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CHAPTER 9

Further trigonometry

9.1 TRIGONOMETRY IN THREE DIMENSIONS

With three dimensional problems, once you have created a 3D diagram, it is important to break it down into its 2D
parts and do your calculations based on those simpler diagrams.

Example 1
In this diagram, AC=15cm, AB=7cm, DB=10cm and ZDBA = q.

Find the perpendicular distance CE of C from DA in terms of o and
evaluate it for or=25°.

Solution
Use the cosine rule in ADBA: DA*=10*+7"—2x 10X 7cos
DA* =149 — 140 cos o

DA =+/149—140cosc

. . 10 _ DA
Use the sine rule in ADBA: s (ZDAB)  sina

In ACAE:
Now:
Hence:

Using [1], [2] an

150sin25°

For o
V149 -140c0s25°
—13.48
@r diWfhce = 13.48 cm
Example 2

From a point P due south of a vertical tower, the angle of elevation of the top of the tower is 20°; from a point
Q due east of the tower, the angle of elevation is 35°. The distance from P to Q is 40 metres. Find the height of

the tower.
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Solution
(Trigonometric values are rounded to 3 decimal places.)

Draw a 3D diagram to represent this information. Let the height
of the tower be x m.

N
There are three right-angled triangles: APAB and AQAB in the 350
vertical plane, and APAQ in the horizontal plane. Draw each W E .
right-angled triangle separately as you use it. B 20 S 5o
In APAB: tan20°=—-  OR tan70°=12 70" p
PA x
PA=—"— PA = xtan70° *
" tan20° B
PA=2.747x PA =2.747x A
" 20° B
InAQAB: tan35°==-  OR tan55°=24 P
A x
P
A = A= :
Q tan35’ QA = xtan55 x
QA =1.428x QA =1.428x 35° o
A
In APAQ, use Pythagoras’ theorem: (2.747x)* + (1.428x)* = 40°
7.546x" +2.039x° = 1600 | ke
9.585x> =600 © <
\4
- [1600 v 2
9.585 E

x=12.920

The height of the tower is 12.92m.
To avoid errors due to rounding, it isdetter if you'€an avoid using your calculator until the last step. Without
rounding, the calcuation is: (xtan 70°)% + (xtan 55°)*= 1600
X(tan’70° + tan® 55°) = 1600
P 1600
tan®70° + tan’55°
x= 40 x=12918~12.92m
Jtan?70° + tan?55°

EXERCISE 9.1 TRIGONOMETRY IN THREE DIMENSIONS

1 A'and B are the bases of two vertical towers each 30 m high. B is due north of A. From a point P that is due
east of A and in the same horizontal plane, the angles of elevation of the tops of the towers A and B are 45° and
36° 52’ respectively. Calculate the distance:

(@) from P to the bases of the two towers (b) between the two towers.
2 A, B, C, D are four points equally spaced on the circumference of a horizontal circle of radius 3 cm. P is a point
above the circle such that PA = PD =4 cm and PB = PC = 6 cm. Calculate the size of ZAPC.

3 The angle of elevation of the top of a building from a point P due east of it is 40°, and from a point Q due
south of P is 30°. If the distance from P to Q is 20 metres, find the height of the building.

4 From a point A, the angle of elevation of the top of a tower due north of it is 20°. From point B, due east of
the tower, the angle of elevation is 18°. A and B are 100 m apart. Show that the height / of the tower is given

by = 100 '
\/ tan’72° + tan’70°
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5 A and B represent successive positions of an aircraft flying horizontally
at an altitude of 2000 metres. From a point P the angles of elevation
of A and B are 15° and 25° respectively. If ZDPC = 60°, calculate the
distance AB. l

The elevation of a hill at a point P due east of it is 42° and at a point Q due
south of it is 22°. If the distance from P to Q is 400 metres, find the height of the hill.

A tower PQ of height h metres has an angle of elevation of 13° at a point A due east of it. From an6ther point
B, the bearing of the tower is 050° T and the angle of elevation is 10°. The points A and B are 1000 metres apart
on the same level as the tower’s base Q.

P
(@) Show that LZAQB = 140°. p
(b) Consider the triangle APQ and show that AQ = htan77°. 13° "
(c) Find a similar expression for BQ. Q
(d) Use the cosine rule in the triangle AQB to calculate & to o
the nearest metre. 1000m
B
8 Two observers P and Q, who are 2000 metres apart, take'the bearing and elevation ~ 345°T 018°T

of a balloon B at the same instant. The observer P finds the bearing to'be 018°T
and the angle of elevation to be 22°, while the observer, Qfinds thebearing to be
345°T and the angle of elevation to be 19°. Find the height BC of the balloon to
the nearest metre.

22° 19°

P

2000m Q

AB is a tower. CD is a roads A person walking along the road observes
the tower AB from € at a bearing 0f 038° T and with an angle of elevation
of 11°. After travelling 3000 m along the road to D, the person observes
the tower from D atabearing 0f 320° T and an angle of elevation of 8°.
By letting CB=wx, BD =yand AB = h:

(@
(b)
(c)
(d)

Show that ZCBD=78°.

Express x in terms of h.

Express yin terms of h.

Using the cosine rule with ACBD, find the value of h correct to
one decimal place.

10 The diagram below shows plane XYZ inside a rectangular X
prism. M is the midpoint of the base diagonal YZ. Find, .
correct to the nearest degree, the size of angle WMX. ' ,
1 cm
JL/CEREE NI Y
[~ = M 6cm
z
8cm
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11 The diagram shows a triangular prism. M 12 cm

Triangle PQR is a cross-section of the prism. P
PR =20 cm, MP =12 cm, ZPRQ =30°, ZPQR =90°
Calculate the size of the angle that the line MR makes

with the plane RQLN. Give your answer correct to
1 decimal place.

12 Two identical right pyramids with square bases and equilateral triangular faces
are joined to form a regular octahedron.

The following diagram shows a regular octahedron with edge length 6 cm and
centre at O.

AM and ME are perpendicular heights of AABC and ABCE respectively and
point M is the midpoint of BC.

Find the size of ZAME, to the nearest degree.

13 Douglas and Sandra visit Sydney Harbour on New Year’s Eve t0 T
watch the fireworks.

Douglas is standing outside the Sydney Opera Housed@nd Sandrais

on a yacht in the harbour. 50m
They can both see the fireworks at the top of the'Sydney Harbour g

Bridge.

Not to Scale

From Douglas’s position (D), the Sydney Harbeur Bridge (B)

is at a bearing of 78°, and the angléof elevation of the top of the
bridge (T) is 35°.

From Sandra’s position (S), the Sydney Harbour Bridge is at

a bearing of 140°, andstheangle of elevation of the top of the
bridge is 48°.

The top of the bridge is 50m above the base of the bridge.

(@) Usingappropriateidiagrams and reasoning, show that ZSBD = 62°.
(b) Find the distance between Sandra and Douglas, correct to the
nearest'metre.

14 Danielis in a life raft, D, and Amy is in a cabin cruiser, A,

searching for him. Not to Scale

They are in contact by mobile telephone. Daniel tells Amy
that he can see the top of the mountain, Mt Harris, H.

From Daniel’s position, the mountain has a bearing of 340°
and the angle of elevation to the top of the mountain is 12°.

Amy can also see Mt Harris. From her position, the
mountain has a bearing of 70° and the top of the
mountain has an angle of elevation of 19°. The top
of Mt Harris is 1244 m above sea level.

