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Preface

to the teacher
This workbook provides full coverage of all seven NCEA Statistics Achievement Standards at Level 3. 
These are specified at the beginning of each section.

The Sigma Statistics Workbook (NCEA Level 3 Statistics) is a key component of a comprehensive 
package including the main textbook, a student CD, e-book options, a teaching resource and the 
associated website. In the workbook, brief explanations and worked examples precede each section 
of work, and the pages contain plenty of space for writing answers. The topics are organised into self-
contained double-page spreads for easy use.

The material in the Workbook is supplemented by extra material on the CD, including all worked 
examples from the main text, reference pdfs containing useful formulae and probability tables, and a 
comprehensive selection of the spreadsheets and data sets referred to in the Sigma Statistics package. 

There is extensive coverage of new additions to Year 13 Statistics – including bootstrapping for 
statistical inference, randomisation techniques to assess the significance of observed results, and full 
treatment of statistical experiments.

The tasks have been carefully crafted to prepare students for both the external and the internal 
components of NCEA. NCEA focuses on assessment rather being an exact match to the Mathematics 
curriculum. In some cases there are sections that ‘prepare’ students for further work but are unlikely 
to be assessed by themselves – for example, in AS 3.13 Probability Concepts there is an introduction to 
selections and arrangements, as specified by the curriculum, but this content is not explicitly examined 
in NCEA. 

to the student
There are 86 two-page assignments altogether, so you should be completing about two or three sheets 
each week. Each section has the same numbers as the exercises in Sigma Statistics, to directly link the 
work you do in class and what is set for you to do in your own time. This workbook has been laid out 
to leave you space to write down your answers. Always show as much working as possible, so that 
someone else can follow what you have done. Using a book like this helps you keep your revision 
material in one place, and makes it easy to refer to previous work. 

The best way of understanding statistics is to practise it. Revising new work helps with this – it 
gives you a second look at the work after you have done it in class, and a chance to think about the ideas 
you have recently encountered. Doing exercises in your own time reinforces your learning, and is a 
useful check for you and your teacher to find out how well you understand each topic.

You can improve your understanding by marking your work from the answers. To help prepare for 
NCEA assessments, try using a highlighter to help learn new concepts and to find your mistakes. This 
will show you those parts of the course where you may need more help, or to do more work, to avoid 
making the same mistakes in future.

An understanding of statistical analysis will lie behind many of your chosen careers and interests, 
and with a good understanding of these concepts you will be well equipped for the modern world. If 
you work hard, ask questions when you need extra help and do plenty of problems, you should do well 
in this fascinating and enjoyable subject. Best wishes with your studies in Statistics this year.

David Barton
Claire Laverty

Associated website: www.mathematics.co.nz
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44 SIGMA Statistics Workbook NCEA Level 3

7.01 Bootstrap resampling

Resample 1

Resample 2

Resample 3

Resample 4

Resample 5

Resample 6

Resample 7

Resample 8

Resample 9

Resample 10

c Calculate the means of the ten resamples.

 ______ ______ ______ ______ ______

 ______ ______ ______ ______ ______

d Complete the statement: The bootstrap resample 

means ranged from ______ to______.

7 Sampling variability 1

Mathematics and Statistics in the New Zealand 
Curriculum

Statistics and Probability: Statistical investigation
Level 8
S8-1 Carry out investigations of phenomena, using the statistical 

enquiry cycle:
•	 using	existing	data	sets
•	 seeking	explanations
•	 using	informed	contextual	knowledge,	exploratory	data	

analysis,	and	statistical	inference
•	 communicating	findings	and	evaluating	all	stages	of	the	

cycle.
S8-2	Make	inferences:
•	 determining	estimates	and	confidence	intervals	for	means	

and	differences,	recognising	the	relevance	of	the	central	limit	
theorem

•	 using	methods	such	as	resampling	or	randomisation	to	
assess	the	strength	of	evidence

Achievement Standard: Mathematics and Statistics 
3.10 – Use statistical methods to make a comparison

A bootstrap resample is a sample with replacement 
taken from an existing sample. While it is the same 
size as the existing sample, its composition may be 
different as some data may be selected more than 
once. The distribution of means or medians for a 
large number of bootstrap resamples tends to be 
similar to the distribution of means or medians of 
samples from the original population. This helps 
us to construct a confidence interval for the sample 
mean or median.

 1 Here are the weights of a small sample of sparrows.

Sparrow 
number

1 2 3 4 5 6 7 8 9 10

Weight (g) 31 29 25 30 32 28 25 30 27 26

a The mean of this sample is  

b Use the random number function on your 
calculator to generate random numbers between 
1 and 10. Use these numbers to create 10 
bootstrap resamples. (Remember, repetition of 
data in each resample is allowed.) Record these 
resamples in the table.

