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Supporting the integrating of technology

Students are supported with the integration of technology
in a number of ways. The eBook includes ‘How to’ user
guides covering all basic functionality for the following
three graphing calculators:

« TI-84 Plus CE

* TI-Nspire CX (non CAS)

+ CASIO fx-CG50AU

Throughout the student book are Technology worked
examples strategically placed within the theory for both
the TI-Nspire CX (non CAS) and CASIO fx-CG50AU.

The examples clearly demonstrate how the technology

can be used effectively and efficiently for the content
being covered in that chapter.

Graphing calculators are not the only technology

integrated throughout the Pearson Queensland senior

mathematics series. Spreadsheets, Desmos and
interactive widgets have been included to provide
students with the opportunity to visualise concepts,

consolidate their understanding and make mathematical

connections.
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How to use this book

Pearson Mathematical Methods 12 Queensland Units 3 & 4

This Queensland senior mathematics
series has been written by a team of
experienced Queensland teachers for the
QCE 2019 syllabus. It offers complete
curriculum coverage, rich content and
comprehensive teachers support.

Additional information

These interactives appear in the
eBook in two forms, as videos
explaining specific concepts or
as interactive questions to check
students’ understanding.

Key information

Key information and rules are
highlighted throughout the
chapter.

Explore further

This eBook feature provides

an opportunity for students to
consolidate their understanding
of concepts and ideas with the ai
of technology, and answer
number of questions to
their understanding and b
their skills base. These activi
should take approximately
5-15 minutes to complete.

Meeting the needs of the QCE

pr—) | Watch the video demonstrating how

—e

G Making connections

Area between curves
Explore the relationship between the areas

of curves bound by the x-axis and the areas _

of curves bound by other curves.

ﬂ Additional information

Area between two curves

to determine the area between two
curves, then complete the activity.

If f(x) and g(x) represent two functions, where f(x) > g(x) for all x in the interval [a, b], the area enclosed
by f(x) and g(x) between x = a and x = b is given by:

()= gx)deor [ f(x)dx— [ g(x)de

Syllabus

Area enclosed by two curves

©) and g (x) = 2x.

Determine the area enclosed by the graphs of
THINKING WORKING
1 Solve f(x) = g(x) to determine thi @ x(3-x)=2x

of the points of intersecti 3x—x? =2x
x—x>=0
x(1-x)=0
x=0orx=1

The x-values of the points of intersection are

atx=0andx=1.
ke e graphs and identify the 7 .
ir on. s@=2x

Jx) =x(3 -x)

3 Express the integral in the form: J.
Jb(f(x)—g(x))dx, where f(x) is the upper _ J‘l
0

function, and simplify the integrand.

The authors have integrated

both the cognitive verbs and

the language of the syllabus
objectives throughout the worked
examples and questions.

Every worked example and question is graded

Every example and question is graded using the three
levels of difficulty, as specified in the QCE syllabus:

* simple familiar (1 bar)

» complex familiar (2 bars)

« complex unfamiliar (3 bars)

The visibility of this grading helps ensure all levels of
difficulty are well covered.

Chapter 5 Definite integrals




Making connections

This eBook feature provides
teachers and students with a
visual interactive of specific
mathematics concepts or
ideas to aid students in their
understanding.

Technology worked examples

G Making connections

The exponential function and its inverse
Explore the properties of the exponential graph and its
inverse, the logarithmic graph.

G Technology worked example

These worked examples offer
support in using technology

such as spreadsheets, graphing
calculators and graphing software,
and include technology-focused
worked examples and activities.

Tech-free questions

These questions are designed

to provide students with the
opportunity to practise algebraic
manipulations to prepare them
for technology-free examination
papers.

Highlighting common errors

Throughout the exercises,
authors have integrated

questions designed to highlight
common errors frequently m
by students. Explanations ar
given in the worked solutions.

Warning boxes

Warning boxes are located
throughout the chapter to alert
students to common errors and
misconceptions.

viii

Solving exponential equations

EXERCISE

SAB Logarithmic functions and

roperties

1 Simplify each of the following expressions.
(a) log, (1) (b) 2log, (1)

2 Which expression is equal to log, (%

210 (10) (d) 3log, (4)

X
D log (3x+2)

(9 logs (5)~logs (4)

A log, (4x+2) B

€ log,(2x+2)

3 Simplify each of the follo¥

(a) logs (3)+1logs (5) (b) logg (4 )+logg (2)
(e) logyg (6) —logy, (5

log, (3) (0 log, (12)—log, (2)—log, (3)

pression 3log, (x)+2log, (x)+log, (4x).