Find the distance of the life raft from Amy’s position. Give your answer correct to the nearest metre.
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9.2 SUM AND DIFFERENCE OF TWO ANGLES

You can derive formulae for the trigonometric functions of sums and yA
differences of angles, i.e. formulae for cos (6 £ ¢), sin (0 = ¢) and tan (6 + ¢),
in terms of trigonometric functions of the angles 6 and ¢. Q(cosd, sin @)

First, obtain a formula for cos (0 — ¢), then deduce formulae for the others ~ P(cosé sin6)

from it. 0 A%
Starting from A, mark a unit circle to show ZAOP = 6 and ZAOQ= ¢ Frr=t
(where 8 > ¢ for convenience), as shown. The coordinates of P and Q are

thus (cos 6, sin 6) and (cos ¢, sin @) respectively, and ZPOQ = 06— ¢.

Using the distance formula: PQ* = (cos 0— cos ¢)° + (sin O — sin ¢)*

=2—2(cos B cos ¢+ sin O sin ¢) [a]
Using the cosine rule in APOQ: PQ*=1+1-2cos(LPOQ)
=2-2cos(0—¢) [b]

Equating [a] and [b]: 2 —2cos(0— @) =2 —2(cos O cos ¢+ sin O sing)
cos (60— @) =cos @ cos ¢+ sin Osin ¢ / [1]
This formula [1] is true for all values of 6 and ¢.
By writing (—¢) in place of ¢, remembering that cos (—¢) = cos ¢ and sin (—¢) = =sin ¢, ¥ou also have:
cos(6+ @) = cos GM—kesinq)) (2]
Similarly, with (90° — 0) in place of Oin [1]:
c0s[90° — (B + @) ]:=.c0s(90° — B) cos®) + sin (90° — O) sin ¢

And using the complementary angles formulae, i®. cos (90° — @)= sin & and sin (90° — &) = cos ot:

sin (Gwin 0 coqu) + cos Osin @ (3]

Writing (—¢) in place of ¢ in [3]: sin (6 — @) ='sin O cos (—¢) + cos 0 sin (—¢)
/singﬂ— @) = sin 6 cos ¢ — cos O sin ¢ (4]
sin (9 + ¢)

Combining these for the tangent functions:  tan (6 + ¢) = m

_ sinBcos¢ + cosOsing
~ cosOcos¢g —sinBsing

Dividing numerator and denominator by cos 6 cos ¢ (cos 6 cos ¢ # 0):

tan6 + tang
1—tan6Otan¢

sin(@—d))
cos(0—¢)

_ sinfcos¢$ —cosOsing
cosOcos¢ +sinBsing

tan (6 + ¢) =

And for (6— ¢): tan (60— ¢) =

Dividing numerator and denominator by cos 6 cos ¢ (cos 6 cos ¢ # 0):

tanf —tan¢

tan(0-9) = 1+ tanftan¢
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Example 3

Find the expansion for each expression, simplifying where possible.
(@) sin(3x+2y) (b) cosa+p) (c) tan(A +45°)
Solution

(@) sin(3x+2y) =sin3xcos2y + cos3xsin2y (b) cos(2a+ P) =cos2ccos f—sin2asin B
tanA +tan45 _ 1+tanA
1-tanAtan45’ 1-tanA

(c) tan(A +45°) =

Example 4

Simplify each expression.

(@ sin(Qa+ f)cos f—cos(Qa+ P)sinfB  (b) cos(20—30)cos20+ sin (20— sin
Solution
By recognising the form of the equation, the two-angle expansion can be use

(@ sin(2a+ B)cosB—cosRa+ B)sin B=sin [+ ) — B] =sin2a

(b) cos(20—30)cos20+ sin (20— 3)sin20= cos [(20—3)
= cos (—3a) = cc

Example 5

If 6 and ¢ are acute an

tan ¢ = %, find, without using a calculator, the exact value of the
following expressions:

(@) sin (

(©) tan (6 ¢)

Solution

Dra angled triangles for each ratio and use Pythagoras’ theorem to find the third side.
3 24
2 t — &t
= an @ 7
5

cos =2 ’ sin¢=% 24 25

5 il 25
_3 ¢ =7
tan 6= 4 cos ¢ 25 =l 0
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(@) sin (6+ @) =sin O cos P+ cosOsin ¢ o tan 6 — tan ¢
NN 2 (&) fEm( _¢)_1+tan0tan¢
5 25 5 25
_17 324
125 - %
(b) cos (60— ¢) = cos O cos ¢+ sin Osin ¢ 1+ZX7
4 7 3 _24
+=x= _21-96
=129 __75
4 3
& !
EXERCISE 9.2 SUM AND DIFFERENCE OF TWO ANGLES
1 Expand:
(@) sin(A+2B) (b) sin(2x—y) () cos(2x—3y)
(d) cos(26+ 60°) (e) tan(6+ @) () tan(A=135°%)
2 Simplify:
(@) sinAcos(A—B)+cosAsin(A—B) (b) cos(@F @)cos(0— o) +sin (0 + o) sin (60— @)
(c) sin2AcosA —cos2AsinA (d) ce860°cos30° —sin60° sin 30°
tan@ —tan20’ tan2q + tano - _ '
(e) |+ tan20" tand (] R y— (@) sin(2A+ B)cos(A + B) — cos (2A + B) sin (A + B)
(h) cos(30+ &)cos(20+ ) +sin (30+ a)sin (O +e) (i) ptandx —tanx
1+tan3xtanx
tan(A+ B)+ tanC
3 The expression l—tan( A+ B)tanC simplifies to:
A tanA+tanB+tanC B« tan(A— B+ Q) C tan(A+B-0C) D tan(A+B+0Q)
4 (a) Find the exact yalue of sin38°¢cos22° + cos 38°sin 22°.
(b) Find the exact value of tapg 15 +Dtan16 -
lI=tanl119 tanl6
(c) Find the exactvalue of cos 165°. (d) Expand and simplify sin (x + 40°) + sin (x — 40°).

5 Write the expansion of cos (A + B). From this, deduce the expansion of cos (A — B).

6 Writethe expansion of cos (60— ¢). Write (90° — 6) in place of 0 to deduce the expansion of sin (6 + ¢).

7 If Band ¢ are angles between 0° and 90°, sin 6= %, tan ¢ = %, find the following without using a calculator.
(@ sin(60—9) (b) cos(0+ 9) (c) tan(60—9)

3
8 IftanA=4,tanB= 5 and A and B are acute angles, then A—B= ...

A 45° B 30° C 60° D 135°
9 Iftanoa= % and cos = g, where 0 < 8 < < 90°, evaluate the following without using a calculator.
(@ sin2« (b) tan2e () cos(ax—P)
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4
(b) Using the expansion of tan (A + B), prove that tan75° =2 +/3.