Generally, we take a larger number of resamples – 
e.g. 500 or 1000 – and use the ends of the central 95% 
of bootstrap resample statistic values to produce a 
confidence interval for the population mean  
(or median).
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45Chapter 7 Sampling variability

Technology can be used to construct bootstrap 
confidence intervals.

Spreadsheet – see Bootstrap Sampling 
Example.xlsx on the Sigma Statistics student CD. 
Depending on how many data values you have, 
and the number of resamples (500 or 1000), you may 
need to modify it – instructions in the spreadsheet.

VIT (Visual Inference Tools) software. This works 
with uploaded data to generate 5, 20 or 1000 resamples, 
and then shows a 95% confidence interval based on the 
distribution of these resampled means or medians.

Example

An emergency roadside service company offers a 
replacement battery service. A sample of 10 days 
gives these numbers for the number of batteries 
replaced:

37, 41, 29, 55, 48, 41, 32, 35, 43, 46
The screenshot shows the bootstrap confidence 
interval for the median:

34.5 ≤ median ≤ 46

Depending on the size and nature of an initial sample, 
the bootstrap confidence interval can vary to some 
extent, so your answers are not necessarily unique.

  Fourth confidence interval: _____ ≤ median ≤ _____

  Fifth confidence interval: _____ ≤ median ≤ _____

  Did you get a slightly different confidence interval 
each time?

 3 Here are the values for a sample of the weights (in kg) 
of 20 students’ bags.

 2.3, 4.1, 3.8, 1.9, 8.6, 10.1, 5.6, 8.2, 6.6, 7.2, 4.9, 5.9, 6.1, 
6.3, 7.5, 4.9, 6.3, 8.2, 10.1, 6.9

a Calculate the mean and median of this sample.

 Mean = __________________________

 Median = __________________________

b Use technology to take a large number of 
bootstrap resamples. Hence construct a 
confidence interval for the population mean.

c Use technology to take another large number 
of bootstrap resamples. Hence construct a 
confidence interval for the population median.

d Does a sample mean or median have to be in the 
exact centre of the bootstrap confidence interval?

 2 Here are the values for a sample of the heights (in cm) 
of 20 students:

 165, 168, 192, 184, 171, 173, 188, 166, 159, 172, 183, 
168, 164, 152, 163, 175, 177, 171, 152, 180

  Use technology to generate a large number (e.g. 500 or 
1000) bootstrap resamples for this data. Hence give a 
bootstrap confidence interval width for the median.

  Carry out this process five times. Record the five 
confidence intervals that were generated.

  First confidence interval: _____ ≤ median ≤ _____

  Second confidence interval: _____ ≤ median ≤ _____

  Third confidence interval: _____ ≤ median ≤ _____
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52 SIGMA Statistics Workbook NCEA Level 3

8.02 Bootstrapping for the size of a 
difference

 2 Refer to the worksheet ‘Intersection’. It gives the 
number of cars passing through two different 
intersections at the same time of day. The data have 
been recorded over a period of 80 days.

a Generate a confidence interval for the difference 
between the mean number of cars per hour 
through the two intersections. Record it below.

b Explain whether the distribution of the 
differences appears normal in shape.

c Can we make a call that there tends to be more 
vehicles travelling through one intersection than 
the other at this time of the day? Explain.

8 Differences between samples 2

Reminder: if you are importing the data into the VIT 
(Visual Inference Tools) software to generate your 
bootstrap confidence interval, you need to:
•	 change the layout of the data so that all of the data 

to be analysed is in a single column and the name 
or label of the group it came from is in the column 
alongside

•	 use the first row for the names of the columns; data 
records should start in row 2

•	 save this new version of the spreadsheet; make sure 
the worksheet within the spreadsheet is labelled 
‘Sheet1’.

The data for the questions below is found in the 
spreadsheet Data for Chapter 8.xlsx on the Sigma 
Statistics student CD.

 1 Refer to the worksheet ‘Money Owing’.

a Generate a confidence interval for the difference 
between the means of the amount owing for 
Auckland and Wellington borrowers. Record it 
below.

b Use technology to generate a confidence interval 
for the difference between the medians of the 
amount owing for Auckland and Wellington 
borrowers. Record it below.

c Comment on whether you can make a call that 
one city tends to have higher amounts owing on 
these mortgages than the other city.
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56 SIGMA Statistics Workbook NCEA Level 3

8.04 Putting it together – the statistical 
enquiry cycle

Penguin Place in Dunedin started in the mid-1980s when 
a local tour operator approached a farmer at Pipikaretu 
Beach on the Otago Peninsula with a proposal to show 
penguins to tourists. Permission was granted, and the 
tour operator brought groups of people out from town 
and drove them over the farm to view the penguins as 
they returned from fishing in the evening. Scientists 
noticed that the penguins stayed relaxed as long as 
the human visitors appeared smaller and were located 
downhill to the penguins. Tunnels were constructed 
leading to hides with viewing slots. The project become 
so popular that in the early 1990s Penguin Place started 
offering 90-minute guided tours through these tunnels 
to the observation hides. By 1997 the extensive tunnel 
system was completed and about half the colony is now 
visited by 50 000 visitors a year.