() logy, (6 i

expression is equivalent to the original?

x2+4x) B loge(x3+x2+4x)t loge(4x6) D 6log, (4x)

xplain the common error made by a student who obtained an expression with a coefficient of
6 for part (a).

Simplify each of the following expressions.

) Tog, (2°) ®) logs (27) © log, G)
(d) log,, (0.01) (e) 3logg(2)

1
(M) 2log, (\/E) (g) -2log, (Z)

6 Convert each of the following to logarithmic form.

(a) 3*=81 (b) 10° =1000 © 22== (d) 10° =0.001

(c) log, (%)= -3

7 Convert each of the following to exponential form.

(@) log, (16) =4 (b) logs (27) =3 (d) logy, (0.1) =

WARNING

It is a common misconception that these expressions are equivalent.

log, (m+n) # log, (m)+log, (1)
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covered, to prepare students

for the end-of-year exam. They
have been placed at the end of
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Recall

Differentiate functions of the form f(x) =
1 Determine the derivative of each of the following.
(a) y=4x®—2x*-3x+2 () y=(x+1) +x* () f(x)=3x"+4x-5

@ f(x)=2x* ) y=x-x7 +§

Determine a derivative at a given value

2 Determine the value of each of the following.

(a) Z_yify =4-3x" +x*and x=-2 (b) f(3)if f(x)=3x—4x>
x

(c) f(16)if f(x)= X -2xt 6
Differentiate functions of the the form f(x) = (ax + b)" @
3 Determine the derivative of each of the following.

@ y=(x+2)" B y=(2x+5 (o y 1):
(d) y=5(3x—4)'2 (e) y=(2x+3)%

Differentiate exponential and logarithmic functi
4 Differentiate the following functi @

(a) y=e* e? © f(x)= LR
(d) f(x)=7log,(2x—-1 () y= loge < ], x>-3
3+x
Differentiate trigonometri i
5 Determine el% each of the following.
(a) sin(3 (b) cos(5x) ) y= 3s1n( 23 )+ 2cos(7x)
(d) f(x)=sin X) (e) f(x)=3cos(1lx—2)

Differentiate using the product and quotient rule

6 Use the product or quotient rule to differentiate the following functions.
3

(a) y=x*sin(x) () y=x*e* e} y= a
sin(x)
log, (x) sin(x) Jx
d — e = f =
(d y o © cos(x) 0y x+5

Differentiate using the chain rule

7 Use the chain rule to determine the derivative of each of the following.

(a) ;v=(3x2+2x)4 (b) y:sin(xz) () y=+x’—4x+2

d) y= e (e) y=sin*(x)

208  Pearson Mathematical Methods 12 Queensland



Introduction to anti-differentiation

An anti-derivative is a function F (x), such that F” (x) = f(x).
Anti-differentiating can be considered the reverse process of differentiating.

Differentiation

Hence anti-differentiation is the process of determining a function f(x) dy

from its derivative or gradient function f” (x). The derivative of 3x2 is 6x, y=f(x) o =f'(x)

. . . . 2
so an anti-derivative of 6x is 3x~.

Anti-differentiation

Consider the following functions and their derivatives:

f(x) f’ (x) 0 Additional information

Anti-differentiation as the reverse process of
differentiation
In this activity, deterfni

3x2 6x
3x2 +2 6x
3x2 -7 6x

e expressions on the

right that are anti=derivatives of the expressions
on the left.

You can see that 3x2, 3x? +2,and 3x2 =7 are
all anti-derivatives of 6x, differing only by the

jf(x)dx is the i

and it indicat finding the anti-derivative

constant. Hence there is an infinite number of

of the exp 0 with respect to x. The dx
indicates Q s the variable with respect to which

th i-diffesentiation takes place.
F@f(x)dx =F(x)+c¢
of integration. The notation you use to

) ! X dx = X)+cC
indicate the process of anti-differentiation 1 -[ i) f(x)

J.6xdx=3x2+c,whereceR.This' 1l rJ.Z_ydx:)""C
the indefinite integral of 6x with t tow. x
¢ indefinite integral of 6x with res The derivative of the integral gives the original

Note that a constant coef] 'en%written function, but the integral of the derivative does not
before or after the integral si ut (because of any constant term that may be present, c).
nte

anti-derivatives of 6x, all with the same
gradient function. Therefore you write the
anti-derivative of 6x as 3x> + ¢, where c is an
arbitrary constant, also known as the constant

changing the value of t I; for
example, j6x dx = 6f xdx.
The two useful results in the box below can be used to simplify anti-differentiation. The first one allows

placement of a constant coefficient either inside or outside the integral sign. The second one allows for
anti-differentiation term by term of a series of terms.

