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three graphing calculators:

« TI-84 Plus CE

« TI-Nspire CX (non CAS)

+ CASIO fx-CG50AU

Throughout the student book are Technology worked
examples strategically placed within the theory. These are
suitable for both the TI-Nspire CX (non CAS) and CASIO
fx-CGH50AU. The examples clearly demonstrate how the
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technology can be used effectively and efficiently for the
content covered in that chapter.

Graphing calculators are not the only technology
integrated throughout the Pearson Queensland senior
mathematics series. Spreadsheets, Desmos and
interactive widgets have been included to provide
students with the opportunity to visualise concepts,
consolidate their understanding and make mathematical
connections.
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This Queensland senior mathematics
series has been written by a team

of experienced Queensland teachers
for the QCE 2019 syllabus. It offers
complete curriculum coverage, rich
content and comprehensive teacher
support.

Explore further

This eBook feature provides
an opportunity for students to

consolidate their understanding
of concepts and ideas with the aid
of technology, and answer a small
number of questions to deepen
their understanding and broaden
their skills base. These activities
should take approximately 5-15
minutes to complete.

Technology worked examples

The argument of a complex number

Calculate the Argument of z=-2 + 5i in the domain -7 <6 < 7.

THINKING WORKING
1 Sketch the complex number on the Argand Im(z{
plane. (25
i — z=-2+5i
51
i 0
3 02 19 1 2 R
. a5
2 Use the tangent ratio t at t o=tan" | =
angle, a. 2
=1.1903..
3 Make the ne stment to calculate 6, 0 =nm—1.1903..°

ssary ad
he positive Real axis.

=195 (2dp.

Arg(z) =1.95°

\g |
(c} xplore further

o Technology worked example

Modulus and argument of a complex number
Explore how the modulus and argument of a
complex number change when the complex
number moves around the Argand plane.

Calculating the modulus and
argument of a complex number

Complex numbers in polar form

Im(z)
These worked exam Y les offer In your study of complex numbers so far, you have shown that they can be )
support in using technolo represented as ordered pairs on the Argand plane. The Argand plane uses o ZTEry
. rectangular axes, as shown on the right. :
such as spreadsheets, graphi ;
calculators and graphing ar —_ .
4 el s f You can also use polar coordinates to represent complex numbers. X Re(@)
and include techno ogy-1ocu A polar coordinate system gives the position of a point in terms of the Im(2)
worked exam p|es and activities. length of a line segment (the radius vector) from a fixed origin (the o
__________________________________________________________________________________ pole), together with the angle that the line segment makes with a fixed iy =Xty
ray (in this case, the positive Re(2) axis). .
S 7
Making connections ; x Re@
Th |S eBOOk featu re provides 264 Pearson Specialist Mathematics 11 Queensland
teachers and students with a
visual interactive of specific _. (@ Making connections

mathematics concepts or
ideas to aid students in their
understanding.

Triangle rule for addition of vectors
Move points C and D to observe the change in the

resultant vector, u + v.




Key information

dividing n! by (n —r)!.

This same logic works in general: The value of " P, can be obtained by n n!

Key information and rules are
highlighted throughout the
chapter.

Using the factorial form of the permutation formula

Calculate ® p, using factorial notation and interpret the result.

s J

Every worked example and
question is graded

Every example and question is
graded using the three levels of
difficulty, as specified in the QCE
syllabus:

* simple familiar (1 bar)

« complex familiar (2 bars)

» complex unfamiliar (3 bars)
The visibility of this grading helps
ensure all levels of difficulty are
well covered.

Meeting the needs of the QCE
syllabus

The authors have integrated

both the cognitive verbs and

the language of the syllabus
objectives throughout the worked
examples and questions.

THINKING

Substitute the values of n and r into the formula:
" n!
P =

(n=r)

~

Express as a fraction in factorial form.

w

Simplify the expression by cancelling the
common factors.

-

Calculate the expression.

5 Interpret the result.

WORKING

For®P,n=8and r=3:
. 8!
3 = 0 v
(8-3)
8!
Tl
_8xXT7x6x 5
Ead
=8X7X6
=336

There are 336 arrangements of 3 objects

4
—

Since " P, = n!, it must be the
factorial form of the permu
this particular situation.

It was demonstrated earlier that the number of ways to
words, " P, = n!. Applying the factorial form of the per

= (n —.n)! g
o

0! al to 1 if the
a is to remain valid in

selecte a group of 8.
a n objects in a row is equal to »!. In other
rmula to the case of " P, gives

While 0! arises infrequently in
practice, it is useful to remember
that it is defined to have the value 1.

0'=1

9 (a) ic

B 3ln!

Tech-free questions

These questions are designed
to provide students with the
opportunity to practice alge
manipulations to prepare them
for technology-free examination
papers.

Worked solutions

Fully worked solutions are provided
for every question in the student
textbook and can be accessed
from the accompanying eBook.

e following is equivalent to (3n)!?

C 3n(n—-1)! D 3n(3n-1)!

plain the common errors in the three incorrect alternatives.

Highlighting common errors

Throughout the exercises,
authors have integrated
questions designed to highlight
common errors frequently made
by students. Explanations are
given in the worked solutions.

WARNING
The inverse function of sin(6) is sin"(B), but note
that sin'l(H) #

, L.e. it is not the reciprocal

sin S
function. This applies to all the inverse trigonometric
functions.

For example, cos™ (-1) = 7, because cos(7) = -1.

Warning boxes

Warning boxes are located
throughout the chapter to alert
students to common errors and
misconceptions.
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10 6x-dy=17and 55— 3y=13
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) cos(156°)
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%— Recall

Each chapter begins with a
review of assumed knowledge
for the chapter.

Summary

At the end of each chapter, there

is a summary of the key facts and
rules discussed in the chapter.

Chapter review n
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Chapter revi
Every

review follows the
on proportions
fficulty, which is 60%
iliar, 20% complex

d 20% complex

Exam review

Exam reviews provide cumulative
practice of content already
covered, to prepare students

for the end-of-year exam. They
have been placed at the end of
each Unit.

Summary
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Paper 1: Technology-free

1 The Year 1 coh schaol contains 100 students; 30 study Art, 50 sty Biology,

2

3 At meeting of 10 individusl Julate the total
umber of handshakes tha ake place.
W row , postion 3, of
plan
8 OF, where Bis (2,4)
6 2 where pandg € 7, 440,
o comman factor othe than 1| @
w0 W 0B @ o1z
sttements
60 1mis divisble diviible by 6.
LR
b Prove that donal, then x must be eratonal.
’
For cxampl Tl6is1-8+7-1+6=8.

mustbe divisible by 1.
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Recall

Identify numbers with certain properties
1 Identify the numbers from 0, 1, 2, 3, ..., 10 with the following properties.
(a) even (b) odd (c) prime

(d) divisible by 4 (e) factor of 4 (f) perfect square

Express a given integer as a product of prime powers

2 Express each of the following numbers as a product of prime powers.

(a) 8 (b) 12 (c) 90
(d) 63 (e) 50
Simplify surds
3 Simplify each of the following.
(a) /50 (b) 2+/28 —3/63 +87 Q(s—zﬁ)(suﬁ)
Rationalise denominators of fractions involving surds @
L Express each of the following fractions with int inators.
(a) =N (b) 2 (c) 4443

J6 3 @ 4-3
Simplify algebraic expressions involvin \

5 Simplify each of the following. x and y are positive real numbers.

@ Jx® PN o (Vx+r)
Simplify algebraic expre olving indices
6 Simplify e the ing.
n+5
@ 3" () 81x3"° © 3
81

Solve simple inequalities
7 Solve the following inequalities.
() 3x+5<17 (b) -2x+1>7

144  Pearson Specialist Mathematics 11 Queensland



Rational and irrational numbers

Early civilisations used numbers exclusively to count things; there was no need for negative numbers,
fractional numbers or even the number zero. These other types of numbers were introduced gradually
over many thousands of years with contributions from many cultures. Today, much of mathematics is
based on a foundation of numbers, and it is therefore important to understand the different types of
numbers that mathematicians work with. This chapter focuses on real numbers; that is, numbers that can
be placed on a number line. (In Chapter 5, you will be introduced to the concept of imaginary numbers,
which cannot be placed on a number line.)