A study was set up to investigate whether tourism created 
a negative impact. Nest numbers, breeding success and 
feeding behaviour of penguin pairs breeding within 
view of the tour groups were examined and compared 
with those breeding outside the view of tour groups. No 
negative effect was detected for these parameters. Data 
on survival, nest numbers and breeding success are still 
collected every year and used to monitor any effect the 
ongoing tourist operation may have on the penguins.

Actual data gathered by Penguin Place scientist 
Hiltrun Ratz can be found in the spreadsheet 
Selected Penguin Data.xlsx on the Sigma Statistics 
student CD. An extract is shown in the next column.

Location: ‘Pipiview’ names the area of the beach where 
penguins must pass through tourist view to reach their 
nests. ‘Pipioutview’ names the part of the beach where 
penguins can reach their nests without being near 
people.

BandID: identifies individual penguins.
Year: calendar year that the data were collected.
Age: age of penguin.
Success: Whether the penguins successfully raised at least 

one chick (1 = yes, 0 = no).
Manip: whether human intervention took place – e.g. 

placing an egg with foster parents.
Eggs: numerical data – how many eggs were laid.
Hatched: how many eggs hatched.
Fledged: how many chicks were raised to the point where 

they could ‘leave home’.

Some statistics of interest we can calculate are:
•	 Fertility = Number of eggs hatched ÷ Number of 

eggs laid
•	 Success ratio = Number of chicks fledged ÷ 

Number of eggs laid
•	 Chick survival = Number of chicks fledged ÷ 

Number of eggs hatched

8 Differences between samples 4
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60 SIGMA Statistics Workbook NCEA Level 3

9.03 Comparing treatments
d	 Comment on whether we have evidence for one 

brand tasting better than the other.

2	 Two different diets were tried on a group of pigs. 
The weight gain of the pigs over 3 weeks is recorded 
below.

Diet	given Weight	gain	(kg)

A 2.9

B 5

A 3.1

A 4.9

B 6.2

A 3.9

B 4.8

B 5.8

B 5.5

A 4.2

a	 Calculate the mean weight gain for each diet.
	 Mean for diet A = ______
	 Mean for diet B = ______

b	 Use the formula x x z
n n1 2

2

1 1
2

1

2
2

2

− ± × +−
α

σ σ

	 to calculate a confidence interval for the 
difference in sample means. Can you make a 
call that one diet tends to produce more weight 
than the other? (Note: use the sample standard 
deviations as estimates of the population 
standard deviations.)

c	 Use technology to randomly reassign the 
weight gains to diets. Comment on whether the 
difference observed is likely to have occurred at 
random.

9 Types of statistical experiment 2

When we observe a particular set of results for two 
different treatments, we can carry out many different 
random reshuffles of the data to assess how likely the 
observed result would have been if it was purely due 
to random variation. We can use technology to carry 
out this randomisation.

VIT: choose the ‘randomisation tests’ option.

Excel	2010 – see the spreadsheet Randomisation	
example	(Toothpaste).xlsx on the Sigma 
Statistics student CD.

1	 Two groups of 50 students were each given a different 
brand of caramel to taste. They ranked the taste with 
a level between 1 and 10, where 1 = unpleasant and 
10 = extremely nice.

Here is a box plot of the rankings for each group:

Ratings
4 5 6 7 8 9 10

First brand

Caramels

Second brand

a	 What type of data is the response variable? 
Comment on any limitations when analysing this 
type of data.

b	 Calculate the informal confidence interval for the 
median rating for each brand using the formula

	
median

IQR
±

×1 5.
n

	 Draw each confidence interval on the box plot 
above. (The necessary statistics can be observed 
on the box plots and are either whole numbers or 
end in .5.)

c	 Use the confidence intervals in part b to calculate 
a confidence interval for the difference between 
medians.
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Chapter 9 Types of statistical experiment 61

3	 The analysis of an experiment involved comparing 
the mean of responses from a treated group with 
the mean of responses from a control group. The 
responses were then randomly reassigned to 
groups 500 times. The means of the random 
reassignments are given in the spreadsheet 
Many	Means.xlsx on the Sigma Statistics 
student CD.

a	 Use a formula to generate the values for the 
column of differences between reassignment 
groups.

b	 Order the difference values. Comment on what 
size/s of difference in the actual data would 
cause you to rule out random chance as the cause 
of any observed difference in means between the 
groups. Justify your answer.