Rules for indefinite integrals: © Additional information
_[kf(x)dx = kjf(x)dx Identify the components of an indefinite integral

This activity provides an explanation of the

J. (f (x) tg (x)) dx = .[ f (x)dx + I g(x)dx different components of an indefinite integral.

Chapter 4 Anti-differentiation

209



n Use differentiation to determine an anti-derivative

Differentiate f(x)= 4x’ + 3x* and hence determine the anti-derivative of 12x* + 6x.

THINKING WORKING

1 Determine the derivative. f(x)=3x 4x> N 2% 3x*7!
=12x" + 6x

2 Rewrite in the form J.f'(x)dx = f(x)+c. J.(12x2 + 6x)dx =4x> +3x% +¢

n Use differentiation to determine an anti-derivative with adjustment of a constant coefficient

Differentiate each of the following and hence determine the required anti-deg.
2
- X"

() Differentiate f(x)=6x* —2x> and hence determine the anti-derivati
THINKING WORKING
1 Determine the derivative. f( :
2 Express the derivative in terms of the required 4x° — x* )
anti-derivative.

1
3 Express the anti-derivative required in ter@ J' 3 x? )dx ==X 6".(4 = 52 )dx

of the derivative found where ?
Jf’(x)dx:f(x)+ . =g(6x4—2x3 +C1)
— 4 1 3 h _4a
4 Express the anti-derivative in ed =X - gx +c wherec = P

form.

(b) Differentiate f 3®md hence determine the anti-derivative of j 27(3x — 2)2 dx.

1 Differentiate theffafiction. f(x)=3(3x-2) x3
=9(3x—2)

1
2 Express the derivative in terms of the required ~ f’(x) = P 27(3x - 2)°
anti-derivative.
1
3 Express the anti-derivative required in terms = j 27(3x—2) dx = J.9(3x —2) dx
s 3
of the derivative found where

2. _ 2
[ £ (x)dx = f(x)+c. [27(3x-2) dx=3x [9(3x - 2)" dx
=3x[(3x-2)¢, |
4 Express the anti-derivative in the required =3(3x— 2)3 +c¢, where c=3¢,
form.

210 Pearson Mathematical Methods 12 Queensland



Graphing anti-derivatives

You will recall that the graph of a derivative function y = f” (x) gives the value of the gradient of the
original function y = f(x) for each point on the graph. The graphs of each of the two functions below
result in the same derivative graph because these functions have the same gradient for every value of x in
the domain. You can obtain either of the graphs of y = f(x) from the other by a simple translation up

or down.

fx) fx)

: 0 \r/ X 3 0 x
if (%) 3 3 £

. A N A
< = ~%

Finding an anti-derivative graph y = F (x), given the graph of a f@y A(x), i
finding a derivative graph. You can look at the values of f(x a corresponding gradient for F(x).
From the graphs above, it is clear there will not be a unique so possible anti-derivative graphs

are drawn.
fx) fx) /
~ ~4—— ¥
F(x) ! F) :
/ 7/ /\\/
0 X

In this case, where the function has an x-intercept, the graph of the anti-derivative has a maximum or
minimum. Where the function is positive, the graph of the anti-derivative is increasing, and where

the function is negative, the graph of the anti-derivative is decreasing. Wherever you position the possible
y = F(x) graph, it belongs to the family of anti-derivative graphs for y = f(x) obtained by translating

the graph in a direction parallel to the y-axis. It is possible to determine the nature of the turning

point on the graph of y = F(x) by examining the sign of the original function around the x-intercept.
Consider the graph above, in which f(x) indicates the gradient of F (x).

