rules of clearing fractions and ‘change 
sides, change operations’ apply.

Example
Solve x2 = x + 6.

Answer
 x2 - x - 6 = 0
(x - 3)(x + 2) = 0
 x = 3 or -2

Example
Solve x

x
+ =6
16

1 .

Answer 
The x2 term typical of a quadratic equation appears 
when we cross-multiply:
 x(x + 6)  = 16
 x2 + 6x  = 16
 x2 + 6x - 16  = 0
 (x + 8)(x - 2)  = 0
 x  = -8 or 2

9.03 Rearranging quadratic 
equations

Solve these quadratic equations.

1 x2 + 4x = 45 2 x2 = 2x + 15

3 (x + 1)(x - 1) = 8 4 x x+ = +2 30
1

9.04 Forming quadratic equations

Example
After a particular negative number has 3 subtracted 
the result is squared, giving a value of 16. Write 
this as an equation to work out the number, and 
also write the positive number that has the same 
property.

Answer
 (x - 3)2 = 16
 x2 - 6x + 9 = 16
  x2 - 6x - 7 = 0
(x - 7)(x + 1) = 0
 x = 7 or -1
The negative number is -1. The positive number  
that has the same property is 7.

1 When a number is squared, and then 12 is 
subtracted, the result is 4 times the original number.

a Use this information to write a quadratic equation.

b Solve the equation to work out the two possible 
numbers.

2 Adding 8 to a number and then squaring gives the 
same result as adding 20 to the original number.

a Use this information to write a quadratic 
equation.

b Solve the equation to work out the two possible 
numbers.
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60

12.04 Exponential patterns – 1

An exponential pattern is one that involves repeated 
multiplication by the same number, or multiplier.
 The rule for an exponential pattern, in its simplest 
form, can be written as (multiplier)n where n is the 
number of times the multiplier is used.

Example 
An antiques dealer predicts a 
Ming vase will increase in value 
by 8% each year. I paid him 
$3300 for the vase shown here. 
Write a sequence to show what 
the vase is worth over the next 
five years.

Answer
For increases of 8%, the multiplier is 1.08.

Rule Value

n = 1 3300 × 1.08 $3564

n = 2 3564 × 1.08 $3849.12

n = 3 3849.12 × 1.08 $4157.05

n = 4 4157.05 × 1.08 $4489.61

n = 5 4489.61 × 1.08 $4848.78

There is a rule to go directly to the term you want. The 
rule will be of the form:

final value = initial value × (multiplier)n

where n is the number of time periods the increase is 
applied.

Example
The council have budgeted for the number of 
parking tickets issued to increase by 13% each year. 
This year there were 26 700 parking tickets issued. 
Write a rule for the number of tickets issued n years 
from now.

Answer
After n years the number of tickets will be:
initial value × (multiplier)n

= 26 700 × (1.13)n

1 The price of silver has been increasing by 8% each 
year. I bought a silver chain for $55 at the beginning 
of this year.

a Write a sequence to show what the silver chain 
is worth over the next seven years.

b Write a rule that gives the value of the chain at 
the end of n years.

2 In a measles epidemic, the number of new cases over 
winter each week was 1.5 times the number from the 
previous week. When records were first kept there 
were 60 cases, so at the end of the first week there 
were 90 new cases.

a How many new cases would you expect at the 
end of the eighth week?

b Write a rule for the number of new cases at the 
end of the nth week.

3 The estimated number of possums in New Zealand 
is about 30 000 000. This increases rapidly if there is 
no control.

a If the number increases by 12% each year 
without control, write a rule for the number in n 
years’ time.

b Use a calculator or write a sequence to 
determine how many years it would take for the 
number to reach 47 600 000.

Chapter 12 Number and spatial patterns – 2

9781442539303_CH-12_P055-P062.indd   60 8/13/10   6:01:51 PM

Cop
yr

igh
t P

ea
rso

n



61Student name    Date    Score 

 12 Number and spatial patterns – 4

12.04 Exponential patterns – 2

1 Every year the value of a car decreases by 16%. The 
car is currently worth $12 500. Write a rule for its 
value in n years’ time.

