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CHAPTER 1

Complex numbers

1.1 ARITHMETIC OF COMPLEX NUMBERS AND THE SOLUTION OF
QUADRATIC EQUATIONS

The need for complex nhumbers

As society has developed over time, so has our need for a more comprehensive number system. Initially, the only
numbers needed were the counting numbers (1, 2, 3, ...). Later, people found a need for zero and for negative
numbers, giving us the set of integers. Fractions and decimals gave us the set of rational numbers. With numbers
such as /2 and 7, the set of irrational numbers was developed. The rationals and the irrationals together form the
set of real numbers.

These number systems have been developed by mathematicians to address new anddifferent problems that have

emerged.
For example, to solve different kinds of equations requires different kinds of n@. Using only integers, you can
solve equations such as x + 5 = 2 but you can't solve 5x = 2. You need rati rs for that. To solve x* = 5 you
need irrational numbers.

There are other equations which can't be solved using any real numbefs. s1 st example is x* =—1 or x* + 1 =0.
However, this equation can be solved by defining a number i suc t :

X+1=0
ie. x¥*—i"=0 where i* =—1

(x—1)(x+i)=0 (difference of two sc@
i

X=1 or x=-—

Example 1

Solve the quadratic equation x* — 3=0.

Solution

Note that the discriminant * S4ac = 16 — 52 = —36. Hence the quadratic equation has no real roots and the

parabola y = x* — 4x + 13 is entirely above the x-axis.

However, you can find solutions using complex numbers, which are of the form a + bi where a and b are
real numbers.

Method 1 Using the quadratic formula Method 2 Completing the square
X —4x+13=0 X —4x+13=0
_ —b+b? —dac X —4x+4+9=0
S 2a (x—2)°=-9
x= @ x—2=13i
x=2+3J_1 x=2%3i
x=2%3i

Chapter 1 Complex numbers
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The complex number system
Any number z of the form x + iy, where x and y are real numbers, is called a complex number.

x is the real part of z, denoted by Re(z) = x, and y is called the imaginary part of z (although it is not literally
‘imaginary’ in the usual sense of that word), denoted by Im(z) = y.

(Note that you use a single letter z to denote the complex number x + iy, to emphasise that x + iy is a single number
despite being written as a sum of two parts.)

If the imaginary part of z is zero, i.e. y = 0, then z is purely real. This means that the set of real numbers is a subset of
the set of complex numbers.

If the real part of z is zero, i.e. x = 0, then z is purely imaginary, e.g. 3i or —i.

The following definitions apply to complex numbers.

Equality

Two complex numbers are equal if and only if their real parts are equal and their imaginary parts are equal:
a+bi=c+di if and only if a=c and b=d

The ‘if and only if” in the above statement means that the statement applies forwards and backwards, in other words
it is two statements in one.

Ifa+bi=c+di,thena=cand b=d.
Ifa=cand b=d, then a+ bi=c+di.
Addition and subtraction
Ifz=2z *z, wherez =x +iy and z,=x, +iy,, then z= (x, + x,) £ i(y, +).
Multiplication
If z=z X z,, where z =x, +iy, and z, = x, + iy,, then:
z=(x, +iy)(x, +iy,)

=xx, + izyly2 +ixy, +ix,y,

= (%%, = y,) +ilx,p, + X9,
The conjugate of a complex number
If z=x + iy, then the conjugate of z is z = x — i§ (Thisis similar to the conjugate of a surd.)
Note that the product of a complex number andits‘eonjugate is a real number:

zzZ = (x +iy)(x —iy)

27 )/2
— x2 + yZ
Division

z
To calculate the division z = Z—l, multiply the numerator and denominator by the conjugate of z,. This realises
2

the denominator, i.e. makes the denominator real. This is similar to how you rationalise a denominator when
dividing surds.