10 (a) Using the expansion of sin (A + B), prove that sin 75° =

11 Find the value (in simplest surd form) of:
(@) cos75° (b) tan15° (c) cosl15°

12 Use the expansion of sin (A + B) to evaluate sin 195°.

13 Given thatsinA = % and sinB = %, find the value of sin(A + B) if A and B are both acute angles.

107 g 2l c 107 o 171
140 221 140 221

14 Given that tana = %, which of the following is the exact value of tan (a + 7;) ?

J3-2 5 J3+2 c 1-23 b 1423
23 +1 231 2443 2-3

15 If sinA =t and cosB = t, where % <A<mand0<B< %, then cos (A + B) is equal to:

A 0 B Vi-¢# Cc 1-2¢ D —2tJIE+¢

9.3 DOUBLE ANGLE FORMULAE

Using the sum-and-difference-of-two-angles formula [2](see previous section), writing 6 in place of ¢:

cos (0 + ¢) = cos O cos¢— sin @'sin P [2]
cos (0+ 6) = cos 0 cos @~ sin O sin O

cosZG}s2 06— sin\
From sin” 0+ cos*0 =1: cos20=2¢0s>0— 1 (7]
c0s20=1-2sin"0

Similarly, using formula [3] and weiting @in place of ¢:

sin (6 + ¢) = sin 6 cos ¢ + cos Osin @ (3]
sin(@= 6) = sin 6 cos 8+ cos Osin 6
sin26=2sin 6 cos 8
W sin20 6 cos O [8]
Andasing formula'[5], writing 0 in place of ¢:
tan6 + tang
-7 eV 5
tan 6+ 9) 1—tanOtang 5]
_ tanf +tanf
tan (6+6) = 1-tanftan6
tan20= 2tan€ ,tan O # *1 [9]
1—tan“0

The double angle formulae can be used in many different ways.
For example, as 40 =2 x 26, therefore sin 40 =2sin26 cos 26.
This result can be further simplified by again using the double angle formulae to obtain an expression in terms of 0:
sin46=2 x 2sin 0 cos O x (cos> @ — sin” B) = 4 sin O cos O (cos> O — sin” ).
0 .0

Also, sin0=2 sinz cos >, s it is possible to express a function of an angle in terms of half the angle.
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Example 6
3
IftanA =—7,90° <A <180° and cos B= %, 0° < B < 90°, write the exact value of the following.
(@) sin (A —B) (b) cos2A (c) tan(A+B) (d) sin 2B
Solution
Draw diagrams to show the given ratio for each angle, then use the diagrams to find the other ratios for the angle.
., 3 _12
sinA = 5 ¥y sinB = 3
4 5
cosA=—§ 3 A cosB—% T 13 >

tanA:_Z te * tanB—Q
(@) sin(A—B)=sinAcosB—cosAsinB (b) cos2A = cos® A—smA
2
_3,5,4,12_63 :(_4) (3
5713 5713 65 >
_ tanA +tanB . _ .
(c) tan(A+B)—71_tal D AtanB (d) sin2B = sinB cos
3 .12

_ 45 _33
123,12 56
4 5

A

120 . b) Prove that Shbe el tan o.
14+ cos2a + cosa

Example 7
(a) Prove that ———

cos30 sm39=
sin@ cosB

Solution

(@ LHS= (o) Method 1

LHS = sin2a +sina
1+ cos2a + cosa
_ _2sinocosa +sina
1+2cos’a —1+cosa
sina (2cosa + 1)

_ 2co0s20  cosa (2cosa +1)

"~ sin26 .
__sina

=2cot26 = RHS = cos0r if 2cosa+1#0
=tano = RHS

Method 2

In the denominator, use formula [7] to directly
replace 1+ cos 20 with 2 cos” or.
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Example 8

If cosx = —% and % < x < 7, find the value of: (@) sinx (b) sin2x

Solution
From the diagram (drawn to show the given ratio for the angle):

V7 7| N

(@ sinx= e (b) sin2x=2sinxcosx —
=2x ﬁ X (—3)
4 4
__37
8
Example 9
Simplify:
(@) cos%cos%—sin%sin% (b) sin(§—9)+sin(72r—¢) (c) sin(Z—x)cos(Z—x)
Solution
(@) cos%cos%— sin%sin% = cos (g + 76r) (using formula [2] from page 75)
= COSE =0

2

(b) sin(§—0)+sin( —(])) =cos 0+ cos ¢

(c) sin(Z—x)cos(Z—x) = ;x23in(7£—x)cos(%—x)

=Lgd (7[ —x) (using double-angle formula [8] from page 75)

(YR

2 4
= lsin(£—2x = lcost
2 2 2

EXERCISE 9.3 DOUBLE ANGLE FORMULAE

1 (a)¢By,writing®in 30'as sin (20 + 0), write sin 30 in terms of sin 6.
(b) Hence write cos 36 in terms of cos 6. (c) Hence write tan 360 in terms of 6.

2 Ifsin 0= % 90° < 6< 180°, evaluate (in surd form):

(@) sin20 (b) cos26 (c) tan26. (d) In which quadrant is 26?
3 Simplify:
(@) _sin2A (b) Lin20tane (c) cos*20—sin*26 (d) cos*30° —sin*30°
14+cos2A 2
(e) sin4xcos4x () 1+cos(180°+260) (g) sinxcosxcos2x (h) 2sin2xcos2x
(i) (sin@+cosB)” (j) (sinA—cosA)’ (k) % for 0=22.5° () sin*50° + sin*40°
1—-tan
(m) sin (45° — x) cos (45° — x) (n) 1-cos20 (0) 2cos’3x—1
1+cos260
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4 If sin 9=%,% <O<mand tan¢=%, 0< (])S%, find the value of:
(8) sin(6-9) (b) cos(6—¢)  (c) tan (0—¢)

5 Simplify:
(@) 1+tan? (727—0() (b) 1—cos*(w+6) (c) sinOcos(g—G)-l—cosOsin(;T—9)
(d) 2cos’ %—1 (e) 1—sin9cos(72T—0) (f) sin(x— 6)cos¢—cos(mr— 6)sin@

6 Given thatsinf = % and % < 0 < 7, which of the following fractions is equivalent to sin26?

720 g _ 8l c 81 D 720
1681 1681 1681 1681

7 What is the value of sin2A given tanAz—% and—%<A<0?
60 B 60 c 120 o 120
169 169 169 169

8 Ifsinx = 2—75 and x is an obtuse angle, find the value of tan2x.

527 B 527 c 336 D 33
336 336 527 527

9 Find a simplified exact value of sin(g).

9.4 USING IDENTITIES TO SIMPLIFY EXPRESSIONS AND PROVE RESULTS

When working with some trigonometric equations,you will also need to use the Pythagorean identities learnt in the
Mathematics Advanced course:

2 2
cos"@=1-sin"0

sec’@—tan’0=1 coO=1+ tan® O=sec’ 60— 1
2 2 2 2 2
cosec@—cot" =1 cosec”0=/1+ cot" 0 cot“@=cosec 0—1

sin” @+ cos* =1 sin’ 6

c0s20 +sin20 —1

~ c0s20 —sin26 +1
1-2sin* @ +2sinf cosH —1
:2c0329—1—25in9c039+1
2 sinB(cosH —sinO)
- 2 cos B(cosO —sinO)
_ sinf

" cosO
=tan 6 = RHS
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Notice how two different expansions for cos 20 are used in Example 10 above. To decide which expansion is the best
to use in each part you must consider the —1 in the numerator and the +1 in the denominator. The aim is to remove
these constants by using the appropriate form.

Usingcos2 6 = cos’ O sin® @ would have made the question more complicated. Ty this to see for yourself.