2 It is estimated that the population of blue-fin tuna 
will continue to decline at 8% per year unless 
conservation measures are adopted. The population 
is currently about 3.75 million.

a Write a rule for the blue-fin tuna population in n 
years’ time.

b Estimate the population to the nearest hundred 
thousand in 12 years’ time.

c Marine scientists claim the population will 
collapse when it falls below two million. How 
many years will it take for that event to happen? 
Hint: substitute different numbers of years into 
the rule in part a.

The rule for exponential patterns is made up in 
exactly the same way if, instead of a steady increase, a 
steady decrease is involved.
For decreases, we use a multiplier less than 1.

Example
The resale value of 
an iPod is decreasing 
by 2.1% every month. 
Currently it is worth 
$349. Write a formula for 
the resale value n months 
from now.

Answer
For a steady decrease of 2.1%, the multiplier is  
1 − 0.021 = 0.979. This is because, in one month’s 
time, the camera is only worth 97.9% of its current 
value. After n months, the resale value will be:
initial value × (multiplier)n

= 349 × (0.979)n

3 A singer is paid royalties on sales of her recorded 
music. The amount paid is decreasing by 14% each 
year. The most recent amount paid was $7500.

a Estimate the amount of royalties paid in 6 years’ 
time. 

b The graph shows what happens to the value of 
the royalties over a 20-year period.

     i Add appropriate labels to each axis.

    ii  What is the equation of the graph? Note: use 
y to represent annual royalties (in dollars) 
and x for the number of years from now.

 iii  Use the graph to determine how many years 
it will take for the amount paid to fall below 
$1000. Show how you obtained your answer 
by adding a line or lines to your graph.

x

y

2000

4 8 12 16 20

4000

6000

8000
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69Student name    Date    Score 

NCEA Mathematics and Statistics AS 1.3

Investigate relationships between tables, equations or graphs

Achievement Achievement 
with Merit

Achievement with 
Excellence

Investigate 
relationships 
between tables, 
equations or 
graphs

Investigate 
relationships 
between tables, 
equations or 
graphs, with 
relational thinking

Investigate relationships 
between tables, 
equations or graphs, 
with extended abstract 
thinking

Level 6
•	 AO4	Find	optimal	solutions,	using	numerical	approaches

14.01 Optimal solutions for one 
variable – 1

In mathematics, we can model various situations with 
formulae and equations. By varying quantities, we can 
investigate and decide on the best solution. We often 
do this by substituting values into the formula and 
examining the result.

Example
Geyser tours operate minibus sightseeing tours 
in and around Rotorua. The cost per passenger of 
running a tour, C, is given by the equation,  
C = 0.5n2 – 5n + 55.

If there are too few passengers, the cost per 
passenger is quite high (fixed fuel costs, wages, etc). 
If there are too many passengers, the cost is also 
quite high (larger minibus, more staff required, etc).

Determine the lowest cost per passenger.

Answer
Construct a table to show the possible values of n 
and C.
Note: this can be done in a spreadsheet, or on a CAS 
calculator, or by placing manual calculations into a 
table like the one in the next column.

Number of passengers, n Cost, C

1 $50.50

2 $47.00 

3 $44.50 

4 $43.00 

5 $42.50 

6 $43.00

7 $44.50

8 $47.00

Inspecting the figures in the second column shows 
that the lowest cost per passenger is $42.50  
and this occurs when there are five passengers.

1 A homeowner is designing a rectangular concrete 
pad to be placed alongside the wall of a house. There 
are only 10 metres of boxing available for the three 
sides. The diagram shows the plan.

House wall

x x

10 – 2x

Concrete pad

Continue with the calculations in this table.

Distance out 
from wall, x (m)

Length of boxing 
parallel to house (m)

Area of 
pad (m2)

  0 10 0

0.5   9

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0   0 0

  Write the dimensions of the concrete pad that 
give the greatest possible area.

a Distance from wall: 

b Length of boxing parallel to wall: 

c Area: 

 14 Optimal solutions – 1
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71Student name    Date    Score 

14.01 Optimal solutions for one 
variable – 2

1 An art gallery has a corridor with a rather unusual 
design. One wall is vertical, with a height of  
4 m, and the ceiling is curved in the shape of a 
parabola with equation y = 4 – 0.1x2. Because the 
wall is difficult to clean, the owners of the gallery 
have decided to replace it with a corridor that has a 
rectangular cross-section. One possible position for 
the new corridor is shown in the diagram.