Example 2
Ile =2+3iand z,=—1+4i, find:

(@ z +z, (b) z -z, (€) z Xz, d) z,z, (e) le M z+z
Solution

(@ z,+z,=2+3i+(-1+4i)=1+7i
(b) z,—z,=2+3i—(-1+4i)=3—i
(c) z1><z2=(2+3i)(—1+4i)=—2+8i—3i+12i2=—2+5i—12=—14+5i
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d) z,z,=(-1+4i)(-1—4i)=(-1)>- 16/’ =1+16=17
€ z’=(Q2+3i)’=4+12i+9%=4+12i—9=-5+12i
0 Z_ 2+3i _ (2+43i) (-1-4i) _—2-8i—-3i—12i° _—2-11i+12 _10-11i _10 11,

z, —1+4i (—1+4i) (—-1—4i) 1— 168 T 1+16 17 17 17
Example 3
Ifz1:2—3iand22:—4—5i,ﬁnd: B
@ z +z, b) z,-z ©) z +7 d) z,-7, (e) z,xz, (A 2;_2
1
Solution

@ z,+z,=2-3i+(-4-5)=-2-8i

(b) z,—z =(-4-5))—(2-3i))=—6-2i

(€) zy=2+3i. z+z=2-3i+(2+3i)=4

(d) z,=—4+5i. z,—z,=-4-5i—(—4+5i)=—10i

(€) z,XZ, =(2+3i)(~4+5i) =—8+10i — 12i +15i* = -8 — 15— 2i = —23£ 24
0 Zy_ —4+5i _—4+5i 2-3i _ -8+12i+10i—15i" _ 7+22ig" %, 22"

Z, 2+3i  2+3i 2-3i 4+9 =713 Q 13NI3"
Example 4
Express z° + 64 as the product of three linear factors. Hence findithe three cube roots of —64.
Solution
2 +64=(z+4)(Z—4z+16) (sumgef two cubes)
=(z+4)(F-4z+4+12) (complete the square)
=(z+4)((z—-2)*- 127 (comstruct the difference of two squares)

=(z+4)((z-2)" - (231

= (z+4)(z— 2 — 2-/30) (22 ¥ 24/31)
The cube roots of —64 are obtainediffom z+4=0,z—2 — 23i= 0,z—2+ 2/3i=0.
.. The cube roots are —4, 2 — 2+/3iand 2 + 24/3i.

Square roots of a complex number

The general method for finding the square roots of a complex number is illustrated in the following example.

Example 5
Find the square roots of 3 + 4i.

Solution
Let z = x + iy, where x, y are real, such that 22 =3+ 4i:

(x+ iy)2:3+4z'
(=) +2xyi=3+4i
Equating the real and imaginary parts of LHS and RHS:
“—-y'=3 1] 2xy=4  [2]

Chapter 1 Complex numbers 3
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From [2], y = %, then substitute into [1]:

=4 or

But x is real .. x =2 are the only solutions.
Substituting this into [2]: y==1

So the square roots of 3 + 4i are 2 + i and —2 — i, which can be written as £(2 + 7).

X

2

4
-==3
X

xX'—3x*—4=0
(-4 (x*+1)=0

¥=-1

EXPLORING FURTHER

4 New Senior Mathematics Extension 2 for Year 12

Arithmetic of complex numbers
Use technology to explore the arithmetic of complex numbers.

EXERCISE 1.1 ARITHMETIC OF COMPLEX NUMBERS AND THE SOLUTION OF
QUADRATIC EQUATIONS

1=,

A 1

B

-1

C i

2 Solve the following equations.
(@ Z+9=0
(d -Z+2z-5=0
(9 Z2—-2+8=0

3 Simplify:
(a) ¢

(b) i

4 Ifz=5- 24, find:

@ z'

5 Simplify:

@ (3+5i)+ (7 —2i)

e (2-5i)

. 845i
U —r

(b) z

(b) Z2+25=0

(e) Z2=4z-20

(h)y z—4—-2"40

()

(c)f zz

b) 4+7)—(-2+9) (c)

(f) l-17

3
0 555+

6 Find real numbers x and y such that:

(@ (x+iy)(2-3i)=-13i

(b) (1+i)x+(2-3i)y=10

7 Ifz =3 +iand z,=2 - 3i, find:

(@ (z,-2)

b) 7 %7

2

2—5i

d

d 2

() Z2+2z+17=0
() —222+2z-13=0

() i

-

(€ (z-2)

(5+2i)(3 —4i)

@ 3 +2i)(3 -2i)

—8+3i 2+43i
(k) 2 —4i

©) zz,

8 Find the linear factors of the following expressions.

(@ Z+9

(e) Z+2z+26

9 Solve the equation:

(b) Z2+36

(f Z2—6z+20

(@ 2z-1=(@4-i)

() (z—3)*+16
(9) 22 +2z+4

b) Z=2=1+i

z

(d)

N
|
—

N
|

(d) (7+3i)(7 - 3i)

1
(h) 2+3i

o (552

2,745
Zl+Z2

(d) (2z+3)*+8
(h) 2*+1000

=
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10 (a) Find the square roots of —8 + 6i.
(b) Hence solve 22> + (1 — i)z + (1 —i) =0.
(c) Use your answer to part (b) to verify that the results for the sum of roots and for the product of roots of a
quadratic equation are true when the coefficients and roots are complex numbers.