4	 Two gardening friends, one living in Orewa and one 
living in Napier, had an on-going argument about 
which location had the better climate for growing 
beans. To settle this disagreement, they each chose 
their 10 tallest bean plants and measured the heights 
(in cm). The results are given below:

Orewa Napier

302 262

233 106

321 177

188 204

282 198

174 203

216 172

188 176

210 221

175 196

a	 Comment on the weaknesses in this method for 
determining the better place for growing beans.

b	 Using a confidence interval of your choice, 
comment on whether there appears to be a 
significant difference between bean plant heights 
from the two locations.

c	 Using randomisation, comment on whether any 
difference observed seems unlikely to be the 
result of random chance. Explain why/why not.
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62 SIGMA Statistics Workbook NCEA Level 3

9.04 Effect of factor levels
b	 Generate a main effects plot. Draw it on a 

separate sheet. Comment on what its features 
imply.

c	 Is there similar variability in the responses for the 
different trimming lengths? Comment on how 
this can be investigated.

2	 A ten-pin bowler found that he could wield different 
weights of bowling ball, but suspected that he 
performed better with a lighter ball. To investigate 
this, he played four games with each of five different 
bowling-ball weights and recorded his scores:

Ball	weight	(kg) Scores

6.3 152, 160, 155, 148

6.5 171, 179, 168, 170

6.7 158, 163, 167, 155

6.9 152, 147, 156, 142

7.1 138, 120, 131, 133

a	 Generate a main effects plot. Fit a model that will 
help you predict the average score this bowler 
will have if he uses a bowling ball that weighs 
7.5 kg. Record the model equation and your 
prediction below.

b	 Comment on why it would be desirable to 
randomly assign ball weight to the games in this 
experiment.

9 Types of statistical experiment 3

Sometimes factors in an experiment can be set at 
different levels – e.g. growing hothouse vegetables at 
different temperatures, soil pH levels and watering 
amount. A main	effects	plot compares the treatments: 
the gradient of the line joining the two means 
represents the size of the change.

The plot shows positive effects from adding more 
water in particular, and raising temperature, and a 
negative effect when growing in soil that is more acidic.

See the spreadsheet Main	effects	plots.xlsx on 
the Sigma Statistics student CD.

1	 A student wondered whether the extent of hedge 
pruning affected the amount of new growth that 
appeared the following year. She divided a hedge into 
four sections and pruned 5 cm, 10 cm, 15 cm or 20 cm 
off the branches in each section.

For the data, see the spreadsheet Hedge	
Trimming.xlsx on the Sigma Statistics student 
CD.

a	 Identify a control measure used in this 
experiment. What might it control?
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66 SIGMA Statistics Workbook NCEA Level 3

9.06 Simple factorial design 2	 Some research into learning methods included 
running rats through a series of mazes. The 
researchers were interested in whether the number of 
obstacles in the maze or the complexity of the obstacles 
had a bigger effect on the rats’ completion times.

The complexity of the obstacles is rated from 1 
(easiest) to 3 (hardest); each maze has only one 
complexity level.

The number of obstacles is between 4 and 10.

a	 How many treatment combinations are possible 
from these factors?

b	

50

Maze test: complexity

Maze test: obstacle count

M
ea

n 
ti

m
e 

fo
r 

m
az

e
co

m
pl

et
io

n 
(s

ec
on

d
s)

40

30

20

10

1 2 3

50

Complexity level

10

M
ea

n 
ti

m
e 

fo
r 

m
az

e
co

m
pl

et
io

n 
(s

ec
on

d
s)

40

30

20

Number of obstacles

10

4 5 6 7 8 9

	 Comment on the effects that the two factors have. 
Does one seem to have a greater influence?

c	 Describe what an interaction plot could add to 
the analysis. How does it do this?

9 Types of statistical experiment 5

Factorial	designs have combinations of two or more 
factor levels. These should be replicated (have more 
than one trial or run) to ensure results are typical rather 
than down to unusual ‘one-off’ occurrences.

It is possible for some treatments to interact – e.g. 
adding more sugar to a baking mixture may help the 
action of yeast. An interaction	plot shows these effects:

The plot shows how much a dough mixture has risen 
(in cm) given different combinations of yeast and 
sweetener. The different gradients are evidence of the 
existence of an interaction.