The most fundamental type of number is a positive integer. The symbol N (or less commonly, N or J) is
used to denote the set of non-negative integers, {0, 1, 2, 3...}; non-negative integers are also known as

natural numbers. Note that some sources do not include 0 in the set of natural num
‘natural number’ and ‘positive integer’ interchangeably.

bers, and use the terms

The set of integers, Z (or less commonly, Z), includes all whole
numbers (both positive and negative), and zero (which is neither

vz

Positive
integers Z*
1,2,3,..

positive nor negative). The symbol Z" is used to denote just the set of
positive integers, {1, 2, 3...}, while the symbol Z is used to denotg j
the set of negative integers, {-1, -2, -3...}.

A rational number is any number that can be expressed in th

2 yhere p and q are both integers, and g # 0. Any v@ with a
q
decimal representation that either terminates or r

in a regular pattern (recurs) is rational. Th (or
less commonly, Q) is used to denote th ational
numbers. Note that all integers are 1 (sincean integer,

n
n, can be expressed as T).

Numbers that are not r al, still be placed on a
number line, are said t rational. The symbol Q” (or less
commonly, Q or I) is used note the set of irrational

numbers. The number 7 is known to be irrational, however,

it is often approximated as 22 The decimal representations of
7
irrational numbers go on forever in no predictable pattern;

thus, irrational number cannot be written exactly using decimals.

As well as the number 7, any number that can only be expressed exactly using a radical symbol (\/_ ) is
irrational. For example, /2 is irrational. Note that /9 is not irrational because it is possible to express this
number without the radical symbol (\/5 = 3).

Chapter 3 Introduction to proof 145
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The sets of rational and irrational numbers together comprise the set of real numbers, denoted by the
symbol R (or less commonly, R). As stated previously, the set of real numbers can be thought of as the set
of all numbers that can be placed on a number line; see diagram below.

Real numbers
R

R
A

r N\
N

g b

The following diagram summarises the symbols and relationships between t@rent sets of numbers

described.
Real Numbers R

(numbers that can be placed on a nu @

Rational Numbers Q Irrational Numbers Q’
(Numbers that can be written as the ratio of two integers P (Numbers that are not rational, e.g. z, Ve, etc.
All terminating or recurring decimals are ratmal\g Decimal representations go on forever in no pattern.)
Non-integer rationals Integer
Negativ, i Natural numbers N

(non-negative integers)

Zero Positive integers Z*
(neither positive nor negative)

Pearson Specialist Mathematics 11 Queensland



n Classifying numbers

For each of the following numbers, determine which sets from R, Q, Q’, Z, 7", Z and N the number is an

element of.
(@ -7
THINKING

1 Consider whether or not the number belongs
to each of the sets listed.

2 Answer the question.

1 Consider whether or not the number belongs
to each of the sets listed.

2 Answer the question.

1 Consider whether or not the number belong@he

to each of the sets listed. If a number carnot
be expressed without a radical symbol, it i

irrational. Further, the product (or s @

difference) of an irrational numb d
rational number is irrational.

2 Answer the question.

W |2

49

1 Consider whether or not the number belongs
to each of the sets listed. If a number cannot
be expressed without a radical symbol, it is
irrational.

2 Answer the question.

WORKING

-7 is a negative integer. Therefore it is also an
integer, a rational number, and a real number.

Hence, -7 is an element of R, Q, Z, 7.

4.23 is a recurring deeimal. Therefore, it is a

non-integer ratio ber.

ement of R and Q.

Hence, 4. 23

ber is part of the Real number system,
, but cannot be written without a radical. It is
herefore classified as an Irrational number, Q’.

Hence, 6+/10 is an element of R and Q”.

Thus, this number is rational.

Hence, ’% is an element of R and Q_

Chapter 3 Introduction to proof
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(e) +/-100

1 Consider whether or not the number Square roots of negative numbers are not real
belongs to each of the sets listed. numbers (and hence, do not belong to any of
the other sets listed).

2 Answer the question. \/-100 does not belong to any of the sets listed.

As previously stated, all rational numbers can be expressed as either terminating or recurring decimals.
The following example illustrates how to express a rational number in decimal form without the aid of a

calculator.

rational numbers as decimals

Express each of the following rational numbers as a terminating or recu

@ =
25

e

THINKING

— =0.0375
1
(c) =
6
If it is not obvious how to express the fraction as a decimal, use short 0. 1 6 6.
division. When the same remainder (or patterns of remainders) 6 il, 404040,
appear, the resulting digits must recur.
—=0.16

Pearson Specialist Mathematics 11 Queensland



You may notice from experience that a simplified fraction
can be expressed as a terminating decimal if the denominator
has no prime factors other than 2 or 5.

If the denominator of a fraction contains no prime factors other
than 2 or 5, then this number must divide into 10 or 100 or 1000
etc. meaning that the fraction can be expressed with a power of

10 denominator, and thus be expressed as a terminating decimal.

A simplified fraction can be
expressed as a terminating decimal
if the denominator has no prime
factors other than 2 or 5; otherwise,
it can only be expressed as a
recurring decimal.

For each of the following rational numbers, determine whether it must be recurring or terminating,

justifying your answer.
7
@ —
16
THINKING

1 Ensure the fraction is in its simplest form, and
consider the prime factors of the denominator.

2 Evaluate the reasonableness of your answer by
converting the fraction to a decimal.

b =
15

1 Ensure the fraction”#®in ‘its simplest form, and
consider the prime fa€tots of the denominator.

2 Evaluate the reasonableness of your answer by
converting the fraction to a decimal.

WORKING

The only prifhe fagtor of 16 is 2, since 16 = 2*.
% can b€ expressed as a terminating decimal,

because the denominator contains no prime
tactors other than 2 or 5.

04375

16i 7.0°0'20%0

The prime factors of 15 are 3 and 5,

since 15=5 X 3.

2 .
s can only be expressed as a recurring

decimal, because the denominator contains a
prime factor other than 2 or 5, namely 3.

0.1 3 3 3...

15j 2.0°0°0°0...

While terminating decimals can readily be converted to simplified fractions, converting a recurring
decimal to a simplified fraction is not quite so obvious. The following examples illustrate one technique

that can be used to accomplish this.