11 Find the square roots of the following: (a) —8 —6i (b) —16i (c) 12+5i

12 (a) Show that /3 —iis a root of the equation z° — 3 =) +9z-93+9i=0.

(b) Find the other two solutions of the equation.

(c) Use your answer to part (b) to verify that the results for the sum of roots, for the sum of products of pairs
of roots and for the product of roots of a cubic equation are true when the coefficients and roots are
complex numbers.

13 Solve the following quadratic equations.
(@ Z2-(3-2i)z+(1-3i)=0 (b) Z2—z+(4+2i)=0
() Z2—-(Q2+2)z+(-142i)=0 (d Z2—G+iz+(2-3i)=0
14 Let z=a+ ib where a, b are real. Prove that there are always two square roots of z except when a=b=0.

15 Ifz, =x +iy and z, = x, + iy,, show that the following equations are true.
(@ z +z =2XRe(z,) (b) z, -z =2xIm(z)xi Crz®z, =z +z,
@ z=%=7-% @ 7%z =7x7
16 (a) Expressz + 125 as the product of three linear factors.
Let w be one of the non-real complex roots of the equation z’ & 125 0.
(b) Show that w* = 5w — 25. (c) Hence simplifj (5ws25)°.

1.2 GEOMETRICAL REPRESENTAT{ON OF A COMPLEX NUMBER

AS A POINT
As the complex number z = x + iy is composed®f two parts, it can Imaginary
be considered as an ordered pair (x, y), and séompléx numbers axis ‘
can be represented as points in a plane. Afijycomplexinumber Y i Pee+yh
z=x+ iy can be represented by the point,P with coordinates (x, y) in a 'y

number plane in which the x-axis i§ theyreal’ axis and the y-axis is the |
‘imaginary’ axis. This Cartesiaf représentation of complex numbers = ol :

is called the Argand diagramyafter the French mathematician Jean- l Real axis
Robert Argand (1768-1822). The umber plane on which Argand

diagrams are mapped is called the complex number plane.

X

Geometrical addition and subtraction of complex numbers

Example 6 iy
_ g _ o & R

Ifz, =5+ 2iand z,= 1 + 3i, show z, + z, and z, — z, on an Argand diagram. 54 P

o 4 4 - 1
Solution 1. ;
Algebraically, z +z,=6+5iand z, —z, =4 — i. 21 /7 PI:'Z1
On an Argand diagram, points P, Q and R represent z,, z, and z, + 2, Iy /’
respectively. Note the location of R to complete the parallelogram OPRQ. 509 1 2 3575 6 7 8ke

/4 Si -

The diagram also shows points Q" and S, representing —z, and z, — z, L e
respectively. Note that z, — z, has been calculated as z, + (~z,). S completes the ~nlyf
parallelogram OPSQ'. Q]

Chapter 1 Complex numbers 5
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Geometrical representation of multiplication by i

Im
Example 7 61
If z=4 + 3i, show iz, i’z and i’z on an Argand diagram. iz
4 4
Solution RANEY ;
Algebraically: iz=-3+4i, ’z=—4-3i and i’z=3—4i. 27
The Argand diagram shows that each multiplication by i causes the N\ .
point z to be rotated anticlockwise about the origin by % (90°). 6 -3 -4 -3 -2 I\l 2 3 4 6 Re
24
R
34
22 4l S
_ 3z
64
Geometrical representation of conjugates
The points that represent a pair of complex conjugates are reflections in the realaxis. (This is Im z
because a number and its complex conjugate are the same except that the imaginarypart has !
changed from negative to positive, or vice versa.) :
If z=x+ iy, then z = x —iy. The sign of the imaginary part has changed, while the sign of the © , Re
real part has remained the same. On the Argand diagram this means a/reflection in the x-axis !
(real axis). z

MAKING CONNECTIONS
a i &a °

Geometric representation of conjudates
Use technology to explore the geometric representation of complex numbers and conjugates.
-_ s

Modulus—argument form orpolar form of a complex number

A point P on an Argand diagram m@y be loeated by Cartesian coordinates (i.e. an x-coordinate and y-coordinate,
indicating horizontal displagefient afid vertical displacement respectively from the origin O), or alternatively by its
modulus (plural ‘moduli’) and.it§"asgument:

« The modulus is the distance from the origin O to P.