Chapter 4 Anti-differentiation

21
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Sign of f(x) =

Description of  Above the
f(x) x-axis

Shapeof F(x) /

Description of ~ Increasing
F(x)

Sign of f(x) -

Description of  Below the
f(x) X-axis

%‘b

Shape of F(x) \

Description of ~ Decreasing

F(x)

Pearson Mathematical Methods 12 Queensland

Maximum turning point

0 - y
x-intercept Below the Jx)
X-axis
0 X

— \ J
Stationary Decreasing X)
point

Qr.

/

Minimum turnin

RN %
x-in \ Above the

=

ﬁ(x)

X-axis
0 X
. . F
Stationary Increasing f %)
point
0 X



A stationary point of inflection where £(x) is above the x-axis

Sign of f(x) A 0 A y
Description of ~ Above the x-axis x-intercept Above the x-axis
f) f&)
0 X
Shape of F(x) / - / y
Description of  Increasing Stationary point Increasing F(x)
F(x)
0 X
A stationary point of in lecti@ f(x) is below the x-axis
Sign of f(x) - 0 - y
Description of f(x)  Below the x-axis x cept Below the x-axis 5 ~
((\ "
Shape of F(x) \ — \ y
Description of F(x) Decreasing Stationary Decreasing
point F(x)
0 X

Chapter 4 Anti-differentiation 213
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If the graph of the original function has a discontinuity, such as a hyperbola, you can deduce a possible
anti-derivative graph for each part of the domain separately. The graph of F (x) will have asymptotes at the
same x-values as f(x); more explicitly if a function has a vertical asymptote, then both the derivative and
the anti-derivative are undefined for the value of x at the asymptote.

B Sketch anti-derivatives —

Sketch a possible graph of the anti-derivative of each of the following functions.

(a)  flx)

THINKING WORKING @

1 Consider the x-intercepts of f(x) and the Nea% , the gradient follows:

corresponding features of F(x).
0 +

\ = /

@ A minimum turning point on the graph of
\ F(x).

Near the minimum turning point, the

gradient follows:
i fx) + 0 o

F(x o=
6 A stationary point of inflection exists on the
graph of F(x).

2 Consider the other features. The maximum turning point indicates that
the gradient increases to a maximum
positive value and then starts to decrease
(still positive). There is a point of inflection.

Pearson Mathematical Methods 12 Queensland



3 Sketch a possible graph of the anti-derivative. F(x)

0 X

This graph has been drawn passing through
the origin, but any vertical translation of the
shape is correct.

me position.

\ The horizontal asymptote indicates that the
gradient approaches zero as x — * oo, but it
@ might not be at y = 0.

2 Consider the other featur The derivative (gradient) is always negative.
@ Left-hand branch: the gradient is close to

zero, then becomes increasingly negative.

1 Consider the asymptotes. @he vertical asymptote will remain in the

Right-hand branch: The gradient is negative
and becomes less negative, approaching zero.

3 Sketch a possible graph of the anti-derivative. F(x)

4\0 X

Any vertical translation of this graph is
correct.

Chapter 4 Anti-differentiation

215
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Worked
Example

[

EXERCISE

W |niroduction to anti-differentiation

Differentiate each of the following functions and use the results to determine the given anti-derivatives.

(a) f(x)=2x> — 4x hence determine the anti-derivative of 6x> — 4.

1
() f(x)=3x* - 2+/x, hence determine the anti-derivative of 6x — ——.
(c) f(x)=5x*+2x— 6, hence determine the anti-derivative of 10x + 2.
)=

N

(d) f(x)=5x"~ l, hence determine j(le + —) dx.
x x

Differentiate each of the following functions and use the results to determine the given anti-derivatives.

(a) f(x)=6x —10x, hence determine the anti-derivative of 9x* — 5.

(b)) f(x)=5x - x° hence determine the anti-derivative of 3x* —

(c) f(x)=3x*-5x" hence determine the anti-derivative of

(@ f(x)=x*- 1 , hence determine I(4x +—=
x

Differentiate each of the following functions and use to determine the given

anti-derivatives.

(a) f(x)=(3x—-2)’ hence determine@ dx.
3 ,

(b) f(x)=(6x—1)", hence determin

Differentiate each of the followi
anti-derivatives.

etric functions and use the results to determine the given

= sin(2x), de mlnejcos(Zx)dx

(b) f(x)=3co etermme I 27 cos® (x)sin(x)dx.
(c) f(x)= sin’ ), hence determine J.sin(3x)cos(3x)dx.