EXERCISE 9.4 USING IDENTITIES TO SIMPLIFY EXPRESSIONS AND PROVE RESULTS

Prove the following identities (questions 1 to 21):

1

11

13

14

15

17

19

21

22

23
24

25
26

27

sinA + cosAtanB

= A+B 2
cosA —sinAtanB tan( )
tanA —tanB _ sin(A - B)
tanA + tanB sin(A+B) 4
sip?;A _COS3A _ ) 6
sinA COsA
cosdx=8cos'x—8cos’x+ 1 8
cos6 +sin@ |, cosO —sinf —2sec20 10

cosO —sinf cosO +sin0

sinA+sin(90° —A)+1 A
=cot—
sinA—sin(9o° —A)+1 2

sin26cosf —c0s20sinf
c0s20cos0 +sin20sin0

tan 6

sin (6 + o) sin (6 — &) = sin” 6 — sin” o

2

tan (45°+ A) + tan(45°— A) =
an ( )+ tan( ) COS2A

sin20 +1 _ cosO +sin0
cos26 cosO —sinf
1—‘cosx —tan®
sinx 2

1+tan®
2

sinx +1—cosx _

sinx —1+cosx l—tan%

sin (A + B+ C) =sin A cosBcos C + sin Bcos Ccos A + sinC coSA cos B — sin A sin Bsin C
What is the resulting identity if C is replaced by (90%& B)?

cos(A+ B+ C)=cosAcosBcosC— cosAsinBsin C—=cosBsinCsin A — cos Csin Asin B
What is the resulting identity if B is replaced by (90¢ — C)2

tan’0 — tan’«
1—tan’Ofan’a

0 0
2c0s 2 —1—cosf 1—cosZ
C052 COS COS2

tan(0+ a)tan (60— o) =

2cos%+1+c059 1+cos§

tan20 —tan® 2
e —tan@
tan20 + cotd an
1—tan6Otan20 2

e | 0-3
1+ tanftan20 9

<3 3
sin"@+cos’™@ . 1 .
sin@ + cosO =1-3 sin26

cotxcoty —1

18 cot(x+y)= cotx + coty

20 tan(0+45°)tan(6—45°)=-1

Iftan A= g, express the following in terms of p and q.

(@)  gsinAcosA +psin®A (b) psin2A +gcos2A

If A, Brand C are the angles of a triangle, prove that cos A cos B—sin A sin B + cos C = 0.

Given that sin18° = i(\/g - 1), find cos 36° in surd form.
cos (0 + x)

Find tanx in terms of tan Qif tan=—F—=.
cos (9 - x)

Three points P, Q, R are in a horizontal plane. Angles RPQ and RQP are o and f respectively. If PQ is x units

in length, show that the perpendicular distance y from R to PQ is given by y =

xtanatanf

Using the double-angle formula for tan 6, find tan 22.5° in simplest surd form.

tana +tanf3’
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28 cos’ (Z - x) —sin’ (Z - x) simplifies to:

A cos2x B sin2x C cosx D sinx
29 Iftan@= % and 1< < 377[, find the value of: (@ sin6 (b) cos 6 (c) cos26
30 If % <x<mand cosx= —%, find the value of: (@) sinx (b) sin2x (c) tan2x
31 Ifcoseca= —% and T< o< 377[, find the value of: (@) coto (b) tan2«x

32 Prove the following.
(@ 2cos (ﬂ + x) cos (ﬂ - x) =cos2x (b) tan (9 + 7[) tan (9 - n) =-1
4 4 4 4

29 T _pl= 3m|_ tanx—1
(c) (sec 0 l)tan(2 0) tan6@ (d) tan(x+ 4 ) tanx 11
1-sin (ﬂ —2x
(e) 2 = tanx () tan(ﬂ + A) +tan (ﬂ —A|=2sec2A
sin2x 4 4
33 Iftanx=i, tany=é and0<y<x<%, prove thatx—y:%.
34 Simplify:  (a) M where 6= %r (b) 2cos®3x — 1/where x = 2?71
1-tan"0

35 By expanding each term on the left-hand side, provethat sin(@ + %)sin(@ - 76r) =sin’60 — i

36 If0<6< E, prove that tanf = ﬂ. Hence show that the exact value of tanl is \/5 -1.
2 \V 1+ cos26 8

37 (a) By writing expansions for sin (A + B) and sin{A — B), find a simplified expression for
sin (A + B) + sin (A — B).
(b) By writing 6= A + B and ¢=A — B, find an'expression for sin 6+ sin ¢ as the product of two
trigonometric functions;

38 IfsecO—tanO= %, show that sin @= % (Hint: Use ¢ formulae.)

sin2o

39 If4t —p)=3t A that t =
an(o— p) an o, prove that tanf3 Tt cos2a

40 Use the factors ofa’ — y° to show that cos®0 —sin°0 = (1 —isin2 ZQ)COSZG.

41 Iftan 0= 1, express sin20 and cos26 in terms of . Find the values of ¢ for which
(k+1)sin20+(k—1)cos20=k+ 1.

42 If A, B and C are successive terms of an arithmetic series, prove that sin A + sin C=2sin Bcos(B — A).

2 2
43 IfcosO = ;2 —m2 and 0< O< %, express tan 6 and sin 260 in terms of [ and m.
+m

44 TIftan o= ktan 3, show that (k— 1) sin (a+ 8) = (k + 1) sin (x— f3).
45 Show that 4sin9sin(9 —Z)sin(@ —2;) =sin30.
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9.5 OVERVIEW OF TRIGONOMETRIC EQUATIONS
Equations of the form sin6 = sina

Example 11

YEAR 11

Find all values of 6 for which sin0 = 1
Solution

sinf = 1

P
- sin@ =sin %, Sin(n _n), sin| 27 + ﬂ),
. 6 6 6

Consider a coordinate diagram

\§
zXOP=%

ZXOan—%

The ray OP defines an infinite number of angles in the first quadrant. If you
clockwise or anticlockwise), then during each revolution it is along th
Each full rotation increases the angle by 2, so you find that OP is
. %, 21w+ %, 47+ %, ... for anticlockwise rotation
o 21+

T 2 .
6’ —4r+ 6 61+ 6,...for clockwise

This result can be summarised as

(1]
Similarly, the terminal ray OQ defines.an infinit
r T
= 6> 3r 6’
us —
iy 3
This result can be su = where n==1,+3, 15, ... [2]
nx 180° — i

30° (in degrees)
itten together as:
0=nr+(-1)" L
nr +(-1) -

0=nx180°+ (—1)" x 30° (in degrees)
is 1 when n is zero or even, and is —1 when 7 is odd

or:

Following Example 11 above, the general solution to the equation sin 8= sin & can be written as
O=nr+(-1)"o (in radians)
0=nx180°+ (-1)"0° (in degrees) for any integer n.

The general solution of trigonometric equations has not been included in this course. This material is included
to show why you have to be very careful to consider all possible results in the given domain when solving
trigonometric equations.

Chapter 9 Further trigonometry 49



YEAR 11

The pattern for this general solution can also be seen by considering the value of 6 at the points of intersection of the
curves y=sinfand y = 5 (from Example 11), as shown in the following diagram.

From symmetry, you can observe that the line y = % intersects the sine curve at values of 6 that are = units to the

right of n where n =0, £2, +4, ... and that are % units to the left of nwwhen n==1, 3, ...

Both of these solutions are contained in the statement: 6 = nz +(-1)"

T
nrw +g, neven or Zero
01‘:0 =

T
—=,nodd
I — o

Example 12 V

N e B <0<
Solve sm( -i-4 \/EforO_O_Zn.

Solution

sin 9+7T)——1
[o+5)-5;

sin < 0 in third and fourth quadrants: sin

P y 4

Equations of the form cosé = cosa

-
Exam 1
Fi gles O whichcosezé.

L P

2 yA
. Via n Vi3
.€. =cos—, cos|2m —=|, 2r+=|,...
ie. cos@ cos3 C (77: 3)cos(7r 3) %

In the diagram, OP defines the angles: %, 27 +%, 41 + %, “0 . =
3
and OQ defines the angles: —%, 27 —%, 41 —%,
Y

These results can be summarised as: 0 =2nr i% where 7 is any integer Q

or: 0=nx360°=%60° (in degrees)
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Following Example 13, above, the general solution to the equation cos 8= cos & can be written as:

0=2nrt o (in radians)

0=nx360° £ & (in degrees) for any integer n.
The pattern for this general solution can also be seen by considering the value of 8 at the points of intersection of the
curves y = cos @and y = % (from Example 13), as shown in the following diagram.

wIy -

1 ] A ]
7: —27: —7‘[ 4 7‘[ 2‘71' 3‘71'
3
y =cosb

From symmetry, you can observe that the line y == L intersects the cosine curve at values of @ that are Z;— units
to the left and right of 2nw where n =0, 12, +4,... i.e. 0 =2n1 £ %

Example 14 <
Solve 2 cos (3x + 30°) ++/3 = 0 for 0° < x < 360°.