« The argument is the angle at which the ray OP is inclined to the positive direction of the real axis.

Im

Specifically, you define the modulus of zas modz=|z| =[x +iy|=/x* + y* =7
From this definition and the diagram, note that x=rcos @ and y = rsin 6.

Therefore, for any complex number: z=x+ iy =rcos 0+ irsin 8= r(cos 0+ isin 0)

When a complex number is expressed in the form r(cos 8+ isin 0), it is said to o) X
be in mod-arg form or polar form. The abbreviation rcis @ may be used, where
rcis @=r(cos O+ isin 6).

The argument of z = x + iy is then defined as argz = 6 such that x=rcos @ and y = rsin 6

Clearly, an infinite number of values of 6 are possible for any complex number z, obtained by adding or subtracting
multiples of 27t (or 360°). Therefore:

Define the principal argument to be 8 such that -7 < 0< 7.

New Senior Mathematics Extension 2 for Year 12
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Results should always be given using the principal argument.

Note: arg0 is undefined.

Example 8

Write each of the following in mod-arg form.
(@ 1+v3i (b)) -1+V3i (o) ~1-V3i (d) 1-+3i

Solution
It is always helpful to show the complex numbers on an Argand diagram.

. Im .
-1+3i 1+3i (a) ‘Z|= 124_(\/5)2:2
0, 2cos @=1and 2sin B=+/3, s0 Ois a first-quadrant angle.

. _np_T
0, ..argz-@—g

Re 1+\/§i=2CiS%

b) |o]= (-1 +(¥3)" =2

2cos O=—1 and 2sin 0= /3, so O isdecond/quadrant angle.

-1-3i 1-3i
argz=6?:2T7r

oo—1 +\/§i=2cisz?ﬂ:

© ld=y(=17+(=v3) =2

2cos O=—1 and 26imP = —/3y s0 Ois a third-quadrant angle.

soargz=0= —ZTE (Note the use of the principal argument.)

—1—\/§i=2cis(—2?n)

(d) =1 R-¥B) =2

2¢0s 0= 1 and 2sin @= —/3, so @is a fourth-quadrant angle.

Sargz=0= —% (Again, note the use of the principal argument.)

o1 —\/§i=2CiS(_%)

The result zxz =(zf
This useful result can be proved as follows. Let z = x + iy so that z = x — iy.
S LHS=(x+iy)(x—iy) = x° +y2 =RHS
Products in mod-arg form
Letz =r (cos 6, +isin0)) and z,=r,(cos B, + isin 6,).
Then z, X z, =r r,(cos 0, + isin 6 )(cos 6, + isin 6,)
=r,1,(cos 0, cos 6, —sin 6, sin 6, + isin 6, cos B, + icos O, sin 6))
=rr,(cos(6,+6,) +isin(6, + 6,))
=rr,cis(6, +6,)

Chapter 1 Complex numbers 7
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This is a complex number in mod-arg form with modulus 7,7, and argument (6, + 6,).
=z =z X[z

Also, note that argz +argz, is one value of arg(z,z,), but not necessarily the principal value. (You may have to add
or subtract a multiple of 27 to obtain the principal argument.)

arg(z,z,) = arg z, + arg z, expressed in terms of the principal values

The modulus of a product is the product of the moduli.
The argument of a product is the sum of the arguments.

Example 9
21 27 _ 3
Ifz =2 cosT +isin 5~ and z, = V2 €O8 =4~ +i smT find z, X z, in mod-arg form and in Cartesian form.
Hence find the exact value of cos 51721-
Solution
ZXZ_Z\/E (2l+3—7[)+lsm(2—7[+3—”)
4 3 4
=22 (cos% +isi 117 2” ) (which is in mod-arg forfi, butaiot ising the principal argument)
=22 (cosﬁ +isin 17—2) (subtracting 27 tofindythesprincipal arg)

To find z, X z, in Cartesian form:

_ofe2m oo2m) o 1 \/_)__
z —2(cos 3 +isin 3)—2( 2+z > = 1+\/§z

NGy P4 3r 1 1. ¢
z. = 2(cos—+zsm—)_\/2(——+_,):_1+1
2 4 $ 272

"z, Xz, :(—1+\/§i)(—1+i)=(1—\/_)+(—1—\/_)i
So 2\/_(cos +isin—=— ) (1—\/_)+( 1—\/_)11n Cartesian form.