See the spreadsheet Interactions	plots.xlsx on 
the Sigma Statistics student CD.

1	 A family that enters dogs into shows usually gives 
their animals a large number of grooming treatments. 
They wonder whether they could get away with less 
attention to detail. They decide to give each dog only 
one coat treatment (wash & blow-dry or brushing) 
and one other treatment (nail shaping or teeth 
brushing).

a	 List all the combinations of treatments that would 
be needed to create a complete factorial design.

b	 How many dogs does the family need to enter in 
order to have replication of all treatment factors?

9781442556997_C09-10_058-073.indd   66 17/10/12   11:28 AM

Sam
ple

 pa
ge

s



68 SIGMA Statistics Workbook NCEA Level 3

10.01 Designing the experiment

b	 Taste tests are to be run by a dog-food company. 
It wishes to select a group of dogs and observe 
whether they prefer the old or new recipe better.

2	 A camping-ground owner believes that the size of the 
site (piece of ground) a group is given to pitch their 
tent on influences the amount of time taken to pitch 
the tent.

a	 If he ran an experiment to test this hypothesis, 
what would the input and response variables be?

b	 Identify some potential nuisance variables in this 
situation. How could they be controlled for?

10 Experimental procedures 1

Mathematics and Statistics in the New Zealand 
Curriculum

Statistics and Probability: Statistical investigation
Level 8
S8-1 Carry out investigations of phenomena, using the statistical 

enquiry cycle:
•	 conducting	experiments	using	experimental	design	principles
•	 using	informed	contextual	knowledge,	exploratory	data	

analysis,	and	statistical	inference
•	 communicating	findings	and	evaluating	all	stages	of	the	

cycle
S8-2	Make	inferences	from	experiments:
•	 using	methods	such	as	resampling	or	randomisation	to	

assess	the	strength	of	evidence

Achievement Standard: Mathematics and Statistics 
3.11 – Conduct an experiment using experimental 
design principles

The three principles common to all good experimental 
design are:
•	 Randomisation – the decision of which treatment 

each individual receives, or what	order they are 
received in, should be randomised. Random 
assignment gives each individual an equal chance 
of receiving any of the treatments.

•	 Replication – each treatment needs to be repeated 
multiple times, usually with multiple subjects. This 
compensates for the variability that may exist in 
the subject measurements and helps us to analyse 
whether the treatment is effective.

•	 Control – error controls/local controls keep 
conditions consistent and avoid measurement 
error. Block for known nuisance variables and use a 
control group. Blocking also means that any effects 
observed cannot be caused by the blocking variable.

1	 Suggest a suitable way to select subjects/units for the 
following experiments.

a	 A factory wishes to investigate what speed to 
set a conveyor belt at to maximise productivity 
without greatly increasing the number of worker 
errors. The output of selected workers is to be 
observed.
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Chapter 10 Experimental procedures 69

3	 A girl wishes to test which brand of nail polish lasts 
longest. She paints each fingernail with a different 
polish.

a	 What needs to be changed in this experiment to 
make sure it conforms to the three principles of 
experimental design?

b	 Give two reasons why the current design may not 
give a fair comparison.

4	 Talitha likes this optical illusion that shows both a 
pair of faces and a vase. She wishes to investigate 
whether there is a gender difference in which picture 
is noticed first.

a	 What types of data are the input and response 
variables?

b	 How does the data type in this case limit our 
choice of analysis? What type of analysis 
approach would be appropriate in this case?

5	 Sumeet wishes to investigate which type of weed 
suppressant will work best: bark, scoria or mulch, 
used with either plastic or fabric weedmat.

a	 What type of experiment design fits this situation 
well? Explain.

b	 Identify the treatments that would be applied.

c	 What would be a suitable response variable?

d	 How could blocking be used here? What benefit 
could it give?
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102 SIGMA Statistics Workbook NCEA Level 3

15.01 Deterministic models vs 
probabilistic models

Mathematics and Statistics in the New Zealand 
Curriculum

Statistics: Probability
Level 8
S8-4 Investigate situations that involve elements of chance:
•	 calculating	probabilities	of	independent,	combined	and	

conditional	events

Achievement Standard: Mathematics and Statistics 
3.13 – Apply probability concepts in solving problems

15 Probability and events based on chance 1

c ‘Any fool can see that the coin has heads on both 
sides, so it won’t ever give tails.’

2 A casino has a roulette wheel which spins for a length 
of time, depending on how fast it is initially rotated, 
and a ferrous ball eventually comes to rest on one of 
38 equally sized sectors. These are numbered from 00, 
0, 1 to 36. A gambler can bet, with varying degrees of 
success, on numbers from 1 to 36; but if the ball lands 
on 0 or 00 the casino keeps all bets.