Solution
2cos(3x+30°) = —\/5
J3

cos(3x+30°) = —5

x=40°, 60°, 160°, 180°,

Equations of the form tanf = tana

Exa el
for which tan @= 1, where @is in radians.

ie. tanO= tan— tan T+ tan 27r+£,...
(w+% ) anon+5) )

-~
r\\
b ]

In the diagram, OP defines the angles: %, 27 + %, 47 + %, ... -

and OQ defines the angles: = +%, 37+ %, 57+ %,

These results can be summarised as: 0 =nr +% where 7 is any integer )

or: 6=nx180°+45° (in degrees)
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Following Example 15, the general solution to the equation tan 6= tan & can be written as:

0=nr+ o (in radians)
0=nx180°+ o (in degrees) for any integer n.

y

. 24 . .
The pattern for this general solution E E E E E E
can also be seen by considering the ~ ______ AL S TN EY S S | S
value of 6 at the points of intersection | E | o E | E : :
of the curves y=tan 6 and y =1 , : ! : ! L0 ! : ! : : ,
(from Example 14), as shown in the s L fau 0 A ! T\ ! L
diagram at right. E E E 4 E E E

| | | | [ y=tand ] !

1 1 1 1 1 I

From symmetry, you can observe that the line y = 1 intersects the tangent curve at values of 6, which are % units to

the right of nr where n =0, £1, £2, ...

Example 16
Solve tanx =3 cotx for —-r<x < 7.

Solution
tanx =3 cotx

3
tanx=—-—
tanx

tan’x =3

tanx = i\/g

EXERCISE 9.5 OVERVIEW OF TRIGONOMETRIC EQUATIONS

1 Solve for 0 <k < 27

(@ sinx=1 (b) cosx=0 (c) tanx=-1 (d) V3cosecx =2 (e) secx=-2
() cotx= J3 (9) ZSin(x —Z) +1=0 (h) cos% =1 (i) 2sin*x=1 () sinx=0.3894
2 Thesolution to 4 cos’x — 1 =0 for 0 < x < 27is:
2r T 51w T 2n 4rm 5m n 5t 7rm llr
A 2137 B = =T 5 0 5 0 5 D =T T s
*T33 *T6 6 C =375 573 *T6 66 6
3 Solve for—-r<x< 7.
(@) cos’x—2cosx+1=0 (b) sin*x=sinx (c) cos2x=sinx
(d) sin’x=1-cosx (€) cos2x=2+cosx (f) tan2x=cotx
(g) cos2x=cosx (h) 2sinx=secx () tan’x=tanx
4 The solution to 2 cos (2x — 60°) = \/5 for 0° < x < 180° is:
A x=45° B x=145° C x=30°330° D «x=15°145°
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5 Solve for0< 6<2m.

(@ +/2sin20+1=0
(d) tan@=sin260

6 Solve for—-r<0< .
(@) cos36=cosO

(d) tan(20—Z)+1 =0

7 Solve for 0° < x <360°.
(@) 4+sinx=6cos’x
Solve for 0 < <27

(@) tan’60—tan6=0
(d) sin20=tan@

9.6 SIMPLE TRIGONOMETRIC EQUATIONS

(b) tan(@ —7;) =3 (c) cos29cos%—sin2t9$in% =0.5

() tanB=cotO

(b)
(e)

(b)

(b)
(e)

(f)

2cos20=4cos0—3

2cos (29 —Z) = \/5
sinx =cosx

tan @=sin O
sin30=sin26

sin30+sin@=0

(9)

(c) 3tan20=2tan@

() 2sin*0+cosO=1

sin40—sin260=0

() 1+2cos’x=5sinx

(c) sec26=cosec26

YEAR 11

There is no general method for solving trigonometric equations and inequalities, but thereare certain standard
procedures and types, as illustrated in the examples below.

Example 17

Solve the equation 3sin20=1.5,0< < .

Solution
3sin20=1.5
sin26=0.5

0<O0< mmeansthat 0<20<27:

ion

P

\,

be checked graphically by using graphing
to find the intersection of y =3sin26and y = 1.5.
the domain 0 < 6 < 7 these functions intersect only twice.

T 5n If the'domain is increased, there will be two more intersections
20= o6 for each domain increase of 7 units.
Hence: 0= 112, %T
Example —

Hence: 9:...—%
From the limits: 0<x<2rx
<2x<4rm
But2x=0+7%: <0+% <
6 6
T<o<an-=
6
6=-=
6
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DYV AN S A 8 U/ VS S S ¥
6 6’6 6 6° 6
n n
2x = 0) = 9 2 5T 4 4
X 3 T, 3 T
X I0N n,7—”, 2z
6 6
Example 19
Find the values of x for which cos2x < —= \/, x <27
Solution
First solve the equation, then solve the inequality graphically.
Solve the equation: cos2x = L (0<x<2m)
2
5o = %, 7%, 2w+ %, 2w+ 777[ (as 0 < 2x < 4mgaroundithe circle twice)
y= T 7m 9m 151w
88’8’ 8
Now sketch the graph of y=cos2x for 0 <x <2,

showing the line y = — also:
\/_

Use the diagram to find where the graph of

y = cos2x is on or below the line y = \/1,

Hence cos2x <L for = <x<’% and
\/5 8 8

2l g oo —IZ” :

for

EXERCISE 9.6 SIMPLE TRIGONOMETRIC EQUATIONS

1 Solve for values of Oand x between 0 and 27 inclusive:

3

(@ sinf=% (b) tanx=—1 (€) cosx=-0.5 (d) V3tano=1
(€) sin20 = —% (f) cosecO=-2 (9) cot2x = V3 (h) sec20 = V2
2 Solve between 0° and 360°: (a) cosx=0.4 (b) 4tan260+3=0
3 The selution to ~/2sin20 +1=0 for 0 < O< 27 is:
4 Solve for—r<x< 1 (@ 2cos2x+1=0 (b) V2sin2x—1=0

5 Solve between 0 and 27 inclusive:

(@ sin(@ + Z) = % (b) tan(9 —7;) =3 () cos (2x + 7;) = % (d) 2sin (2x _76r) =1
(e) tan (20 - Z) +1=0 () 2cos (2x —g) -3 (9) sin20 = —cos%r (h) sinx=cosx

6 Solve for 0°<x<360°: (a) cos(2x+60°)=0.7242 (b) 5sin(2x—70°)+4=0
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7 If 0 < x < 2m, the solution to sinx < 35 is:

A x<Z B x<Zorx>2% C OngloerZ—” D OSxﬁﬂorzleSZﬂ:
3 3 3 3 3 3 3
o1 1 . J3
8 If0<x<2mssolve: (a) smeE (b) cosx<5 (c) sinx>0 (d) cosx>7
(e) sinx<1 (f) cosx>0 (g) tanx>1 (h) V2cosx > —1
9 SolveforO0<x<m: (@) sianZ% (b) cos2x<0
10 Solve for—-r<x < m: (@) 2sin2x <3 (b) 2cos2x>-1

9.7 TRIGONOMETRIC EQUATIONS INVOLVING ANGLE FORMULAE

You have already solved simple trigonometric equations, you can now use the angle formulae/found in this chapter
to solve harder equations.