Equating the real parts (because yoll are trying to prove a result involving cos 51 >

Zﬁcos_—=1—x/§ coﬂ—l_\/_

12 242
=7 _ 77T _
But cos—=— = cos =5~ = —cos— (as cosx is an even function and cos (7 — 6) = —cos 0)

12 12
s1_i-1_ G-

57 1-+/3

.—Ccos==~=—>= andso cosz- = =
127 242 127 22

EXPLORING FURTHER

Polar form of a complex number
Use technology to explore the polar form of a complex number.
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Quotients in mod-arg form

Letz, =7 (cos 6, +isin6)) and z, =r,(cos 0, + isin 6,).
r,(cosB, +isin6))
r,(cos@, +isin6,)
_ 1(cosf, +isin6)) (cos®, —isin0,)
~ 1,(cosB, +isin6,) " (cos@, —isinb,)
n ((cos 6, cos, +sin 6, sin6, ) +i(sin 6, cosd, — cos 6, sin 02))

2 .2
r,(cos” @, +sin” 0,)

z
Then —* =

2

= 1 {cos(0,~0,) +isin(6, - 0,)

ro.
= éas(@l - 02)

This is a complex number in mod-arg form with modulus :—1 and argument (6, — 0,).
2

z
Also, note that argz —argz, is one value of arg z_ , but not necessarily the principal value. (You may have to add
2

or subtract a multiple of 27 to find the principal argument.)

z . -
arg(zlj =argz, —argz,,z, # 0,expressed in terms of the prineipal‘yalties.

il

It follows from these results that %‘ = E = é and. arg(%) =argl—argz =—argz.

The modulus of a quotient is the quotient ofthe moduli.
The argument of a quotient is the differeéncetef the arguments.

Example 10
If z =1+i and z,= NEY igfind ? in mod-arg form.
Solution 2

z, = \/E(cos% + isin%) and z,= 2(cos% + isin%)

LA _\2 (E_i) ﬁ( 57 Lﬂ)
.Z2 ) cis 4 6 ) COsS 12+ZSIH 12

Two special results
1 If z=r(cos O+ isin 0) then the conjugate z =rcis(—0)

2 If z=r(cos O+ isin 0) then % = %cis (-60)

This second result can be proved as follows:

Method 1 Method 2
11680 10— 0)= Leis(-0) Lo ixE= A =rf o Lasco

Chapter 1 Complex numbers 9
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Powers using mod-arg form
De Moivre’s theorem (named for the French mathematician Abraham de Moivre (1667-1754)) states:

If z=r(cos 0+ isin B) and # is an integer,
then z"" = r"(cosn@ + isinn0)

=‘z’" and argz" =nargz

v

n

It follows from these results that ZL” =

-1 1 "
—Wandarg o =argl—argz" = —nargz.
z

You will prove this theorem in question 13 of Exercise 1.2 below.

Example 11
If z=1+i, express z '° in Cartesian form (x + iy).
Solution
_ T anZ
z—ﬁ(cos4+1sm4)
-10 _ =10 —107 —107
270 =(V2)" cos( =L ) isin 207
1 T\, ..
32(cos.( 2)+zsm( ))
_ i
32
Example 12
= B gl o = W a1
Letzl—Z(cos?,+zsm3),zz—x/5(cos 4 + i Sth 4 )

Z n
(@) Find the smallest positive integer » for which (z_l) is a real number.
3 2
z
(b) If z = —, find z'inartesian form.