Differentiate each of the following exponential functions and use the results to determine the given
anti-derivatives.

(a) f(x)=e" hence determine Je" dx.
() f(x)=e™, hence determine Jek" dx.
(c) f(x)=3e* hence determine J-30esx dx.

Differentiate each of the following logarithmic functions and use the results to determine the given
anti-derivatives.

(a) f(x)=log,(7x), hence determine J-Zidx.
x

(b) f(x)=log,(2x +1), hence determine J il
x

Pearson Mathematical Methods 12 Queensland
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Worked

Sketch the graph of a possible anti-derivative function for each of the given functions, matching key values. @
(@) fx) (b)  fix)

0 X

Sketch the graph of a possible anti-derivative function for each of the given functions, matching key values.

(a fx) ()  fix)

%,

If the derivative of x> sin(2x) is 2x(x cos (2x) + sin (2x)), then %' 2x)+ x sin(2x)) dx is equal to
which one of the following?

A x*sin(2x)+c B 2x(x cos(2x) +sin(2x)) + ¢ sin(2x)+c¢ D 2x*sin(2x)+c

Which one of the following integrals cannot be mine differentiating x°e*?
A Ixzex(x+3)dx B Je" (x+3)dx x(x3 +3x2)dx D f2x3ex +6x%e" dx

Which one of the following is a possibl )
anti-derivative graph for the gra@ wn? \ /

>4 '
A

C F(x) D F(x)

Chapter 4 Anti-differentiation
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13

14

Verify that the derivative of x? (2x — 1)’ can be expressed as 2x(5x —1)(2x —1)*. Hence, determine

the value of the constant of integration ¢, given that fx(5x —1)(2x—1)’ dx =20 at x=2.

Differentiate 3(2x — 1)* and hence determine the equation of the curve y = f(x) with a gradient
function of 3(2x — 1)’ that passes through the point (1.5,8).

A child began to feel unwell around 1:30 pm on Sunday, and by 1:50 pm she was very hot and feverish.
The child’s temperature was taken at 10-minute intervals for the next few hours. The graph shows the
rate of change of temperature over time.

Rate of change
in temperature
(°C/10 min)

T
Q
O

%
Q

1
Q
3

d’s temperature rising most rapidly?

(a) At what approximate time was

(b) Between what times wastthe teémperature rising?

() Describe what was % to the temperature at approximately 3:40 pm.
a

(d) Sketch a po the child’s temperature over the same period of time.
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Anti-differentiation of power functions

In the previous section, you were introduced to anti-differentiation as the reverse operation of
differentiation, noting that the indefinite integral has an arbitrary constant added. In this section, you will
learn how to determine the anti-derivative (indefinite integral) of a power function and use given
conditions to determine a particular value of the anti-derivative.

Consider the following derivatives:

2 3
e o
J.Zxdx=x2+c1 J.3x2dx:x3+c1
2_"xdx=x2+c1 3_"x2dx:x3+c1 6
1 1
jxdx - E[xz " Cl] sz e = 5[x3 i Cl] ﬁ +dd’ .ional information

1 1
dex:—x2+c Ixzdx:—x3+c .
2 3

1 1
where ¢ = —¢ where ¢ = —¢, ®
2 3

You can check these by differentiating the result in each case.

anti-differentiating expressions
of the form x".

In the general case:

Note that for the anti-derivative, the power is inere by one and I X" dx =
the result is divided by the new power.

x"+c, n#-1
n+1

As you will have observed in the previo, , a constant
n _ n
coefficient may be written inside thefantiyderivative sign or before it. fax dx = a.[x dx, n#-1

axn+1
= +c
n+1

[’ Anti-differentiate exore sions of the form ax”

Determine the following anti-derivatives.

(a) J.3x4dx

THINKING WORKING

1 Express in the form aJ. x"dx. I3x4dx = 3j x*dx
axn+1

2 Recall the formula. ajx”dx = +c, n#-1
n+1

. 3x°
3 Substitute the known values. = T +c
4 Interpret the answer. The anti-derivative of 3x*; that is, J.3x4dx is

X5
equal to Y +c.