Example 20 <
Solve the equation sin2x=3cosx, 0 < x < 27.

Solution

Assin2x=2sinxcosx: 2sinxcosx=3cosx

cosx(2sinx—3)=0
. cosx=0 or sinx=1.5
Because ‘sinx‘ < 1, the only solution is cos x = 0.

y=T 37
2’ 2

) 2
Example 21

Solve the equation cos2 singf=—0.5, 0 < x <27, where o= %

Solution

T _2m Arm 21 4
2x+6—3, 3,27t+3,27t+3
ox=E 77 St 197
26727 6
(X 7x 5T 197
4’127 47 1
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EXERCISE 3.7 TRIGONOMETRIC EQUATIONS INVOLVING ANGLE FORMULAE

1 Solve: (a) cos20=cosH,0<60<L2rx (b) 2cos20=4cos0—3,0<0<L2rm
() 3tan260=2tan6,0<0<L2r1 (d) tanO+2cotf=3,0°<6H<L360°
2 The solution to 5sinx = 2 secx for 0° < x < 180° is:
A x=11°47"or78°13’ B x=23°34"or 156°26’
C x=26°34"or 63°26’ D x=53°8 or 126°52
3 Solve: (a) cos2xcos%—sin2xsin%=%,OSxSZn (b) sin2xcos73r+c052xsin§:\/2§, —-n<x<m
4 The solution to sin 0= cos20for 0 < < 2xis:
_/n 1z _n 7n 1z _T 57 37 _ T OT
At9—6,6 B 9_2’6’6 C9_6’6’2 D 9—6’6
5 SolvetanO=sin20,0< 0<2m. 6 Solve cos’0 =2cos> Q, 0°.£6<360°.
2
7 Solve sin3xcosx—cos3xsinx:\/zg,OSxSZH. 8 Solve tan20=2tan®, 0.0 <27.
9 (a) Prove that tan49—tan9=ﬂ.
cos40cosO

(b) Hence, solve tan46 =tan6 for0<6 <.
10 (a) By considering tan3A as tan(2A + A), show that tanA tan2A tan3A =tan3A - tan2A - tanA.
(b) Hence, solve tan3A — tan2A — tanA = 0, where 0 <A< 7.
sin26 cosf —sin6 cos20

_1
11 (a) Show that sin660 cos26 —sin26 cos60 4 i

(b) Ifisec@ sec20 = —i, 0,0<0<2rx

J5-1

12 (a) Show that the solution of cosdk — sin2x = 0;for 0 < x < % is given by sinx = i

You may use the identity: cos3x& 4cos’x — 3cosx.
(b) Without using a caleulator, verify thatx = % is a solution to cos3x = sin2x.

Ecosi—ﬁ

(c) Using the results obtained in parts (a) and (b), prove that sin = 0= 4°

9.8 SOLVING TRIGONOMETRIC EQUATIONS USING

THE AUXILIARY ANGLE METHOD

The auxiliary angle method of solving trigonometric equations involves changing an equation of the form
asinx £ bcosx = c into the form rsin (x £ &) = ¢, which is then easier to solve. In this form, « is called the
auxiliary angle.

This method can also be used to change a cosx £ bsinx = c into the form rcos (x ¥ &) = c¢. In both cases, the
constants a, b, r and ¢ are positive real numbers.

For example, to express asinx + bcosx in the form rsin (x + &):
Let asinx + bcosx =rsin (x + )
=r(sinxcos ot + cos xsin ¢)
=rsinXxcos o+ rcosxsin o

This is an identity, so the coefficients of sinx and cos x on each side must be the same.
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ie. a=rcoso
b=rsino
. a*+ b =1*(cos’ a+sin’ @)
Hence: r*=a’+ b’
r=+la’ +b° because r is a positive real number.

. . a .
From the coeflicients, there is also cosat == and sina = Q.
r r

As a and b are positive constants, so cos & and sin o are also positive. This also means that ¢ is in the first quadrant

(i.e. it is an acute angle), such that tana = Sina _ Q.

cosa  a

Hence, the auxiliary angle method gives: asinx + bcosx = rsin (x + &)
which then allows you to obtain: asinx — bcosx=rsin (x — )
acosx+ bsinx=rcos(x— o)

acosx —bsinx=rcos(x+ o)

In each case, r =+/a’ +b* and ois an angle in the first quadrant such that tana|= g.

Example 22
Express: (@) 3sinx — cosx in the form rsin (x— ) x —A4sinx in the form rcos (x + ).
Solution

(@ 3sinx — cosx = rsin (x —a )
=7 (sinxcosa —cosxsina

= rsinxcoso —

rcosa = \/5 [1]
rsinoc=1 (2]
IP¥[21% 7 (cos’a+sin’ ) =

Equate coeflicients of si

4
=4
r=2

(asr>0)

Hence from [1] and [2]: cosa = ﬁ and sina =%

cos o and sin o are both positive, ¢ is in the first quadrant, such that tana = %, ie.a="L
3

o
m the first equation: \/gsinx —Cosx = 2sin(x = 76T)
(b) 3cosx—4sinx=rcos(x+ )
a=3,b=4 r=+v3+4"=5
tana = %z o=53°8’

3cosx—4sinx=5cos(x+53°8")

Example 1 illustrates two different auxiliary angle methods that may be used. You should practise both.
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Important uses of the auxiliary angle method

« Writing asinx + bcosx in the form rsin (x + ) tells you that the greatest and least values of the function are
rand —r respectively. This makes sketching functions like y = asinx + b cosx much easier.

o Writing asinx + bcosx in the form rsin (x + ) allows you to solve equations of the type asinx + bcosx =c.

Example 23
Sketch the graph of y = 3sinx —cosx, 0 < x < 271,

Solution
Example 1 (a) has already shown that \[3sinx — cosx = 2sin( x — 7;) Hence: y= ZSin(x - 76T)

At the endpoints of the domain, x =0 and x = 27: y =2sin _76r) = 25in(27r —7;) =-1

The greatest value of y is 2, where: 1= sin(x = 76T)
T_nm
X——=— y
6 22 S1
_ 2T
*= 3 3sin x — cos x

The least value of y is =2, where:

|
i
I
»
Ly
=]
—_—
=
|
-l
SUEL
o
S)
w
gl
L
3
=

(b) 8cosx+6sinx=-3,0°<x<360°

(b) Useacosx+ bsinx=rcos(x—a).

that </3sinx — cosx = Zsin(x —76T) 8cosx +6sinx=-3
a=8,b=6: r=+8+6"=10
Zsin(x—n) S 6 ,
6 tano = 3 =0.75 so o¢=36°52
sin(x —z) = % o 10cos(x—36°52")=-3
T _Tm 5w cos(x—36°52")=-0.3
X——=—,"—"
6 66 x—36°52"=107°27’, 252°33’
x=§, T x=144°19’, 289° 25’
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EXERCISE 9.8 SOLVING TRIGONOMETRIC EQUATIONS USING
THE AUXILIARY ANGLE METHOD

1 Express each of the following in the form rsin (x + ).

(@) sinx+ cosx (b) 3sinx+ V3cosx

(c) 5sinx+ 12cosx, 0° < ox<90° (d) 2sinx+cosx, 0°< o< 90°
2 Express each of the following in the form rsin (x — ).

(@ sinx —3cosx (b) 2sinx—3cosx, 0°< o< 90°

(c) 2sinx—cosx, 0° < a<90° (d) 3sinx—3cosx

3 Express each of the following in the form rcos (x — ).

(@) cosx+sinx (b) 24cosx+ 7sinx, 0° < ox<90°

() 2cosx+ 2\/§sinx (d) 3cosx+2sinx, 0°< x<90°
4 Express each of the following in the form rcos (x + ).