ZZ
Solution .
r r i
(@) argz, =% and argz,=-% (b) z:é
z - _7
. arg(zljzg—leg _ 523(cos751'+isin71') -
7 (\/E) (COS Tﬂ +181n Tﬂ)
.. arg ( Z ) _7nx
2 12 = 2(cosT+1sm9T”)
Now | 21 ” is a real number when arg| - " is =V2[cosZ +isinZ
z, 8 Z, =+/2 cosZ+zst
an integer multiple of 7, because that makes the ALy L
argument zero (so the imaginary part is zero). 2 \/_
n =12 is the smallest positive value of n that =14+

makes this happen.
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Basic identities

Zl ‘Z | and arg(z )—argzl —argz,, 2, 20
[z B
o |28 :‘z’n and arg(z”)znargz
—|= L and arg(lj —nargz, z#0
z ‘z"’ z

e Z1+tzZ,=2z,+2,
° 3132=E

o zZ:‘zlz

e z+zZ =2Re(z)
o z—2z =2ilm(z)

YEAR 12

EXERCISE 1.2 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER AS A POINT

1

If z=2+iand w=—3 — 4i, represent each of the following on the complex plafie.
(@ =z (b) z (c) zz (d) 3z (e) —2z (f) ; (@ z+w
(h) —w M z-w () 2 (k) Re(z) () Im(z)
Ifz= 2(cos— +isin é ) then z* =
A 16(cos—+zs1nﬂ) B 16(cosz—ﬂ+zsm2—ﬂ)
3 3 3
C 16(cos—+zs1n ) D 16(cos47”+1s1n47”)
Ifz=Z, thenargz=...
A = B 7 C o B Qorm
Express each of the following in med-arg form. (Give the argument in radians and in exact form.)
@ 2-2i (b) =3 i () —6—6i (d) 4i €) —4

M) —3-Bi (d) 2B=2%" (h) V2+2i

Convert each of the following into Cartesian form.
., .. T - .. —T
(a) 4(cos§ +isin ?) (b) 8(cosT +isin T)
3r 3 —27 27
(c) 6 (cos Vi isin T) (d) 2 (cos -5 + isin T)

For each of the following, find both zw and % in mod-arg form.

_ T .. T . _ T, .. T _ T _ T, .. T
(@ =z —4(cos 3 Hisin 3), w —4(cos ¢ Hisin 6) (b) z= (cos > +isin 2) w —3(cos 4 tisin 4)
() z= ﬁ(cosﬂﬂsmﬁ) w= \/E(COSE-F isinl)

4 4 4 4
If z = x + iy, prove the following.
2

@ li=z (b) 2z =I2P © 2+ =2Re(2)
On an Argand diagram, mark points A, B and C to represent complex numbers z, w and z + w. Give a

geometrical explanation to show that |z + w| <|z| +|wl.

Chapter 1 Complex numbers
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9 Find the following in Cartesian form.

(a) |:2(COS ? ot isin S{gﬂ (b) l:\/_ (cos% +isin 1'77)}8 (c) 3 +i)°
@ -’ (&) (3-9 n —— (@ (~4-43i)
: l (24/3 + 2i) :
A3 w4 (1+1) (\/_+l)
() (1-0’2+2i) 0 G 0
10 If z=3 —4i=5(cos 0+ isin @), find the following in x + iy form.
(@ 25(cos20+isin26) (b) S(Sin 6—icos0) (c) %(cos@— isin 0)
11 Ifz=r(cos O+ isin 8), show that T is real.
z°+r

12 Letz=+/3 +iand w=_zX (cos 8+ isin 0) where -t < < 1.
(@) Find the value of @if w is purely imaginary and Im(w) > 0.
(b) Find the value of arg(z + w).
13 (a) Ifz=cos B+ isin 6, prove by induction that z" = cos n0 + isin n for all positive integers n.
(This is the proof of de Moivre’s theorem for positive integers.)
(b) By writingz™" = Ln, complete the proof of de Moivre’s theorem for(negative integers.

14 Use de Moivre's theorem to prove that the conjugate of a power is eqiial to, the power of the conjugate, i.e.
let z = r(cos O+ isin ) and prove that z" = (2)".
15 We have already proved (earlier and in question 14) that:
e z+zZ =2Re(z)and z—z =2Im(z) X i
« the conjugate of a sum is equal to the sum of the conjugates
« the conjugate of a difference is equal to the diffefétiee of the'eonjugates
« the conjugate of a product is equal to the preduet’of the conjugates
« the conjugate of a quotient is equal to the,quotient of the conjugates
« the conjugate of a power is equal to theypowet, of the conjugate.
« Itisalso obvious that the conjugate/fia realstumber is itself, i.e. if z=x+ 0i then z =x— 0i =

Use these properties of conjugates f0 answet the following.
(@) Show that z" +(z)" = 2Re(z" )"
(b) Simplify (1 ++/37)i% (P=&/38)".