 

x

y

1

1

2

3

4

5

2
Distance along floor (m)

Curved
ceiling

Possible position
for new corridor

Cross-section-view

W
al

l h
ei

gh
t (

m
)

3 4 5 6 7 8

 The new corridor is to be as spacious as possible, 
which means the area of its cross-section should be a 
maximum.

  Suppose the width of the new corridor is x m. 
Then the height of the new corridor will be the same 
as the y-coordinate on the curve, which is 4 – 0.1x2.

a Use the formula for the area of a rectangle to 
write an expression in x only for the area of the 
cross-section.

b Write your working to show that the area of 
the rectangular cross-section is 7.2 m2 when the 
width of the corridor is 2 m.

c What is the area of the cross section when the 
width of the corridor is 5 m?

 At a width somewhere between 2 m and 5 m, the 
corridor is at its most spacious.

d Determine the optimal (best) width for the 
corridor. Show the values you use in the table, 
and then investigate further so that you give 
your answer to the nearest 0.05 m.

 

Width of 
corridor (m)

Height of 
corridor (m)

Area of cross-
section (m2)

2.0 7.2

2.2

2.4

2.6

2.8

3.0

3.2

3.4

3.6

3.8

4.0

4.2

4.4

4.6

4.8

5.0

 14 Optimal solutions – 2
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14.02 Optimal solutions for two 
variables

Sometimes, there is more than one variable, and 
you have to determine the best way of combining 
them. ‘Best way’ can mean the cheapest way, or most 
efficient way, or the way that makes the most money.

example
The manager of a hotel is catering for 65 guests. There 
are a number of 8-seater tables (these cost $58 to set 
up), and 9-seater tables (these cost $51 to set up).
a  How should the tables be selected to seat 

everyone, with no empty places?
b  How should the tables be selected to keep the 

cost as low as possible?

answer
a  The table shows the numbers of people for 

different combinations of 8-seater and 9-seater 
tables.

Number of 8-seater tables
0 1 2 3 4 5 6 7 8

N
u

m
b

er
 o

f 
9-

se
at

er
 ta

b
le

s 0 0 8 16 24 32 40 48 56 64

1 9 17 25 33 41 49 57 65 73

2 18 26 34 42 50 58 66 74 82

3 27 35 43 51 59 67 75 83 91

4 36 44 52 60 68 76 84 92 100

5 45 53 61 69 77 85 93 101 109

6 54 62 70 78 86 94 102 110 118

7 63 71 79 87 95 103 111 119 127

8 72 80 88 96 104 112 120 128 136

The only way to seat all 65 people with no empty 
places is to use seven 8-seater tables and one 
9-seater table.

b Evaluate the cost for these combinations of 
tables. Note that there must be at least 65 places.

8-seater @ $58 9-seater @ $51 Cost

9 0   $522

7 1 $457

6 2 $450

5 3 $443

4 4 $436

3 5 $429

2 6 $422

1 7 $415

0 8 $408

The lowest possible cost for seating at least  
65 people is $408.

1 A school has 268 students in Year 11. They are all to 
be transported in buses to a Shakespeare Day at a 
university.

 
There are two kinds of buses available:
•	 43-seaters – these cost $133 to hire
•	 57-seaters – these cost $181 to hire.
This table shows the number of seats for the different 
possible combinations.

Number of 43-seater buses

0 1 2 3 4 5 6 7

N
u

m
b

er
 o

f 
 

57
-s

ea
te

r 
b

u
se

s 0 0 43 86 129 172 215 258 301

1 57 100 143 186 229 272 315 358

2 114 157 200 243 286 329 372 415

3 171 214 257 300 343 386 429 472

4 228 271 314 357 400 443 486 529

5 285 328 371 414 457 500 543 586

a What combination of buses is the most efficient 
(has fewest number of empty seats)?

 14 Optimal solutions – 3
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122

 PUzzlE         The coloured balls

Suppose there is a large number of identical balls in a 
container. What is the maximum number of balls that 
can touch one of these balls?

5 ABCD is a parallelogram. Use geometric reasoning 
to prove that the opposite angles are equal.

6 Two circles are the same size. Their centres are O1 
and O2. The circles intersect at points A and B. Prove 
that ∠O1AO2 = ∠ O1BO2.