(@) cosx—sinx (b) 3cosx —sinx

(c) 8cosx—sinx, 0°< < 90° (d) 5cosx—3sinx, 0°< o <90°

5 Which expression is equivalent to 8 sinx — 15 cos x?
A 17cos(x—61°56") B 17sin(x— 61°%56%)
C 17cos(x+61°56") D 17sin(x+61°56")

6 Find (i) the maximum and (i) the minimum value of thefollowing expressions. Also find the smallest
positive values of x for which the maximum and minimum occur.

(@) sinx-— x/gcosx (b) cosx+sinx (c) 2\/§cosx —2sinx
(d) 5sinx+12cosx (answer in degrees)

7 Solve:
(@ cosx+sinx=1,0<x<27m (b) cosx+/3sinx =2, 0 < x <27
(c) 3cosx+2sinx = \/B, 0° <4< 360° (d) »3sinx —\/Ecosx — \/5, 0<x<21
(e) 6sinx+8cosx=-5,0"<x < 360° () 4cosx+3sinx=-1,0°<x<360°
(9) cosx —/3sinx =250 <x < 27 (h) cosx—sinx=-1, —% <x< 37”

() 3sinx+4cosk=-2,£1802<x<180° () ~/2sinx—cosx=1.5,0°<x < 360°
8 Sketch thelgraph of f(x)= \f3cosx —sinx, 0 < x < 27, Use your sketch to find the values of x for which:
(@ fx)=1 (b) f(x)>1
9 Sketchthe graph of f(x) = cosx + sinx, —w < x < 7. Use your sketch to find the values of x for which:
@ fe)=-1 (b) flx)=-1
10 Solve 6sin2x + 4sinxcosx - 3sinx =0 for 0 < x < 7.

11 Which of the following is equivalent to sinx — 3cosx?
A 2sin (x—”) B ZSin(x—ﬂ) C 251n(x+n) D 2sin (x+ﬂ)
3 6 3 6
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9.9 SOLVING QUADRATIC TRIGONOMETRIC EQUATIONS

Example 25
(@) Solve the equation tan® 6+ tan 8— 2 =0, 0°< 6 < 360°.
(b) Solve the equation cos’x=2cosx, —T<x < 7.

Solution
(a) Factorise: (tan6 —1)(tan0 +2)=0
tanf=1 or -2
0=45°225° or 116°34’,296°34"

Solution is @=45°, 116°34’, 225°, 296° 34’.
(b) Rearrange: cos’x—2cosx=0
Factorise: cosx(cosx—2)=0

. cosx=0 or 2
Because ‘cosx‘ <1, the only solution is cosx = 0.

SRV 31
' 2’2

Example 26

Solve the equation sec’x — 2 tanx = 4 for 0 < x < 27

(Trigonometric values rounded to 3 d.p. where'necessary.)

Solution
The trigonometric functions are different, but they can be linked by the identity sec’x = 1 + tan”x:

sec’x—2tanx =4

1 +tan’x—2tanx =4
tan’x — 2tanx — 3 =0
(tanx — 3)(tanx+1) =0

tanx=-1 or 3

%1 T
=r——,2mr -, 1.249, w+ 1.249
SR

3t 7w
== —1.249, 4.391
Ty

EXERCISE 9.9 SOLVING QUADRATIC TRIGONOMETRIC EQUATIONS

1 Solve for values between 0 and 27 inclusive:

(@) tan’x—1=0 (b) sin*x—sinx=0 (c) cos’@—2cosO+1=0
(d) ﬁtan2x+tanx:o (e) 4sin*6=1 () sin’x—sinxcosx=0

2 If0 < 0< 27, the solution to 2 cos’0—1 =0 is:
n7n 3 5w n 3w Sm 7w 3z _m 7w 3mw
A4’4 B 4’ 4 c 4> 4’ 4 4 D 47 4’4’ 4
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3 Solve for values between 0 and 27 inclusive:
(@) 2cos’0—3cos0—-2=0 (b) 2cos’O+sinO=1
(c) 2sin*6—3cosf=2 (d) (2cosx+1)(sinx—1)=0

4 Solve for 0 < x<360° (a) 2tan’x+tanx= 15 (b) 5cos’x+2sinx=2

5 If 0< <2, then the solution to 3sin’ 6 — 4 cos 6+ 1 = 0 is (approximately or exactly):

A 6=0.841,5.442 B 6=1.969,4.315 C 6=2.301,3.983 D 9:2?71’ 4?”
6 Solvefor0<0<2m: (@) 3tan’@—3tan’O—tanO+1=0 (b) cos’ 0—2cos* 0+ cos O=0

9.10 SOLVING EQUATIONS USING ANGLE FORMULAE

More complex trigonometric equations will be considered in this section.

Example 27 ;

Solve the equation 2 sin (x + g) =sinx, for 0 < x <27

Solution

2(sinxcoss6ﬂ + cosxsin5g) =sinx

25inxx{—\/2§]+2cosx><; =sinx

—\/gsinx+ COSX = Ssinx
(1 +\/§) sinx = cosx

1
341

x=0.3509, T+ 0.3

tanx =

x=0 ,3.493
p 2
Example 28 v
Solve for 0 < x <27 (a)/4 cosx = cosecx (b) cos4x —cos2x=0

Solutj

4co8 x = cosec x (b) cos4x —cos2x=0

= 2c0s’2x—1—cos2x=0
sin x

) 2c08*2x —cos2x—1=0
smxc.osx: 1 (cos2x—1)(2cos2x+1)=0
Zs%n§x=(1)5 cos2x=1, cos2x=-0.5 e ar 8n 10
sin2x =0. 107
@ 5z 137 171 2x=0,2m, 4w or 2x= 3°3° 3° 3
66" 6 6 x=0,% 28 .47 5T ,
_ 7 Sr 3m 171w o 3 &9
127120 127 12 This equation could also have been solved by writing

cos4x = cos2x.
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Example 29

(@) Use the expansion of sin (20 + 6) to obtain an expression for sin 36 in terms of sin 6.

(b) Hence find the roots of 4x® — 3x + 0.5 =0.

Solution
(@) sin360=sin (2 0+ 0) (b) Letx=sinB:4sin’0—3sinf+0.5=0
=sin2 6 cos O+ cos20sin O 3sin@ — 4sin’ 6=0.5
=2sin 0 cos O cos O+ (1 — 2sin” H) sin O sin39=l
=2sin 6 cos’ O+ sin O — 2sin’ O
=2sin 0 (1 — sin® 6) + sin @ — 2sin’ O =L 5l 137 17w 257 297
=2sin 6 — 2sin’ O+ sin — 2sin’ O 6’6’
sin30=3sin 0 — 4sin’ O o="1 o/
18’ 18°
Hence the roots are x = si
Example 30

(@) Show that sin (A + B) + sin(A — B) =2sin A cos B.

(b) By using suitable substitutions for A and B, show th
(c) Hence solve sin 2x + sin 4x = sin 6x for 0 < x <

Solution

(a) LHS=sinA cosB + cos A sin B + sin A
=2sinA cosB

(b) Letx=A+Bandy=A-B.