16 Consider the cubic pelymomial P(x) = ax® + bx* + cx + d for which all the coefficients a, b, ¢ and d are real.
Let the complex number,z bé a root of the equation P(x) = 0. Show that z is also a root of P(x) = 0.

1.3 OTHER REPRESENTATIONS OF COMPLEX NUMBERS

Euler’s formula
A very useful result is Euler’s formula, which states that e™ = cosx + isin x, for real x.

It may seem strange to have an exponential function as the sum of two trigonometric functions, so the result needs

to be proved.
Proof
Let f (x) = cos x + isin x (1]

Differentiate with respect to x:
f/(x) =—sinx + icos x
=i(cosx + isin x)

=iflx)

12 New Senior Mathematics Extension 2 for Year 12



) _
o)

Integrate both sides with respect to x:

f (x)dx—lj.dx

Hence log | f(x)| =ix+C (2]

Hence

Using [1] you have: f(0) = cos0 + isin0 =1
Substitute into [2]:log,1=Cso C=0
[2] becomes: log, ‘f(x)] =ix

So f(x) = e~
Hence €™ = cos x + isin x
Thus e™ = cos(—x) + isin(—x)

=Cos x — isinx

In general, when |z| # 1,z = r(cos@ +isin0) = re’® .

YEAR 12

Example 13
Write each complex number in both polar and Cartesian form.
in i 3mi Sz . 1
@ e® (b) e? () e* de® @ye” M e °
Solution
i
& —cosZrisnEo3 1,
(@ e cos6+1sm6 5 +2z
- - b4 b4 r_1 3
3 — s P - — o i/t 1 NI
(b) e cos( 3 )+1s1n( 3 ) CO8 sl 5 = o — -
L 3m 37 T r 1 1 1
T _ 3 3m_ SN m_ 1 1. 1. . .
(c) e* =cos 4 +isin 1 cosg, +isin 2+ 21 \/E( 1+1i)
= 5@ 57 T I 3 1
6 — —on i =7 - _ n_ . t__ NS 1.
(d) e cos( < )+zsm( 6 ) cos’ - —isin‘y 5
(e) e”'" = cos(—m)+isin(—7) = —cos0+isin0 = —1

1+i—ﬂ ﬂ T
) e ® =exe® ze(c05g+isin

6 2 2

g):e(ﬁ 1.):&/5

Example 14

Write each complex number in the form re'®,

(@) 3(cos2+isin2) (b) -1+iv3  (c) 2+3i

Solution
(@) 3(cos2 +isin2) = 3¢e*

(b) -1+i3= 2( = \/_j 2(cos—ﬂ+zsm2—) 2@2;“

2 3 3

giving any decimal answers correct to two decimal places.

(d) 2(cos 1.5—isin1.5) (e) —3-3i

Chapter 1 Complex numbers 13
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(c) 2+3i:x/ﬁ(\/§—3+\/ﬁj x/_(c039+1sm9)where9—tan ( ) 0.98
=\/EeO.98i

(d) 2(cosl.5—isin1.5) =2(cos(—1.5) + isin (—1.5)) = 2¢ >

(e) —3—3i=3(—1—i)=3\/§(—%—7) 3\/_(cos( )+181n( )) 3\/_6_37“

Powers of complex numbers

Since any complex number can be written in the exponential form, ¢”, it is easy to find powers of this number as
(619)n — em9‘

Example 15
(@) Write z=1 +i in the form re.
(b) Hence find the following in both polar form and Cartesian form.

i) 2 (i) 2 (iii) 2 (iv) vz v) z!