7 Two circles intersect at points A and B. O is the 
centre of one of the circles. Radius OA is extended to 
cut the other circle at D, and radius OB is extended 
to cut the other circle at C. Prove that OD = OC.

A B

CD

O1

O2

B

A

A

D

B CO

8 A baby-changing table has legs that are joined with 
a rivet in the middle so that the table can fold. The 
diagram shows a side view.

A B

O

C D

 

A B

O

C D
x

 Use geometric reasoning to prove that when the 
table is standing on a level floor (at C and D), each of 
the tops of the legs (A and B) are the same distance 
above the ground. Note: prove AB || CD.

Chapter 22 Angle properties in circles – 4
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28.02 Statistical graphs and 
investigations

1 These three graphs were compiled from Commerce 
Commission data. They compare telephone 
connections in New Zealand in 2008:
•	 mobile
•	 fixed line (landline).

mobile versus fixed line connections

Telecommunications revenues 2008

 Mobile connections grew by 8% in the year to 
September 30, reaching 4.62 million – a market 
penetration of 108% of the total population. 
Although mobile calls make up around a quarter of 
all voice calls, revenues from mobile calls were about 
the same as landlines.

a What was the total number of telephone 
connections in New Zealand at the end of the 
13-year period for which data is given?

M
ill

io
n

Mar
1995

0

1.0

2.0

3.0

4.0

5.0

Mar
2008

Mobile connections
Fixed line connections

Fixed telephone
services, $1.98b

Internet and
data,

$0.91b
Mobile, $1.98b

Other 
telecommunications

services, $0.47b

b What percentage of total calling volumes were 
local calls?

c What percentage of calling volumes were made 
from landlines altogether?

d A large number of people have more than one 
mobile phone, often to avoid cross-network 
charges. What item of information confirms that 
conclusion?

e Estimate the number of mobile connections in 
September 2007. Show working and give your 
answer to an appropriate level of precision.

f In what year did the number of mobile 
connections overtake the number of landline 
connections?

g Complete this sentence: ‘Calling volumes from 
fixed line connections are about ______ times as 
much as from mobile connections.’

h The graphs show that revenues from the two 
types of connections are about the same, but 
calling volumes are much higher from landlines. 
What conclusion can you make about the 

calling volumes (minutes)

Non-chargeable
local calls, 33%

Mobile, 25%

National, 18%

Chargeable
local calls, 13%

Fixed-to-mobile, 6%

International, 5%

 28 Evaluating statistical reports and investigations – 2
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29.02 Probability from tables – 1

Information about the number of different outcomes 
can be presented in table form. This is particularly 
useful when there are several categories. These 
categories can be represented in rows and columns.

Example
A hotel keeps records when people check in of 
whether they booked in advance (by phone or 
internet), or whether they arrived off the street 
(a walk-up); and whether they are travelling for 
leisure, business, or other (e.g. conferences).

 The table shows the number of stays in each  
category last month.

Source
Total 

Telephone
Website/ 
email

Walk- 
up

Business 57 117 5 179

Leisure 102 144 37 283

Other 40 91 23 154

Total 199 352 65 616

A guest’s stay is chosen at random from last month.

a What is the probability the stay was for leisure?

b What is the probability a booking was made in 
advance and was for leisure purposes?

Answer

a 283 out of 616 stays altogether were for leisure. 

The probability is 283
616

0 4594 4 46= . ( %  sf) or 

(nearest whole number percentage).

b 102 + 144 = 246 stays were booked in advance 
for leisure purposes. The probability is 
246
616

123
308

40= = % .

1 A parking attendant is collecting coins from a meter. 
This table shows the value and number of the coins.

Value Number

5c 3

10c 12

20c 27

50c 43

$1 95

$2 33

 One of the coins is dropped and falls down a drain. 
What is the probability that this coin is:

a a $1 coin?  

b worth less than 50c?  

c worth 10c or more?  

2 Mark follows the New Zealand Warriors rugby 
league team. He has compiled a list of their last  
100 games, showing whether they won, drew or lost, 
and whether they were playing at home in Auckland 
or away in Australia.

Won Drew Lost Total

Home 37 2 9

Away 16 1 35

Total 100

  A game is selected at random from the list.

a What is the probability that the Warriors won?

b What is the probability that the game was 
played at home?

c What is the probability that the Warriors were 
away from home and did not lose?

Chapter 29 Calculating probabilities – 1
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