Chapter 3 Introduction to proof 149



Expressing recurring decimals as fractions —

Write each of the following numbers in the form P where pand geZ,q+#0,and p and g have no
common factor other than 1. 1

(a) 02
THINKING WORKING
1 Assign the number to a variable. Let x=0.2222...
2 Multiply by a suitable power of 10 to obtain a number 10x =2.2222...
with the same repeated digits following the decimal point.
3 Subtracting these two expressions should result in a o5 =0 = 22200 = W22 D
rational number. e =2

1 Assign the number to a variable, then multiply by a t x=0.1232323...
suitable power of 10 so that the recurring digits

10x=1.232323....
immediately after the decimal point.

2 Multiply by a suitable power of 10 to ai:@ber 1000x =123.2323...
with the same repeated digits following imal point.
3 Subtracting these two expression @ result in a 1000x — 10x = 123.2323. — 1.2323.
rational number. 990x =122
122
x=—
990

G

%‘b

AW Rational and irrational numbers

EXERCISE

Worked
Example

@ 1 For each of the following numbers, determine which sets from R, Q, Q’, Z, Z", Z" and N the number
is an element of.

(@) 17 b) -3 © 0 (o g

@ 22 M 4k () 6.3 (h) -0.123
6 3

) 16 ) 26 (k) \E n 3e

(m) 3/0.001 ) 7 (o) -9 n 3o

150  Pearson Specialist Mathematics 11 Queensland



2 Express each of the following rational numbers as a terminating or recurring decimal.

10

@ 2 n) 213 o 3 @
10 100 40 12
e 2 Mm @ 1L h 3%
11 11 30 9

For each of the following rational numbers, without calculating the decimal representation,
determine whether it can be written as a terminating decimal, or only as a recurring decimal,
justifying your answer.

(a) 2 b 1L o 3 @ &
8 12 160 70

Express each of the following numbers in the form P where p>q€Z,q#0,and p and g have no
common factor other than 1.

(a) 1.8 (b) 0.14 (c) 4.111 (" 0.3
(e) 0.4 (f) 0.14 (g) 0.125 in, 023
(i) 0.54 (i) 0.31 (k) 0.347 ) 0.128

Which of the following numbers is equal to 0.121?
A 0.12 B 0.21 C 013 D 0.121

(a)  Which of the following numbers is eqdal to 0497
A 0.499999 B 0.49 C 05 D 0.499

() Explain the misconceptions or errorsithat lead to selecting the incorrect alternatives.

a
Demonstrate that 0.4, where a €fZ,is equal té 5

P

Demonstrate that 0. gb, wherefa, b€ Z, can be expressed in the form £ where p, g€ Z, g # 0.

Demonstrate that 0.ab, whére a, b € Z, can be expressed in the form P where p,qeZ, q#0.

Let E= \/ 11++/x — \/ 11-x. By considering E 2 deduce which positive integer values of x make E
an integer.

Chapter 3 Introduction to proof 151



m The language and logic of proof

Mathematical knowledge is unlike the knowledge of other scientific disciplines. Instead of consisting of
theories based on observation and evidence that can possibly be falsified, it consists of theorems:
significant mathematical statements that have been proven to be absolutely true (think of Pythagoras’
theorem, for instance). Scientific theories are similar to mathematical conjectures. A conjecture is a

statement that mathematicians have reason to believe may be true, but which has not been proven
definitively. One of the most famous mathematical conjectures is the Goldbach conjecture, named after
the eighteenth-century mathematician Christian Goldbach:

‘Every even integer greater than 2 can be expressed as the sum of two prime numbers.

The Goldbach conjecture (see right) seems likely to be true; in fact, it has been 4=2+2

shown to be true for every integer up to 4 x 10'®. However, it is, at present, 6=3+3

unproven—there may, in fact, be a very large even integer that cannot be 8=3+5

expressed as the sum of two prime numbers. 10=3+7=5+5
12=5+7

The idea of mathematical proof is extremely powerful. It enables njathematics
to be a rich and robust system of knowledge that will never be falsitied;
further, any result that has been proven can safely be used to help establish

14=3+11=7+7

further useful results, adding to this system of knowledge. 4%10%8 = ...

In order to prove mathematical statements, it is important t,use clear, unambiguous language and valid
logic. The focus of this section is the language aidd logic used to construct, combine and evaluate the truth
or falsehood of mathematical statements abotut,numbers.

Note that the word ‘statement’ will be used to not only refer to an assertion that is true or false (such as
‘The number 7 is prime’ or ‘All multiples,of 10 are also multiples of 5°), but also to refer to an assertion
involving one or more variables that becomes true or false whenever values are substituted for the variable
(such as ‘n is a multiple of 5 o x < 20°).

Negating statem®n(s

Statement Example

The negation of a mathematical statement is the The negation of the statement x > 0is x < 0.

statement that is true precisely when the original ~ Notice that, for any number that is substituted in

statement is false, and vice versa. place of x, if the statement x > 0 is true, then the
negation x < 0 will be false, and vice-versa.

The negation of a statement can be obtained by If n represents an integer, then the negation of the
preceding the statement with the phrase: statement ‘n is an even number’ is ‘It is not the
Tt is not the case that...". case that n is an even number’

This is equivalent to saying that » is an odd number.

A negation of a statement can be written usinga  If P represents any statement, then the negation of
symbol representation. In this case the symbol ‘=’ P can be written as =P or simply ‘not P..
represents the word ‘not’.

152 Pearson Specialist Mathematics 11 Queensland



The negation of statements involving the words
‘and’ or ‘or’ can sometimes cause confusion.

Consider negating the statement ‘Either x =5 or
x=7.

If it is not the case that x is equal to 5 or 7 then it
must be the case that x # 5 and x # 7.

As another example, consider the negation of the
statement: x > 0 and x < 10. If it is not the case that
x is between 0 and 10, then either x < 0 or x > 10.

The negation of ‘P and Q’ is ‘not P or not Q. The negation of ‘P or Q’ is ‘not P and not Q.

The preceding rules about negating ‘and’ and ‘or’ statements are known as De Morgan’s laws.

Negate the following statements.

(a) n is divisible by 2 or n is divisible by 3
THINKING

Think about preceding the statement with the
phrase, ‘it is not the case that..’, and then use De
Morgan’s laws.

(h) x>0andx<5

Think about preceding the statement with the
phrase, Tt is not the case that..., and then use
De Morgan’s laws.

Statements inyetving(girantifiers

Statement

Often, mathematical statements involving varia-
bles are true for certain values of the variable and
false for others.

Statements that assert that some property is true
for all possible values of a variable are so common
that a special symbol is often used to enable such
statements to be written in a more compact way.
The symbol V is known as the universal quantifier
and is used as shorthand for the phrase ‘for all’.

WORKING

n is notidiyisible By 2 and 7 is not divisible by 3.
Eqtiivalently, n is divisible by neither 2 nor 3.

x<0orx>5

Example

The statement (x — 2)(x — 5) = 0 is true if x is equal
to either 2 or 5, but false otherwise.