A gambler has been observing 500 spins of the wheel 
and has noted that that the casino has won on 41 
occasions.

a What is the theoretical model for the probability 
that the casino keeps all bets?

b Make a probabilistic statement based on what the 
gambler has observed so far.

c Give some of the factors involved if the behaviour 
of the ball and the wheel are explained in terms of 
a deterministic model.

A deterministic model is based on consequences – 
every event is the result of some cause.

Example

A deterministic model could state that an electric 
kettle would boil dry if left switched on for at least  
20 minutes.

A probabilistic model is based on uncertainty. The 
model either depends on observations of relative 
frequency or on theoretical probability – involving the 
inherent properties of a process and assuming that 
some inputs are random.

Examples
1 Relative frequency approach: there were five days 

with frost last winter, so it is likely there will be 
at least two days with frost next winter.

2 Theoretical probability: I have purchased a book of 
20 tickets in a lottery for a house in Queensland 
with 250 000 tickets, so the probability I win the 

house is 
1

12500
.

1 A coin has been tossed 50 times and has come up 
heads each time. Here are three statements – in each 
case, say whether the statement is 
deterministic, probabilistic (based on 
relative frequency) or probabilistic 
(based on theoretical probability).

a ‘The probability that the coin shows 

heads next time is 1
2

.’

b ‘The probability that the coin shows heads next 
time is 1, because none out of 50 trials have given 
tails so far.’
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Chapter 15 Probability and events based on chance 103

15.02 Basic probability (Part 1)

1 In New Zealand, all new-style number-plates (except 
for personalised ones) are of the form BAL417 (for 
example).

a When two cars with number-plates in this form 
pass each other, what is the probability that the 
second letters of their number-plates are the 
same? (Assume these letters are equally likely.)

b Explain whether the assumption in part a is 
reasonable.

2 In a pack of playing cards the four kings are drawn 
differently. The image below shows only the heads 
of the four kings – information about the suit (heart, 
diamond, club, spade) has been removed.

   

 A person who knows nothing about playing cards 
matches each card with a suit. Complete this table to 
show the probability distribution for X, the number of 
heads that are correctly matched with a suit.

x 0 1 2 3 4

P(X = x)

Basic terms used in probability:
•	 a random experiment is a process with a result that 

depends on chance
•	 a trial is one performance of the experiment
•	 an outcome is the result of the experiment
•	 the sample space is the set of all possible 

outcomes – e.g. for a six-sided die the sample  
space is {1, 2, 3, 4, 5, 6}

•	 an event is a subset of the sample space – e.g. 
getting a prime number when tossing a die.

A random variable is a variable whose value is 
determined by the outcome(s) of an experiment. A 
capital X is used for the random variable, and a small x 
to represent the values it can take. Thus, it makes sense 
to write P(X = x). There are four examples of random 
variables below (numbered 1 to 4).

Discrete random variables usually take whole-number 
values only. These values are determined by a counting 
process – in answer to the question ‘How many?’.

Examples
1 X = the number of heads when a coin is tossed 7 

times. Possible values for x are 0, 1, 2, 3, 4, 5, 6, 7
2 X = the number of accidents at a level railway 

crossing in a year. Possible values for x are 0, 1, 2, 
3, …. (no upper limit in theory).

Continuous random variables can take any real 
number value in a certain range. The value is obtained 
by measuring some quantity – answering a question like 
‘How long?’ or ‘How heavy?’.

Examples
3 X = the weight of an apple picked at random 

from a tree. Possible values for x: any real 
number in a certain range (maybe 100 g to 500 g).

4 X = time between consecutive trains on a 
railway line. Possible values: 0 < x < ∞.

Probability functions
Every random variable X has an associated probability 
function which gives the likelihood of the different 
values. Probability is often expressed by a table or 
formula.

Examples
1 X is the number of heads obtained when a fair 

coin is tossed twice.

 

x 0 1 2

P(X = x)
1

4

1

2

1

4

2 X is the number of accidents at a level railway 
crossing in a year. The mean number of accidents 
is 1.69.

P( )
( . )

!

.

X x
e

x

x

= =
−1 69 1 69

(An example of a Poisson probability formula – see 
page 152.)
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16.03 Risk and relative risk

1 Suppose your absolute risk of developing rubella 
in your lifetime is 28 in 1000. The MMR vaccination 
reduces the relative risk by 85%.

a What happens to your absolute risk of 
developing rubella?

b How many people have to be given the MMR 
vaccination for one person to benefit?