Chapter 4 Anti-differentiation 219
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(b) j4xJ§ dx

1 Express in the form a_[ x"dx.

7 Recall the formula.

3 Substitute the known values and simplify as
needed.

4 Interpret the answer.

J‘4x\/; dx = 4J-x%dx

n+l

ax
ajx"dx: +¢, n#-1
n+1
3 4 %
2 5%
4Jx2dx: —+c¢
2
5
8x?
= +c
5

The anti-derivative of 4x\/; ; that is,

_"4x\/;dx ise @+ c.

You will note that if f(x) = 2x, then " (x) = 2, hence IZ dx =2x+c

the rule for anti-differentiating x", you obtain:

1
ZJxodx:2xx—+c
1

=2x+¢c

THINKING

1 Express terms in the form aJ. x"dx.

2 Use the rule for anti-differentiating powers
of x. Since ¢ represents an arbitrary constant,
you only need to add ¢ once at the end.

3 Simplify the expression on the right-hand
side of the equation.

4 Express the anti-differentiated expression.

J.Z dx as _[Zxodx and applying

WORKING
J(3x2 —3Jx + 4)dx = 3J.x2dx - 3J.x%dx + J.4dx
This step can be omitted, and the anti-differentiation
can be done under the one integral sign.

2

[(3x> = 3Jx +4)dx = 3[%)— ?{§J+4x +c

2

2 3
363’—3><§x2 +4x+c

j(?axz —3\/;+4)dx = x> —Zx% +4x+c
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Notation

The following notations are used at various times to indicate the process of anti-differentiation.
j f(x)dx = f(x)+c

I dy dx=y+c
jf(x)dx = F(x)+c

n Simplify before anti-differentiating —

(3% —2)(x* + 1)‘

Determine the anti-derivative of 5

x
THINKING WORKING %
3x% —2)(x* +1 a2 _
1 Expand the brackets and collect like terms. J‘ ( )2( ) % )26 2 dx
x x
2 Rewrite each term with the denominator and xt %2 2
(322 e

express each one in the form ax". x XX x
= [(3x? +1-2x?)dx

3 Anti-differentiate each term using the rule
and introduce the constant of integration. 3 -1
4 Simplify, expressing with positive powers =x+x+2x" +¢

write down the answer. , ,
J(3x —2)(x* + 1)d

3 2
> x=x"+x+—+c
X X

5 Express the anti-differentiated ex

erentiation

rentiating can lead you to information about the quantity whose rate you

Applications o

Given a rate of change, anti-di
are measuring. For example, velocity is a measure of the rate of change of position. In other words, the

: dx . . . . o o
velocity v may be expressed as v = = where x is the position of a particle at time ¢. Anti-differentiating

with respect to t gives you an expression for the position.

Apply anti-differentiation e

Determine an expression for the position x of an object if its velocity v is modelled by the function

3
v =——5attimet, for t €[2,5].

t
THINKING WORKING
1 Express as an anti-derivative. x= J. vdt

= j(%—5)dt

Chapter 4 Anti-differentiation
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7 Write terms in the form aj x"dx.

3 Use the rule to anti-differentiate each term,
introduce the constant of integration and
simplify the expression.

4 Interpret the answer.

J'(tiz = S)dt = [(3¢ =5t°)at

3
The position equation is given by x = - P 5t+c.

n Determine the value of the constant of integration —

dy
dx

If =

THINKING

1 Expand the expression and write each term
in the form aJ. x" dx.

2 Express y as an anti-derivative of

3 Anti-differentiate the expression, d
the constant of integration an

L Use the given ¢ %rmme the
value of the con

5 Interpret the answer.

\@: 16— 24x2 + 9% )d

2
3
(4 - —) , determine y in terms of x if y =13 when x = 1.
x

WORKING

4__

6—24x 2 +9x*

3
—16% — 24><x—+9><x—3+c

24 3
=l6x+——-—+c
X x
Whenx=1, y=13:

24 3
13=16(1)+T—1—3+c
13=16+24-3+¢c
c=-24

2
The anti-derivative of Z—y = (4 - iz) that includes
x x

24 3
the point (1,13) is y = 16x + — — — — 24.
X x
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Families of curves

If f'(x) = 2x, then f(x)= x* +c. A set of graphs for various values of the arbitrary constant ¢ represents
a family of curves, all of which have the same gradient function 2x.

Y
12

Each graph represents a translation of y = x* parallel to
the y-axis. At any x-value, the curves will have the same
gradient.

EXERCISE

WA Anti-different] power functions

Worked
Example

ti-derivatives.