Adding these equations:

sin2x + sin4x = 2 sin 3x cos(—x) = 2sin 3x cosx
a sin2x = 2sinx cosx on the RHS: sin 6x = 2sin 3x cos 3x
Ccos 3x

x=0" . or cosx—cos3x=0
3x=0, 7 2, 3T or cos3x=cCoSx
n 2z

x=0, 3 3,7r or 3x=x,2m—Xx, 2w+ x, 47— X
2x=0,4x=2m, 2x=2m, 4x =41
T
=0, 71
=05
21

Solution is x =0, E, U U
3°2

3
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Example 31

Solve the equation cos4x +sin3x=0for 0 <x < 7.

Solution
Rewrite equation: cos4x = —sin 3x

Sine is an odd function, so: —sin 3x = sin (—3x): cos 4x = sin (—3x)

Use sin 0= cos| Z — 0 | to rewrite equation: cos 4x = cos| % + 3x
2 d 5

dx=" 43y, 2n—(’2f+3x), 2n+(’2T+3x), 471:—(7zr+3x), 67r—(72T+3x), 87t—(72T+3x)

2

x=T 7p_3m _5m o 7% lln 157
2’ 2’ 2’ 27 27 2°
w 37 ©m llm 157

T2 14 14

2
.. 3t & 117
< < == = ==
AsO_x_7T,thesolut10nlsx—14,2 or 14

EXERCISE 9.10 SOLVING EQUATIONS USING ANGLE

1 Solve for 0 < x < 2m:

(@) sin (x+7;) =CoSX (b) sin(x+76r)= cos(Z—x) (c) 251n(x+76T) =sinx

(d) sin(x+ﬂ) = cos(x—g) (e) 4tan(x——76£) B tan(x—g) () cotx+ cot(x+Z) =3
2 Solvefor0<x<2m

(@) 2cosx=cosecx (b) 4sinx =secx (c) 4cosx=+/3cosecx

(d) 3sinx=secx (e) tanx=cosec2x () sin2x+cos2x=1

3 Solve for 0 < x <27, using the double angle formulae:

(@) cos2x—cosx=40 (b) ‘cos2x<sinx=0 (c) sin4x+sin2x=0 (d) tan4x+tan2x=0
4 Solve 0<x<2m:

(@) 3sin2x+4sin*x—2=04 (b) 4(sin’2x—sin’x)=1 (c) tan2x=tanx (d) tan2x+3tanx=0
5 Solve 0 < x< T

(a)cos” x — sin’x = 1 (b) tanx+ cotx=2 (c) tanx+2cotx+secx=0
6" Solve 0L x <2m:

(@) 3sinx+4cosx=5 (b) cosx+3sinx=2 (¢) 10tanx —2secx=5 (d) sin2x=1+ cos2x

7 Showithat if a* + b* < &, the equation acos 0+ bsin 6= ¢ has no real roots.

8 The equal sides of an isosceles triangle are x cm and the third side is 2y cm. The equal
angles are each 6 and the height of the triangle is i cm, as shown.
If the perimeter of the triangle is four times the height, find the size of the angles of the
triangle to the nearest minute.

9 (a) Use the expansion of cos (20 + 60) to obtain an expression for cos 30 in terms
of cos 6.

(b) Hence find the roots of 8x° — 6x — J3=o0.
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10 (a) Use the expansion of tan (20 + 6) to obtain an expression for tan 36 in terms of tan 6.

(b) Use this result to show that tan 15° =2 — /3. Justify your answer.
() Use the expansion of tan (45° + 30°) to find the exact value of tan 75°. Compare this answer to the other
result obtained in (b).

11 Solvefor0<x< .
(@) cos4x=cos2x (b) tan2x=cotx (c) sin3x=sinx (d) cos3x=sin2x
12 Solve for0 <6< 7.
(@ cos30=sin (Z—O) (b) sin20= cos(@ —Z) (c) cos20= sin(@ +Z) (d) sin(9 —7;) =cos20

13 Solvefor0<x<m.

(@ sin3x+sinx=0 (b) sin2x+cos3x=0 (c) tan2x+cot3x=0

14 (a) Given that 2sin 6 cos ¢ =sin (8 + @) + sin (6 — @), ShowthatsinA+SinB=2sin(A;B)cos(A;B).
(b) Hencesolve for0 <6<
() sin36=sin560+sin 6O (i) sin260+sin360+sin460=0
(iii) sin@+sin260+sin360+sin460=0 (iv) sin560+ sin30=sin 40+ sin26

15 (a) Given that 2cos 6 cos ¢=cos( 0+ @) + cos (0 — ¢), show that cos A +/cos B = 2cos(A;'B) cos (A;B).
(b) Hence solve for 0 < x<2m:
(i) cosb5x+cosx=cos3x (ii) cosx+cos3x=cos5x+cos7x (iii) cos5x+cosx+cos7x+cos3x=0

CHAPTER REVIEW 9

tan6 + tan%

b) sin20 —sin6

1 Simplify:  (a) c0s20 —cosO +1

1+ tan%tanQ

2 Solve 2tan2x— 1 =0 for 0° < x <360°.

3 Simplify:
2tan?
(@ sin(0+ ¢) cosd~<cos(0+ @) sin @ (b) It ® (c) sinx cosx cos2x cos4x
—tan’®

2
4 (a) Show that cos(A + B)=cosA cosB(1 —tan AtanB).

(b) Supposethat 0 < Ax % and0< B< % Show by deduction that if tan AtanB=1then A+ B= %

cost 29 _ 1-cos20 .
: ————=secH —tanf tan"@ = ————~, h 20#-1.
5 Showthat: ' (a) L+sin® sec an (b) tan L% cos20’ 81Ven that cos20 #
6 Use thé expansion of tan 2A to show that the exact value of tan22.5° = \J2 = 1. Hence find the exact value of
tan11.25°.

7 Solve the following equations for 0 < x < 7.

(@) cos3x=cos2x cosx (b) cos3x+ cos5x+cos7x=0

8 Solve for—nr<x<

(@) cosx—sinx=1 (b) sin4x—sin2x=0 (c) cosx—\/gsinle
9 (a) Express 24/3cos (0 + 7;) —2cos0 in the form Rcos (60 + o), where R>0and 0 < a < %

(b) Hence, or otherwise, solve 2/3cos (9 + 76T) —2cosf =1for0< O<2m.
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10 (a) Express 3sinx +4cosx in the form rsin (x + o) where 0 < < T
(b) Hence, or otherwise, solve 3sinx + 4 cosx =5 for 0 < x < 27. Give answer(s) to two decimal places.
(c) Write the general solution for 3sinx + 4 cosx =5.

11 Use tan’ = % to find the exact value of tan %

12 Show that the cubic equation 8x’ — 6x + 1 = 0 can be reduced to the form cos30 = —= by substituting x = cos 6.
From this, deduce the following:
(@) COS%"‘COS%—COS; (b) sec7+sec%—6+sec%
(c) secasec% sec%r =8 (d) tan? ; +tan® %T +tan® 47” 33

13 It can be shown that cos 30 =4 cos’ 6 — 3 cos 6. Use this result to solve cos 30+ cos20 + cos 0= 0 for 06 <27.

14 (a) Expand cos(2A + B) and hence prove that icos.’)@ =cos’0 — 3 =cosf.

(b) By writing x = k cos 8 and giving k a suitable value, use the formula proved in part (a) to ﬁnd the three

roots of the equation 27x’ — 9x = 1. Hence write the value of the produét cosgcos % cos ? cos %T

15 If tan o, tan B, tan y are the roots of the equation x —(a+1)x"+(c—a)x=c=0,showthata + f+y =nr + %
16 Solve sin x = cos5x for 0 < x < 7.

17 (a) Find A and B in terms of x and y such that sinx + sin y = 28in A cos B.
(b) Find the solution of sin @+ sin20+ sin30=0 for0 < 6L 7.
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