Solution |
(@) Z=1+i=ﬁ(%+%i}=\/E(cos%ﬂ'sin%):ﬁe%
(b) () z* —[fe ]: 77E=2(cosz+1sm ) = 2i
(ii) z :(\/Ee‘*J —2\/_e x/_(cos—+zsm ) 2\/_( \/_ ﬁj:—2+2i

This answer could also have been obtained using 2=2%xz=2i(1+i)=-2+2i.

in \*
(iii) z* :(\/Ee”‘ ] = 48" Asosm +isinz)=—4

1
imf\2 in
(iv) J—z(ﬁe“) =H[2¢ =(‘/_(cos§+zs1n8) 42(0.9239 +0.3827i) = 1.099 + 0.4204i

iz \7! —ix
W) 2l =] VEed | = L ¥ = l(cos(_ﬂ)+zsm( n)) 1(1 1. ) 11,
) 2 2 4 L\ #7272
Example 16
iz —in 3ix
Givenz; =2e°,z,=3¢ ? and z; =e *, find the polar form for each of the following.
%
(@ z xz, (b) z,xz, (c) 212 Xz, (d) i
2 2’ Xz,
(e) i (f) 1? (9) On the Argand diagram, plot z, z, and z, X z,.

(h) On the Argand diagram, plot z,, z, and =

3

14
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Solution
i —im in, i —im —im 3im =i 3im 5in
(@) z1Xz;=2e6 x3e 3 =6e® * =6e* (b) z3Xz3=3e3 Xe?* =3e3 * =3¢l
2im  -im i i % L
(€ z'xz,=2%° x3e3 =123 3 =12¢"(=12) (d) Z_ 2e” :ge6 3 :;e2 (:;i)
z, - 3 3 3
3e
=iz in_3in 13i 11i 2 o ~in 0 3
z 3 bl 217 Il 174 1l z. Xz 2 6 X 3 12 —IIT
(e) _2:363;‘77 =3e3 4 =3¢ 12 =3¢12 (f) ! 2-2¢8 3i773e = 35[ =12e 4
SN %3 e vy
e e e
(@ M (h) Im
34 34
2 4+
1
I Re
° % a1
Z3 g
: : : : : :
4t ax=n -4 L] ¥ g @ 1 2 Re
-1 +
2 4
3 4 zZ,

Geometrical representation of productsiinvolving complex numbers—
consolidation and summary
Multiplication of a complex number z by a'teal number k:
o arg(kz)=argk+argz
If k is a positive real numbersthen argk =0, so arg (kz) = argz.
If k is a negative réal number,then argk = 7, so arg (kz) = m+ argz = w+ argz — 2w =—(w — argz).
(Note that 27 is subtfacted to find the principal argument.)

o |kzl =kl x|z, i.e. theré$§% scaling by a factor of [k|
If k is a negative real number, then the direction from the origin O to the point representing kz is opposite
to the direction from O to the point representing z.

Multiplication of a complex number z by i:
o arg(iz)=argi+argz= % +argz
o lizl =lil x|zl =lzl aslil =1

« Hence multiplication by i causes an anticlockwise rotation by % about the origin O, with no change to the
modulus.

Multiplication of a complex number z by ki, where k is a real number:
o This combines the two cases above.
 Rotate by % anticlockwise about O and then scale by a factor of |kl, remembering also to reverse the

direction if k is negative.

Chapter 1 Complex numbers
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Multiplication of a complex number z by another complex number r(cos 6+ isin 6):
o arg(zXxrcis@)=argz+arg(rcisf)=argz+ 0

o lzxrcisl =zl x|rcis =zl x r
« To multiply by rcis 6, rotate by 8 anticlockwise about O and then scale by a factor of r.

Example 17
The Argand diagram at right shows the unit circle as well
as points representing the complex numbers z and z,.

For (a) z=z, and (b) z=z,, mark points A, B, C, D, E,
F, G to represent z, 2z, —z, iz, —%iz, Zand (1+ 3 i)z.

Solution
A: 7 is the reflection of z in the real axis

B:  2zis zscaled by a factor of 2
C: —ziszscaled by a factor of —1
(i.e. reflected back through O)
iz is z rotated by % anticlockwise about O

2
Z* has a modulus that is (mod z)* and an argument that is 2 X a

1+/3i=2cis %, 50 (1 + /3i)z is found by rotating anticldc

by % and then doubling the modulus.

D:

E - g5 iz is iz scaled by a factor of —%
F

G

Py
RN

Example 18
Let OABC be a square on an Argand diagram where O is the origin. The points A and C represent the

complex numbers z and iz respectively.

(@) Find the complex number represented by B.
(b) The square is now rotated anticlockwise 45° about O to form OA’B’C’. Find the complex numbers

represented by A’, B and C'.
E is the point of intersection of the diagonals of the square OA’B’C’. What complex number does

()

E represent?
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