1 Determine each of 11

@ [ dx 0 [4x dx 0 [ dx
) [34x dx 0 [ dx W [t as ) [3x2 dx
2 Determine each of the following anti-derivatives. @
(a) J(6x2 —x+2) dx (b) _[(x3 —3x2 +2x)dx (c) f(6x2 +2\/;) dx
(d) J(4—§}dx (e) J‘(4x—%+x3)dx (f I(7+§+w%)dw
3 Determine each of the following anti-derivatives. @
3 2 4 2
@ jx:jx dx 0 [ s o0 [
2 _ 2
@ f(x-1)(x* +2)dx @ [ (’“22# dx (f) j(x 3l£x +4)dx
2
(g) jx\/;x dx (h) j\/;(x—3)dx
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Worked
Example

i
5

10

12

13

dx
The velocity v of a particle is the rate of change of its position x at time t, so v = P Ifv = 3t> — 4t +18,
determine an expression for the position of the particle at time ¢.

If the particle in question 4 is at a position x = 2 when ¢ = 0, determine the value of each of the
following.

(a) the constant of integration, ¢

(b) the position of the particle when t =3

Determine f(z), given:
@ f(2)=z-62° b) f(2)=(z-2)(z+4)

© f )_—4" W f)==2
Z

For each of the following, determine y in terms of x for the given conditions.

() y=J(6x2—2x)dx,andy=-10whenx=2 6
(b) %—i_,),andyzlwhenx:4 @
x° x

The gradient of a curve at any point is given by f’(x) = (1 + rmine the equation of the
curve if it passes through the point (1, - %)

Determine an anti-derivative of each of the followin

5
(a) I(3—£) dx @) _[ (4- x) dx
For each of the followmg, express y in

dy _ o

2 3
Differentiate f(x)= 3 * and use the result to determine J.Zxxll + x* dx.

The gradient of
point (3, 18), deter

rve yaries directly as x°. If the curve passes through the origin and the
e each of the following.

(a) the equation of the curve
(b) the value of the gradient at x=-3
(c) thevalueof yatx=-3

The gradient of a curve is given by % =3(2x-1)~

(a) Determine the equation of the family of curves that have this gradient.

(b) Determine the member of this family of curves that passes through each of the given points.
(i) (0,4) (i) (-1,5)

() Explain why the two curves from part (b) have no points of intersection.

Pearson Mathematical Methods 12 Queensland



14

15

16

17

20

2

22

dx dv
The position x, velocity v, and acceleration a of a particle at time ¢ are related by: v = E , 4= E If

the acceleration of a particle is modelled by a = 3t2 —t—2, t >0, determine the following.

(a) the velocity of the particle at £ = 10 if the particle starts from rest

1
(b) the position of the particleat t =2, if x = o whent=1

av
A tank of water is emptying at a rate given by I -2.8t, where V is the volume in cubic metres m’
at time ¢ seconds. g

(a) Determine an expression for the volume of water remaining in the tank in terms of time, if it is
empty after 30 seconds.

(b) How long does it take for half of the initial volume to empty out? Give your answer correct to
1 decimal place.

Which one of the following is the anti-derivative of x(3x2 - 1)? 6
2 3
G LT P B (3% —1)x1+x
21 3
1 ,f3x°
€ 3x*—x+c D Exz(i
Which one of the following statements is correct?
A I(x — 3)dx represents a family of parabolas with a mmetry at x = 3.
B J(x — 3)dx represents a family of parabolas xes of Symmetry at x = 6.
C J.(x — 3)dx represents a family of pa ith two x-intercepts.

dx
x* =
L 5x° +12x
Differentiate f(x) = (x +3)? x* and hence determine | ——=dx.
Fx)=(x+3) Jra
If f'(x)= px* + %, determine f(x) if f(1) =2 and f(-1) = 4.
x
Differentiate (3x +1)* and hence determine the anti-derivative of (3x +1)’.
(a) Differentiate (ax + b)"+1 and hence determine the anti-derivative of J(ax +b)"dx.
(b) Use the result found in part (a) to determine the following.
(i) J(6x+1)4dx (ii) J(3—2x)3dx
1 3
(i) [(3x - 2)* dx (i) f)if £*(x) = 4(7x +2) and £(0) = -=

Chapter 4 Anti-differentiation
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