But consider the following statement, where x
represents a real number: x* > 0. This is true for
every possible real number that can be substituted
in place of x. Therefore, you could say:

‘For all real numbers x, x> > 0’

The statement could be written as follows:

Y real numbers x, x> > 0’

This can be condensed further by making use of
the notation x € R to signify that the variable x is
an element of the set of real numbers. So, you could
write the statement as follows:

‘VxeR,x*>0
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Sometimes you want to consider at least one Consider the statement:

possible value of the variable that makes it true J an integer, 7 such that n> + 27 is a prime number’
and not all the values, as was mentioned before. This can also be condensed further as follows:

For such statements, the symbol 3 (known as the ~ ‘In € Z such that n*+2nisa prime number’
existential quantifier), can be used as shorthand

for the phrase ‘there exists.

The symbol V (known as the universal quantifier) is used to mean for all’

The symbol 3 (known as the existential quantifier) is used to mean ‘there exists.

Translate the following statements into everyday language. Also determine whethex or not each statement
is true, justifying your answer.

(a) dx € R such that x2=\/;.

THINKING WORKING

1 Determine the meaning of the statement. Lherefs at least one real number whose
square is equal to its square root.

2 In order to prove a ‘there exists statementg§ise, (1)’ = /1
you need to be able to provide one example

3 Interpret the answer. Given that (1)° = /1, the statement is true.
There exists at least one real number for
which x> = /x.

(b) V integers n, the number 5 is,even.

1 Determine the meaning of the statement. The product of any integer # and the number 5
results in an even number.

2 In order to prove a ‘for all’ statement is false, Letn=3.
you need to provide a single counter-example. 3%x5=15
That is, an example demonstrating falsehood.

3 Interpret the answer. For n =3, 5n =15 which is not an even
number, so the statement is false. There may be
integers that, when multiplied by 5, result in an
even number, however, this does not apply in
every case (Vn).

Providing a single example is always sufficient to prove that a ‘there exists’ statement is true.

Providing a single counter-example is always sufficient to prove that a for all’ statement is false.
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Examples and counter examples

In part (a) of Worked Example 6, it was claimed that the statement ‘Ix € R such that x> = /x” is true, and
to justify this claim, a single example was provided of a real number whose square was equal to its square
root (namely, x = 1). Providing a single example is always sufficient to prove that a ‘there exists’ statement
is true.

In part (b) of Worked Example 6, it was claimed that that the statement “V integers n, the number 5# is
even’ is false, and to justify this claim, a single example was provided of an integer (namely, n = 3) which,
when multiplied by 5, gives a number that is not even (namely, 15). An example such as this, that
demonstrates the falsehood of a statement, is known as a counter-example. Providing a single counter-
example is always sufficient to prove that a ‘for all’ statement is false.

Rewrite the following statements using the symbols V and 3. Also, determinewhether or not each
statement is true, justifying your answer.

(a) The square-root of any positive integer is less than or equal to the integer.

THINKING WORKING
1 Identify the quantifier. ‘Of any ' specifies that for all positive integers.
So the,quantifier is V.
2 Create a mathematical statement. For all positive integers n, the square root of # is
less than or equal to n.
VneZ' Nn<n
3 Determine whether the V ‘forall statement Forn=1
can be proved to be false usingja counter- A<t
example.
Forn=2

J2<2

This could continue for n =1, 2, 3, 4 and 5. There
is not an obvious choice for a counter-example
and the true statements cannot be calculated for
infinite positive integers. It is assumed to be true,
but has not been proved to be so.

(b) There is at least one real number that, when squared, results in a smaller number.

1 Identify the quantifier. ‘“There is at least one’ specifies the existence of
a value.

So the quantifier is 3.

2 Create a mathematical statement. In € R such that n* < n.
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3 Determine whether the 3 ‘there exists’ (l)z _1
statement can be proved to be correct by 2 4
calculating an example. . (l)z <L

N2 2

This statement is true as shown by the existence
of a single example: n = %
Note that the symbols V and 3 may be used together in a single statement, however, the order in which
they appear is important. As an example, consider the following two statements:

» V integers n, 3 an integer m such that n + m is a multiple of 5.
« daninteger n, such that V integers m, n + m is a multiple of 5.

The first statement is true as it says that for every integer, you can e

appeawfogether in the same
The second statement is false as it says there is a special integer that statémemt, the order in which
has the property that when you add any other integer to it, you theyappear is important.
always obtain a multiple of 5.

find another integer to add to it to give a sum that is a multiple of 5.

Negating statements involving quanjiges

Consider the negation of the statement ‘Y real numbers x, %220’ If it is not

the case that the square of every real number is greatépthan orequal to lkses:ctoniofaytell

zero, then it must mean that there is at least one real number whose square statement is a ‘there exists

is less than zero. Thus, the negation is ‘3 a real number x such that x1<0 statement. Similarly, the

Notice how the negation of a ‘for all’ statéfnent i$ a ‘there exists” statement. isgiion ol s eidle

The reverse is also true. For example,{themegation of the statement: ‘3 a real statement is a for all

number x such that 3x = x” is ‘V réal numbers x, 3x # x. statement.

oo

Determine the negation of gach of the following statements. Also determine whether the original
statement or the negation is true, justifying your answer.

(a) V integers n, 2n is even
THINKING WORKING

1 Interpret the meaning of the statement. For all integers, n, multiplying any integer by 2 will
result in an even number.

2 Write a negating statement. The negation =~ There exists an integer, # such that 2 X  is not even

of a ‘for all’ statement is a ‘there exists’ (odd).
SIS dn € Z such that 2n is not even.

3 Determine whether the original or the The original statement is true. By definition, an even
negation is true. Justify your answer. number is any integer value that is a multiple of 2.

Pearson Specialist Mathematics 11 Queensland



(b) 3 areal number x, such that x*= -1.

1 Interpret the meaning of the statement.

2 Write a negating statement. The negation
of a ‘there exists’ statement is a for all’
statement.

3 Determine whether the original or the
negation is true. Justify your answer.

not equal to -1.

(c) 3 an integer n, such that n is even and # is prime.

1 Interpret the meaning of the statement.

There exists a real number x, where x*= -1.

For all real numbers x, x*# -1.

Vx eR, x*#-1

The negation is true. The square root of any real
number is greater than or equal to 0 and therefore is

There exists a real number n, where # is both

even and prime.

2 Write a negating statement. The negation of a
‘there exists’ statement is a ‘for all’ statement.

nor prime.

For all real numbeérs #; n is neither even

Vn € Z, nds odd or not prime.

3 Determine whether the original or the
negation is true. Justify your answer.

The origiftal statement is true.

This is proven by the single example where n = 2.

Two isithe only even and prime number. Every

6ther even number is a multiple of 2 and

therefore not prime.

am - v

Conditional statements

Consider the following statemest:'if # 1s,a multiple of 10, then # is an even number. This is an example of

a conditional statement,A"eonditional statement (also known as an ‘if-then’ statement, or an

‘implication’) is one that assért§ithat if some condition holds, then it must be the case that some property

is true. Conditional statementsare so common in mathematics that there is a variety of ways to express
them. The given statement could be represented in any of the following ways:

If n is a multiple of 10, then # is an even number.

n is an even number if # is a multiple of 10.

n being a multiple of 10 is a sufficient condition to
conclude that 7 is even.

n being even is necessary if n is a multiple of 10.

n is a multiple of 10 implies that n is an even number.

Finally, the implication symbol, =, is used to mean ‘implies

that’ Thus, the statement could be also written as follows:

n is a multiple of 10 = # is an even number.