2 Baggage handlers who regularly lift heavy items 
such as cargo and passenger luggage are at risk of 
developing muscular injuries such as hernia. Wearing 
a truss (abdominal support) is believed to reduce 
the risk of hernia by about 72%. An estimate of the 
number of baggage handlers without a truss who will 
develop hernias is 37.2%.

If everyone in a group of 1000 baggage handlers wore 
a truss, how many fewer cases of hernia in the group 
would you expect to see?

16 Probability techniques 3

Absolute risk is the risk (or probability) of some event 
occurring for an individual or in a fixed time period. 
For example, your risk of being hit by lightning during 
your lifetime could be 0.000 004.

Relative risk compares risk between two groups, or 
by receiving a certain treatment, etc. For example, 
you may be twice as likely to die in a car accident 
compared with dying in an accident at work. 
Consuming alcoholic drinks may increase your chances 
of developing liver disease by a factor of 3.5.

Example 1

Suppose your absolute risk of dying in a car accident 
in your lifetime is 91 in 100 000. If wearing a seat-
belt reduces this risk by 40%, it means the 91 is 
reduced by 40%, so the absolute risk is reduced from 
91 in 100 000 to 55 in 100 000. Taken over a group 
of 100 000, wearing a seat-belt will save about 36 
people.

Example 2

The table shows data for 1000 people. Some were 
given a flu vaccine, and all were followed up with 
regular medical checks to see if they developed flu 
over the following year.

Flu No flu Total

Vaccinated 16 341  357

Not vaccinated 58 585  643

Total 74 926 1000

a What is the absolute risk of anyone in the group 
developing flu over this one-year period?

b What is the relative risk for a non-vaccinated 
person to develop flu compared with a 
person who is given the flu vaccine? Give an 
interpretation for this figure.

c How many people need to be given the flu 
vaccine for one person to benefit?

Answers
a 74 people out of the group of 1000 develop flu. 

The absolute risk is 0.074.
b P(vaccinated person gets flu) = 

16
357

0 0448= .

 P(non-vaccinated person gets flu) 

= 
58

643
0 0902= .

 

Relative risk
P non-vaccinated person gets flu)

P(vaccinate
=

(
dd person gets flu)

= =
0 0902
0 0448

2 01
.
.

.

 Interpretation: a non-vaccinated person is about 
twice as likely to develop flu compared with a 
vaccinated person. Having the vaccine reduces 
the absolute risk by 50%.

c If N people are vaccinated, the number who get 

flu reduces from 
58

643
N  to 

16
357

N.  The difference 

(i.e. benefit) of 0.04538N is equal to 1 when 
N = 22.03. 

 22 people would need to be given the vaccine for 
one person to benefit.
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20.01 The rectangular distribution

1 Draw the density curve for a rectangular distribution 
with pdf

 

f x
x

( )
,

,
=

≤ ≤








1
4

5

0

for 1

elsewhere

2 What is the equation of the pdf for the rectangular 
distribution shown below?

2 5

20 Using distributions to model probability 1

Mathematics and Statistics in the New Zealand 
Curriculum

Statistics: Probability
Level 8
S8-4 Investigate situations that involve elements of chance:
•	 indicator:	demonstrating	understanding	of	the	link	between	

probabilities	and	areas	under	density	functions	for	
continuous outcomes

Achievement Standard: Mathematics and Statistics 
3.14 – Apply probability distributions in solving 
problems

Any continuous random variable X has an associated 
probability density function (or pdf), f(x). This pdf 
defines the distribution curve for X.

Probabilities for X are related to the areas underneath 
the curve f(x).

x

Equation of this
curve is the pdf f (x)

P (X     x)

X

A probability density function f(x) for the random 
variable X has several properties:
1 The total area underneath is always 1.
2 f(x) ≥ 0 (this means the graph never dips below the 

x-axis).
3 The probability P(a ≤ X ≤ b) is the area underneath 

the density function between x = a and x = b.

A continuous rectangular distribution takes any value 
in the interval a ≤ x ≤ b, and all intervals of the same 
length inside its domain are equally probable.

The pdf for the rectangular distribution is defined by 
the piecewise function

f x b a
a x b

( )
,

,
= −

≤ ≤








1

0

 for 

elsewhere

Example

A manufacturing process accepts steel rods of any 
length and trims them into exact multiples of  
20 cm – e.g. 4.60 m, 5.40 m, etc. The rest of the  
rod is discarded.

a Write down the density function for the length of 
the discarded piece.

b Draw the graph of the pdf, f(x).
c Calculate the probability that the discarded piece 

is longer than 3 cm.

Answer
a The length of the discarded piece could be any 

number up to 20 cm. For the total probability to 

be 1, the height of the rectangle must be 
1

20
.