Each of the following means the same
as P = Q:

If P, then Q.

QifP

P is a sufficient condition to
conclude that Q.

Q is necessary if P.

P implies that Q.
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n Using the implication symbol

Rewrite the following conditional statements using the implication symbol, =.

(a) If n ends in a zero, where n € Z, then n is even.
THINKING WORKING

If P, then Q can be written as P = Q. If n ends in a zero = n is even.

(b) n> 3 is asufficient condition to conclude that n is positive.

‘P is a sufficient condition to conclude Q" means If n > 3, then n is positive.

the same as ‘If P, then Q. n>3 = nis positive

() n>3isnecessary if n is greater than 4. 6

‘P is a necessary condition if Q means the same If n > 4 the @
as If Q, then P.

The converse, contrapositive and ne a conditional statement

The converse

The converse of a conditional statement is theyst ent obtained by swapping the statements on either
side of the implication symbol. For exam ongider the conditional statement previously introduced:

n number
Itiple of 10

« original: n is a multiple of 10 =,
« converse: 7 is an even numb,

Notice that the converse is the same thing as the original. The original statement is claiming
that if a number is a ip then it must be even (which is true). But the converse is claiming that

if a number is even,the e a multiple of 10 (which is definitely not true.)

For a statement of the form P = Q that involves some variable, the converse is the statement Q = P.

The contrapositive

The contrapositive of a conditional statement is the statement obtained by swapping the statements on
either side of the implication symbol, and also negating both statements. Again, consider the conditional
statement previously introduced:

« original: n is a multiple of 10 = 7 is an even number
o contrapositive: n is not an even number = 7 is not multiple of 10

As a classic illustrative real-life example, the contrapositive of the statement, ‘If an animal is a poodle, then
it is a dog’ is ‘If an animal is not a dog, then it is not a poodle’ Notice, again, how the original and the
contrapositive statements are essentially saying the same thing.

For P = Q, the contrapositive is in the form not P = not Q.
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The negation of a conditional statement

Now consider the negation of the statement ‘» is a multiple of 10 = # is an even number’. This statement
is essentially saying that for every integer that is a multiple of 10, this integer must also be even. If this
were not the case, it would mean that there must exist some integer that is a multiple of 10 but is not even.
Using the real-life example from earlier, the negation of ‘If an animal is a poodle, then it is a dog’ would be
‘There exists some animal which is a poodle, but not a dog’

The negation of a conditional statement of the form P = Q that involves some variable is “There exists
some value of the variable for which P is true, but Q is false’

Be aware that the negation of a conditional statement is different from both the converse and the
contrapositive.

-5

Consider the following conditional statement: ‘If  is a perfect square, then %ds divisible by 3

(a) Write the statement in the form P = Q and determine whether the statement is true or false.

THINKING WORKING
1 Write the conditional statement in the form  Vn, ufis a perféct square = n is divisible by 3.
P = Q.
2 A for all’ statement can be proven false by The perfeet squares: {1, 4, 9, 16, 25...}
providing a counter-example. There exists a value of n for which n is a perfect
square but is not divisible by 3.
A counter-example: n =16 is a perfect square but
is not divisible by 3.
3 Interpret the answer. The conditional statement, ‘If 7 is a perfect

square, then 7 is divisible by 3; is false.

(b) Write the conversefto thesconditional statement and determine whether the converse statement is true

or false.
1 For P = Q, the converse is in the form Vn, nis divisible by 3= n is a perfect square.
Q=P
2 A for all’ statement can be proven false by The multiples of 3:{3,6,9,12,15...}
providing a counter-example. There exists a value of n for which n is divisible by
3 but is not a perfect square.
A counter-example: 12 is divisible by 3 but is not a
perfect square.
3 Interpret the answer. The converse statement, ‘If # is divisible by 3, then

n is a perfect square, is false.

(c) Write the contrapositive to the conditional statement and determine whether the contrapositive
statement is true or false.

1 For P = Q, the contrapositive is in the form  Vn, n is not a perfect square = 7 is not divisible
not P = not Q. by 3.
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2 A ‘for all’ statement can be proven false by Not a perfect square: {2, 3,5,6,7...}

providing a counter-example. There exists a value of n for which 7 is not a

Alternatively, recall that the contrapositive of ~perfect square but is divisible by 3.
a conditional statement is true whenever the 5 Junter example: 6 is a perfect square but is
original statement is true. divisible by 3

3 Interpret the answer. The contrapositive statement, ‘If # is not a perfect
square, then 7 is not divisible by 3, is false.

(d) Write the negation to the conditional statement and determine whether the negation statement is true
or false.

1 For P = Q, the negation is in the form dn, n is a perfect square but # is not divisible by 3.
‘There exists some value of the variable for
which P is true, but Q is false.

2 A ‘there exists’ statement can be proven true  Pperfect squares: {1, 409416, 25...}

B PO Ore GEme: There existsfa valae of n for which # is a perfect

square, butynotdivisible by 3.

An example: 4 is a perfect square but is not
divisible by 3.

3 Interpret the answer. The negation statement, “There exists some value of #,
where 7 is a perfect square not divisible by 3; is true.

Logical equivalent stategients

Recall that the conditional statementin is‘a multiple of 10 = 7 is an even number’ is true, however, its
converse ‘7 is an even numbems=> #is a multiple of 10’ is not. Sometimes, however, a conditional
statement and its conyerse areboth true. As an example, notice that if x = 5 then 2x = 10 and, conversely,
if 2x = 10, then x = 5. Thissmean§ that for the two statements, x =5 and 2x = 10, whenever one of these is
true, the other must also befrue. Such statements are said to be logically equivalent.

Two statements are logically equivalent if whenever one is true, the other must also be true.

There is a variety of ways to represent the fact that x =5 and 2x = 10 are logically equivalent:

o x=>51is necessary and sufficient for 2x =10
o x=5ifand only if2x =10
e x=5=2x=10and2x=10= x=5

Finally, the symbol <> is often used to denote logical equivalence. Thus, x =5 <> 2x =10 (or equivalently,
2x=10 < x=5).

Each of the following can be used to express the fact that P and Q are logically equivalent:
o Pis necessary and sufficient for Q.
o Pifand only if Q.
e P=Qand Q=P
e PSQ
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m Using the logical equivalence symbol —

Rewrite the following statement using the logical equivalence symbol, <: ‘For n to be divisible by 5, it is
both necessary and sufficient that n end in either 0 or 5’

THINKING WORKING

‘P is a necessary and sufficient condition for Q’ n is divisible by 5 < n ends in 0 or 5.
means that P and Q are logically equivalent.

EXERCISE

S The language and logic of proof

Worked

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll @....lllll....lll_ Exdmﬂ{e
1 Determine the negation of each of the following statements. @ @

(a) Pand Q are both even. (b) x>50rx<-
(c) xis divisible by either 7 or 8. () x=0o0ry=
2 Translate the following statements into everyday language. Also rmise whether or not the @

statement is true, justifying your answer where appropri
(a) V integers n, the number 2n + 3 is odd.

(b) 3 areal number x such that — = x.
X

(c) V real numbers x, x> 0. @
(d) Ix e R such that x*=-1. \
(e) Vn e Z,the number n(n + 1) is divisik @

(f) V real numbers x and y, x—y >
(g) V real numbers x, d areal n

(h) 3 areal number x, such tha

3 Rewrite the following statefne sing the symbols V and 3. Also, determine whether or not the
statement is true, justifyi answer where appropriate.
(a) The square of a teger is greater than the integer.
(b) There is a real nu that, when multiplied by 5 gives an answer of 0.

(c) The sum of any two consecutive integers is odd.

(d) There is a real number equal to its square.

(e) The sum of the squares of any two real numbers is less than the product of the numbers.

(f) There is a special real number with the property that whenever another real number is divided by
it, this other real number is obtained.

() Every integer is divisible by at least one integer.

4 Determine the negation of each of the following statements. Also determine whether the original
statement or the negation is true, justifying your answer where appropriate.
() V real numbers x, x> > 0. (b) 3 a real number x such that x* = x.
(c) V positive integers n, 10n > n. (d) V real numbers x, x is either positive or negative.
(e) 3 an integer n such that n # 0 and n*<1. (f) V integers n, either (-1)"=1or (-1)"=-1.
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10

12

Rewrite the following statements using the implication symbol, =.

(a) Ifx>3,thenx*>>9. (b) If n is divisible by 9, then n is divisible by 3.

(c) n>5implies that n > 4. (d) 7P is positive if P > 3.

(e) Qisevenisnecessaryif 2Qisa () m is a multiple of 6 is a sufficient condition to
perfect square. conclude that m is divisible by 3.

() Ttis necessary that x* > 2 if x < -2. (h) nis even and greater than 2 is a sufficient

condition to conclude that 7 is not prime.

Write the converse, the contrapositive and the negation of each of the following conditional
statements. Determine whether each of the original statements, converse, contrapositive and negation
is true or false, justifying your answer where appropriate.

(a) Ifn is divisible by 20, then n is divisible by 5. (b) If n is divisible by 3, then n” is divisible by 3.
(c) Ifx>7,then 10x > 70. (d) If xy=0, then either x=0o0r y=0.

(e) Ifnis divisible by 5, then the final digit of nis 5. (f) If x=4 and y =4, then xy = 16.

(g) If n is divisible by 24, then n is even and n is divisible by 3.

Rewrite the following statements using the logical equivalence symbél, &,
(a) nis even if and only if n* is even.
() x+y=0ifandonlyifx=-y.

(c) nbeing even and divisible by 3 is necessary and sufficient for 7 tobe divisible by 6.

For each of the following statements, provide three examplessthat are consistent with the statement,
and then a single counter-example to prove that the statement is actually false.

(a) If a positive integer is divisible by 7, then dtsis,not divisible by 3.

() VxeR,x*>x

(c) If Pis a prime number, then 2° — lisgprime.

(d) If a positive integer is divisible by'both/10 and 6, then it is also divisible by 60.

(e) Suppose that x and y are real numbers, If x > 3, then x*>—2y > 5.

(f) Suppose that x and y are"positive real numbers. Then xy > x + y.

vvvvv

(a)  Which of the fellowing statements is true?
A Vx eR,3geR such that xy =6. B dx e RsuchthatVye R,xy=6.
( dxeRsuchthatVye R,x+y=6. D VxeR,3dy e Rsuchthatx+y=6.

(b)  Why are the alternatives incorrect?

What is the negation of the statement Vx € R,3y € R such that x + y = 6?
A VxeR,dyeRsuchthatx+y+#6. B dx eRsuchthat Vy e R,x+y#6.
L VxeR,VyeR,x+y#6. D dxeR,dy e Rsuchthatx+y#6.

Write the negation of the following statement, where x represents a real number:
x>0and x <10 = x >0 and x < 10. Also, determine whether the original statement or the negation is true.

Consider the following conjecture: Start with any positive integer. If the integer is even, halve it. If the
integer is odd, triple it and add one. Repeat this process. Eventually, the integer 1 will be obtained.
This is known as the 3x + 1’ conjecture. It is yet to be proved, but it has been shown to be true for all
integers up to roughly 10'*. Verify this conjecture for the following positive integers:

(a) 6 (h) 13 (c) 7
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Methods of proof

Aside from examples and counter-examples (which can be used to prove the truth of a ‘there exists’
statement or the falsehood of a ‘for all’ statement), a mathematical proof typically consists of a sequence of
statements with each statement following directly from either definitions, previous steps or other
established results. In this section, several common strategies for constructing proofs are illustrated.

As many of the statements proved are concerned with even and odd numbers, and divisibility more
generally, it is necessary to be familiar with the following definitions:

An integer n is said to be even if n can be expressed in the form n = 2k, for k € Z.
Fork=5,n=2x5=10

keZ.

Therefore, the number 10 is said to be even, because it is the product of 2 and an integer, 5.
Similarly, an integer 7 is said to be odd if # can be expressed in the form n = 2k @

Fork=5,n=2x5+1=10+1=11

Therefore, the number 11 is said to odd, because it is one more than t oduct of 2 and an integer, 5.

Finally, an integer is said to be divisible by an integer m, if n can bé' expre
Form=3,n=3xk=23k

Therefore, consider the set of numbers k = {1, 2,3,4.. } the {3, 6,9,12.. .}, where 1 represents the
set of integers divisible by 3.

Direct proof \Q

The most straightforward way to prove is to use a direct proof. A direct proof typically starts
ing any given condition holds, and then establishes the

the form n = mk for k € Z.

by introducing any relevant variables

Use a direct proof to prove that if a number is odd, then its square is also odd.

THINKING WORKING

1 Define a numerical variable, and assume  Let p be an odd integer.
the information given—in this case, that
the number is odd.

2 Use the fact that an odd number can Then p =2k + 1 for some integer k.
always be expressed in the form 2k + 1.

3 Aim to demonstrate that the statement is p2 = (2k+1)*
true—in this case, that p* is odd. Thus, = 4k*+ 4k +1
obtain an expression for p* and — 202K+ 2k)+1
demonstrate that it can be expressed in

the form 2(integer) + 1. As 2k* + 2k must be an integer, it follows that p2 is odd.
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Proof by contraposition

Recall that the contrapositive of the statement P = Q is =Q = —P. As the contrapositive is logically
equivalent to the original statement, P = Q, the original statement can be proved indirectly by proving
—Q = —P; that is, by assuming that Q is false, and then proceeding to prove that P must be false.

m Proof by contraposition —
Use a contrapositive proof to prove that if 51 + 3 is odd, then # is even.

THINKING WORKING

1 Determine the contrapositive statement. The contrapositive statement is:

if n is not even, then 57 + 3 is not odd.

This means, if n is n 5n+ 3 is even.
2 Introduce appropriate variables and proceed to Let n be an od r.
prove the contrapositive statement. T = some integer k.
5n+ +3
3
k+8
=2(5k+4)

As 5k + 4 must be an integer, it follows that

\@ 5n + 3 is even if n is odd.

3 Write your conclusion. Because # is odd, then 5# + 3 is even. Therefore,
by the contrapositive statement, if 5x + 3 is odd,
then # is even.
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Proof by contradiction

Another form of indirect proof, but one that is not restricted to proving conditional statements, is ‘proof
by contradiction. The basic idea of such a proof is to assume that the statement needing to be proved is
false, and then demonstrate that this assumption leads to an absurd and impossible result. This then must
mean that the initial assumption—that the statement was false—cannot be true, meaning that the original

statement must be true!