 

f x
x

( )
,

,
=

≤ ≤








1
20

20

0

 for 0

elsewhere

b 

20

20
1

c P(X > 3) = 
20 3
20 0

17
20

0 85
−
−

= = .

9781442556997_C19-25_128-177.indd   138 17/10/12   12:16 PM

Sam
ple

 pa
ge

s



Chapter 21 Binomial distribution 151

21.05 The binomial distribution and  
its graph

2 Draw the graph of the binomial distribution with 
parameters n = 10 and π = 0.15. Describe what the 
graph shows.

3 What happens to the graph of a binomial distribution 
when the following changes are made? You could 
start with the graph that has parameters n = 20 and 
π = 0.6.

a π is decreased.

b n is decreased.

4 Assume that a binomial distribution has a fixed 
parameter n but that you can vary π (the value of 
probability of a success at an individual trial). Which 
parameter out of π = 0.08 and π = 0.39 results in the 
more symmetrical graph?

5 A binomial graph has a skew to the left. What can you 
say about the value of π?

6 Describe the conditions under which a binomial 
distribution is bimodal.

7 A curve is drawn through the tops of each column in 
a binomial bar graph. It makes a good approximation 
to a normal distribution curve. What can you say 
about the values of n and π?

The binomial distribution is displayed as a bar graph 
because it is discrete and takes whole-number values 
only.

The position and shape of the graph depend on the 
parameters: n and π.

Rather than calculating the probabilities to P(X = 0) to 
P(X = n) by hand, it is easier to use technology:
1 The spreadsheet Binomial probability grapher.

xlsx (see the Sigma Statistics student CD)
2 The app Pearson Binomial distribution 

grapher.
Both are provided on the e-book version of 
this text and on the Sigma Statistics Teaching Resource.

The screenshot shows the graph of the binomial 

distribution X with parameters n = 6 and π = 
1
3

. The 

graph is skewed to the right and most values are 
between 0 and 4 inclusive.

1 Draw the graph of the binomial distribution with 
parameters n = 4 and π = 0.5. Describe what the 
graph shows.
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24.02 Simulating a distribution

24 Simulation 3

Given the parameters of a particular random variable, 
it is possible to simulate a sample from it without 
actually going out into the field and collecting data or 
conducting interviews.

Examples
•	 The occurrences of bird-strikes at a particular 

airport can be closely modelled by a Poisson 
distribution. The average number per year is 3.4. 
We could simulate these occurrences to show 
what might happen over the next 10 years.

•	 The time taken for pedestrians to cross an 
intersection can be modelled by a normal 
distribution with mean 11.8 seconds and 
standard deviation 2.3 seconds. We could 
prepare a list of 20 typical times by using 
random numbers to simulate values from this 
distribution.

Preparing a simulation for a particular distribution 
is based on generating random decimals and then 
matching these to the occurrence of possible values 
from the distribution. One way of doing this is to use 
cumulative probability.

We generate a random decimal (d) and then convert 
this to a value (k) in the distribution by taking it to be 
the cumulative probability up to and including that 
value: P(X ≤ k) = d.

Example (discrete distribution simulation)

Simulate sampling from a binomial random variable 
X with parameters n = 6 and π = 0.4.

Answer

The table shows both individual probabilities for 
the binomial random variable and cumulative 
probabilities.

x P(X = x) k P(X ≤ k) (cumulative)

0 0.0467 0 0.0467

1 0.1866 1 0.2333

2 0.3110 2 0.5443

3 0.2765 3 0.8208

4 0.1382 4 0.9590

5 0.0369 5 0.9959

6 0.0041 6 1.0000

A random decimal of 0.8635, for example, would 
give a simulated value of 4, as would any decimal 
between 0.8208 inclusive and 0.9590 exclusive, 
working to 4 dp.

The simulation can also be done by spreadsheet. The 
method is based on generating random decimals (d) 
and treating these as cumulative probabilities, hence 
leading to a value (k) that is a possible value in the 
distribution.

See Poisson values simulator.xlsx and 
Binomial values simulator.xlsx on the Sigma 
Statistics student CD.

Example (continuous distribution simulation)

When simulating a normal distribution, each 
random decimal yields a standard normal value (Z) 
which then has to be converted to an X value. We 
use technology based on inverse normal values to 
obtain the simulated values. A spreadsheet generates 
random decimals between 0 and 1.
In Excel 2010 the inverse normal formula with syntax 
=NORMINV(d, mean, sd) gives us a value k where d 
is the random decimal and P(X < k) = d.

Example

Simulate a sample of 4 values from a normal 
population with mean 41 and standard deviation 
3.88.

Answer

The screenshot below is based on the 
spreadsheet Normal values simulator.xlsx 
on the Sigma Statistics student CD.
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