Two proofs by contradiction are illustrated in the following example. The first is a famous proof that +/2 is
irrational. The second is a proof of the statement from the previous worked example, only using contradiction

instead of contraposition.

Proof by contradiction

Use a proof by contradiction to prove each of the following statements.

(a) /2 is irrational.

THINKING

1 Assume the negation of the statement to be
proved.
2 Recall that a rational number can be expressed

in the form £ for integers p and g, w1th

and with p and g having no common f
other than 1.

3 Using a series of valid steps, a

%‘b

contradiction.

4 Interpret your result.

WORKING

Supposé, fora contradiction, that +/2 is

ratj .

The =P for integers p and g, with g # 0,

q

d with p and g having no common factor
other than 1.

= 2q2, hence p” is divisible by 2.
If p’ is divisible by 2, then p is divisible by 2.
Therefore p = 2m for some integer m.
4m* = 2q2
m? =
Hence ¢ is also divisible by 2, so q is divisible
by 2.
Since p and q are both divisible by 2 then there
is a contradiction since p and g have no
common factors other than 1.

It follows that /2 is an irrational number.
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(b) If 5n + 3 is odd, then n is even.

1 Assume the negation of the statement to Suppose, for a contradiction, that 57 + 3 is odd,
be proved. but # is also odd.
2 Using a series of valid steps, arrive at a Then n =2k + 1 for some integer k.
contradiction. 5n+3=52k+1)+3
=10k+5+3
=10k +8
= 2(5k + 4)

As 5k + 4 must be an integer, it follows that
5n+ 3 is even if n is odd.

But this is a contradiction, as the number
5n + 3 is odd, and a nmmber cannot be both
even and odd.

3 Interpret your result. Hence, the numbér 7 cannot be odd, and so
must be even.

Note that the proof in part (a) of the previous example used the fact that if the square of an integer is
divisible by 2, then the original integer must also be divisible by 2. This fact is true not just for the number
2 but for any integers with no perfect square factors otherthafi 1.

r12 . .
For example, if k” is even then k is also eveng

k* =36
k=+36
=+6

where k is even because it can b& expressed in the form k = 2m, -6 =2 X -30r 6 =2 X 3.

This stems from the fact that, forian even number, k = 2m, where m € Z then:
K* = (2m)’

= 4m?

=2(2m?)

You may use this fact when modifying the previous proof to prove the irrationality of other surds in the
subsequent exercise.

You may have noticed that the contradiction proof in part (b) looks very similar to the contraposition
proof from Worked Example 13. The actual logic used is almost identical —the difference is that there is
no actual contradiction obtained in the contrapositive proof since it was never assumed that 51 + 3 was
odd. Note also that a contradiction proof does not aim for a particular contradiction—any contradiction
is sufficient. In a situation such as this, when a contradiction proof is very similar to a contrapositive
proof, the contrapositive proof is considered more efficient and elegant.
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Proving logical equivalences

The simplest method to prove a statement of the form P < Q is to separately prove both P = Q and
Q = P, as demonstrated in the following example.

m Proving logical equivalences —

Let n be a positive integer. Prove that n + 9 is odd if and only if n — 8 is even.

THINKING WORKING
1 First, suppose that n + 9 is odd. Then n-8=(n+9)-17
n+9=2k+ 1 for some integer k. =(2k+1)-17
=2k—-16
=2(k-8)
Thus, n — 8 isevenifn+ 9@.
2 Conversely, suppose that n — 8 is even. n+9=(n-8)+17
Then n — 8 = 2k for some integer k. =2k+17
=2k+1

and only if the sum of its digits is divisible by 3.

THINKING WORKING

1 Define the variables for the di Let a, b, ¢ be the digits, in order, of a three-digit
an expression for thie nu number, N. The actual number is therefore
N=100a+ 10b +c.

2 Since the statement involves ‘if and only if’, it First suppose that N is divisible by 3. Thus,

is necessary to split it into two conditional 100a + 10b + ¢ = 3k for some integer k. Then
proofs. First suppose that the number is 99a+9b+a+b+c=3k
divisible by 3 and demonstrate that this a+b+c=3k-99a-9b
implies that the sum of the digits is divisible a+b+c=3(k—33a-3b)
by 3. Thus, the sum of the digits is divisible by 3.
3 Finally, demonstrate the converse of the Conversely, suppose the sum of the digits is divisible
previous step to complete the proof. by 3. Then a + b + ¢ = 3k for some integer k. Then
N =100a+10b+c
=99a+9b+a+b+c
=99a+9b+3k
=3(33a+3b+k)

Thus, N is divisible by 3.
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Methods of proof

1 Use a direct proof to prove each of the following statements.

(a
(b)
(c)
(d)
(e)
(f)
(g)
(h)
(i)
(j)

The sum of any two odd integers is even.

The sum of an odd integer and an even integer is always odd.

The product of two odd integers is odd.

The sum of two consecutive odd numbers is divisible by 4.

The sum of the squares of five consecutive integers is divisible by 5.
The product of two rational numbers is rational.

The sum of two rational numbers is rational.

If n is odd, then n? is odd.

If n is divisible by 7, then n* is divisible by 7.

If m 4+ n and n + p are even, where m, n, p are integers, then nit piis even.

2 Use a contrapositive proof to prove each of the following statements.

(a
(b)
(c)
(d)

(e)

Let n be an integer. If 3n + 2 is even, then n is even.
If a and b are integers and ab is even, then at least onejof a and b is even.
Let n be an integer. If n® + 51is odd, then # is even.

If x is irrational then /x is irrational.

.. . 1. . .
If x is irrational, then — is irrationals
x

3 Use a proof by contradiction to preve each'of the following statements.

(a
(b)
(c)
(d)
(e)

V3 is irrational.

/5 is irrational.

The sum of a zational and an irrational number is irrational.
The product of afational and an irrational number is irrational.

There are no integefs a and b such that 18a + 6b=1.

L Prove each of the following logical equivalences.

(a
(b)
(c)
(d)
(e)

Let n be a positive integer. n + 9 is even if and only if # + 6 is odd.
Let n be a positive integer. n — 3 is odd if and only if n + 2 is even.
Let n be a positive integer. # is even if and only if 131 + 4 is even.
Let n be a positive integer. n is odd if and only if 7n + 6 is odd.

Let 1 be a positive integer. n is even if and only if n” is even.
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Consider the following statement: ‘If two integers have an even product, then at least one of the two
integers must be even.

(a) To prove this statement by contraposition, it would be necessary to:

A suppose that at least one of the two integers is even, and then show that the product must
be even.

B suppose that at least one of the integers is odd, and then show that the product must be odd.
L suppose that both integers are odd, and then show that the product must be odd.

D suppose that the two integers have an even product and that both integers are odd, and then
show that a contradiction arises.

(b) Explain the misconceptions or errors that lead to selecting the incorrect alternatives.

Prove that the number 1 — 5+/2 is irrational.

Let a, b, c be positive real numbers such that ab = c. Prove that a < \/E ob,< \/Z y

Prove that if a* — 2a + 7 is even, then a is odd.

Prove that a four-digit number is divisible by 9 if and only if thessum,ofits\digits is divisible by 9.

(a) Prove that for all real numbers a and b, a* + b > 2 abs

() Using the result from part (a) or otherwise, prove that for all positive real numbers a and b,

(a+b)(i+2)2 4

(c) Using the result from part (a) or otherwise,prove that for all positive real numbers a and b,

a+b2\/%‘

2
Prove that every odd integer can®eexpressedras the difference between two perfect squares.

Prove that if a and b € Z, thénla® b —3 # 0.

o 2 recer

Let k be a positive integer. Prove that if 25" + 3% is divisible by 5, then 25" + 3°*** i also divisible by 5.

It is known that \/n is irrational whenever 7 is a positive integer that is not a perfect square. Use this
result to help prove that \/6 + /10 is irrational.

Use a proof by contradiction to demonstrate that there is no rational solution to the equation x” + x + 1 =0.
Hint: Start by supposing, for a contradiction, that =2 is a rational solution to the equation, where p and g

q
are integers with no common factor other than 1 and with g # 0. Then consider what would happen if both
p and g were odd, or if one of them was even and the other odd.
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Summary

Real numbers

The diagram below summarises the different types of real numbers.

Real Numbers R
(numbers that can be placed on a number line)

Rational Numbers Q Irrational Numbers Q'
(Numbers that can be written as the ratio of two integers 4 (Numbers that are not rational, e.g. 7, V6, etc.
All terminating or recurring decimals are rational.) Decimal representations go on forever in no pattern.)

Non-integer rationals Integers Z @

Negative integers Z-

Positive integers Z*

A simplified fraction can b ed as a terminating decimal if the denominator has no prime

factors other than 2 orf5; otherwise, it can only be expressed as a recurring decimal.

When converting g decimal to a simplified fraction, multiply by the power of 10 equal to
the number of digits that are recurring.

Negating ‘and’ and ‘or’ statements
The negation of ‘P and Q’ is ‘not P or not Q.
The negation of ‘P or Q’ is ‘not P and not Q.

(uantifiers

The symbol V (known as the universal quantifier) is used to mean ‘for all’.

The symbol 3 (known as the existential quantifier) is used to mean ‘there exists.

Providing a single example is always sufficient to prove that a ‘there exists’ statement is true.
Providing a single counter-example is always sufficient to prove that a ‘for all’ statement is false.

The negation of a ‘for all’ statement is a ‘there exists’ statement. Similarly, the negation of a ‘there
exists’ statement is a ‘for all’ statement.
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Conditional statement

Each of the following means the same as P = Q:

o If P, then Q.

o QIifP

o Pisa sufficient condition to conclude that Q.
o Qis necessary if P

P implies that Q.

For a statement of the form P = Q that involves some variable:

o The converse is the statement Q = P.
o The contrapositive is the statement not Q = not P.

o The negation is the statement ‘there exists some value of the variable for which P is true,
but Q is false’

Logically equivalent statements @6

Two statements are logically equivalent if whenever one is true, the ot

Each of the following can be used to express the fact that P and % ly equivalent:

o be true.

o Pis necessary and sufficient for Q.
o Pifand only if Q.
e« P QandQ=P.

. PeQ \Q

Methods of proof

A direct proof starts by assuming any gi
result.

ions hold, and then proceeds directly to the desired

A contrapositive proof is a dire
involves proving a stat tha

the contrapositive of a conditional statement. As this
ot the same, but is logically equivalent to the original, it is
known as an indirect

A proof by contradiction involves assuming that the statement needing to be proved is false and then
demonstrating that this assumption leads to an absurd and impossible result. This then must mean
that the assumption was false, meaning that the initial statement must be true.

The simplest method to prove a statement of the form P < Q is to separately prove both P = Q and
Q= P.
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Exercise 3.1

Exercise 3.1

Exercise 3.1

Exercise 3.1

Exercise 3.2

Exercise 3.2

Exercise 3.2

Exercise 3.2

Chapter review B

For each of the following numbers, determine which sets from R, Q, Q’, Z, Z*, Z" and N the
number is an element of.

(@) % (b) -5.83 © -3 @ o ) V10

Express each of the following rational numbers as a terminating or recurring decimal.

(a) 17 (b) 1 (c) £l
100 40 12

Write each of the following numbers in the form P where p and ¢q % 0, and p and g have

no common factor other than 1. 9
(a) 0.38 (b) 0.5 : 0.231

Which one of the following numbers can be written g decimal?
A A B 2 C p 22

150 900 20 140
Determine the negation of each of the following statements.
(a) nis divisible by either 5 or 6. \ 10 (c) pisprimeand p #2.
Translate the following stateme eryday language. Also determine whether or not the
statement is true, justifying r where appropriate.
(a) V integers n, the nu 10mis divisible by 4.
(b) 3 a real number that x* = 2.
(c) V real numbe eal number y such that xy = 1.
Determin egation of each of the following statements. Also determine whether the original
statement or t gation is true, justifying your answer where appropriate.

(a) 3 areal number x such that x*> < 0.
(b) V integers n, 5n+ 3 is odd.

(c) V integers n, 3 an integer m such that 2m = n.

Rewrite the following statements using the implication symbol, =.

(a) 3xis negative if x < -10.

(b) n is a multiple of 5 is necessary if n ends in a zero.

(c) nisa multiple of 4 is a sufficient condition to conclude that # is even.

(d) x> 3 isa sufficient condition to conclude that x* > 9.
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"

12

13

14

17

18

19

20

21

22

23

24

25

Write the converse, the contrapositive and the negation of each of the following conditional
statements. Determine whether each of the original statements, converse, contrapositive and
negation is true or false, justifying your answer where appropriate.

(a) If nis divisible by 4, then n is divisible by 12.
() Ifxy=1, then eitherx=1ory=1.
(c) Ifx>0andx< 3,thenx’<09.

Which of the following statements is true?
A x=3ox=9 B x<3ox<4 C x=3ex=27 0 x>1e2x>1

Use a direct proof to prove that the sum of the squares of any two odd integers is even.
Use a contrapositive proof to prove that if n° —  is not divisible by 4, then # must be even.
Use a proof by contradiction to prove that /7 is irrational.

Use a proof by contradiction to prove that for all integers a and b, 12a — 9b a@

Prove that # is odd if and only if n” is odd.

P where pand g € Z,
q

Demonstrate that 0.a3b, where a and b € Z, can be express
q#0.

Prove that if g, b, ¢ and d are consecutive intege a<bsc<d, then
@+ - +d=a+b+c+d

Prove that 3/2 is irrational.

Prove thatif aand b € Z, then a

Prove that if 6* + 4 is divisib theh 6™ + 4 is divisible by 10.

Prove that for all positive .
y 7ty

Prove that a four-digit number is divisible by 7 if and only if the number obtained by removing
the final digit and subtracting it twice from the original number is divisible by 7.

Prove that if a, b, ¢ are odd integers, then the equation ax” + bx + ¢ cannot possibly have a
rational solution.

Solve the following: \/ 1+4/1++/1++/1+... . Hint: Consider modifying the method used to

convert a recurring decimal to a fraction.

n+l

3) L3

Prove thatif P=~2/__ | then =3
1 n 4_3P 1 n+l

(5) +3 (5) +3

Exercise 3.2

Exercise 3.2

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.1

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.3

Exercise 3.1

Exercise 3.3
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