CHAPTER 1

Algebraic techniques

1.1 SIMPLIFYING ALGEBRAIC EXPRESSIONS

When adding and subtracting algebraic expressions, you can only combine like terms (that is, algebraic parts
that have the same pronumerals). Be careful that when subtracting terms with brackets, the subtraction must be
applied as a negative to each term inside the brackets (as in part (c) of the example below).

Example 1
Simplify each expression by collecting the like terms.
(@ 3x+2y+5x—6y (b) x*+2x—x+3x° (c) —4b) — 3(a — 5b)
Solution
(@ 3x+2y+5x—6y (b) x*+2x—x+3x @3a—4b)—3(a—5b)
=3x+5x+2y—6y =x*+3x+2x—x =6a—8b—3a+15b

=8x—4y =4x" + x =6a—3a—-8b+15b
=3a+7b

EXERCISE 1.1 SIMPLIFYING ALGEBRAIC EXPRESSIONS

Simplify each expression by collecting the like terms.

1 3x+5+7x+10 2 7x— 2 3 4a+b—-a—-4b

4 6ab+3ab+5a+4a 5 + X 6 3a’b—3ab>+2a’b

7 2y +3x°y = Xy +3x°y ¢+ 5bca — 2cba 9 12mn+3m—6mn—m
10 % - 3x+2x +4x° x+5y x

Simplify each expression b ing the brackets and then collecting the like terms.

12 5a—-3(a+b) 13 42x—-y) - 14 8m —502m —3n)
15 3(2x+5y) +4(x—y) 16 5(2x+3)—5(x+7) 17 6(2a+3b)+3(a—0b)
18 5a(a+2)-3a(a+1) 19 5x(x —2y) +3x(2x—y) 20 2a+3b—-(a-b)
21 x+5y—(3x+2y) 22 5x2x+1) — (x* +x) 23 15(x—2)+4(3x—3)
24 3x(x—2)—4(x—-1) 25 3(x*+5x—1)—(2x*+x—-2) 26 5x+2y—3—-(x—7y+9)

27 The expression a(a + 1) — 3(2a + 1) simplifies to:
A a*-7a-3 B a’—5a+3 C da*—5a-3 D a*—7a+3

28 The expression 3(m* —m) — 2(m* +2m +5) simplifies to:
A 5m’—7m—10 B m’—7m—10 C m+m-10 D m’—7m+10
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1.2 SUBSTITUTION IN FORMULAE

Example 2
If V = nr’h, find:
(@) Vwhenr=35h=5 (b) rwhen V=275 h=14
Solution
(@) V=mx35"x5 (b) rzz%
=61.257 (exact value) 2 275
T l4xrm

=192.4 correct to one decimal place

_[275
r=, ,—1 ar (exact value)

r=2.5 correct to one decimal place

EXERCISE 1.2 SUBSTITUTION IN FORMULAE

Use the value of 7 on your calculator. Give your answer correct to one degimaliplace when needed.
1 If P=2(I+ b), find the value of P when [ =20, b= 12.
2 IfE=1IR, find E when I =2.4, R =40.

3 If F=ma, find F when m =50, a=0.2.

IfF=%+32,ﬁnd: (@) FwhenC=60 {(b) Cwhen F=41.

If A= 7%, find A when r=3.5.

4

5

6 If V=nr’h, find V when r=4.2, h=10.

7 IfE=mc’, find: (a) Ewhen m%10,c%1.6 (b) cwhen E=13.5m=1.5.
8 If v=u+at, find v whenu =204a=,1.8, t = 10.

9 Ifs=ut+%at2,ﬁnd: (@ swhenu=5,a=6,t=24 (b) awhens=50,t=2.5,u=10.
10 Ifv*=u? + 2as, find v when u =12, a =2, s = 20.25.

11 Ifs:%(u+v)t,ﬁndswhenu=2.6,v:3.2,t:2.5.

12 If S=27rh, ind Swhen r=2.5, h=3.5.

13 Ifr= %,ﬁnd: (@) rwhenA=154 (b) A whenr=1.75.

14 IfE=%(v2—uz),ﬁndEwhenm=4,v=4,u:2‘

15 Ift=a+ (n—1)d, find: (a) twhena=3.8,n=20,d=0.2 (b) nwhena=5.6,d=5,t=25.6.

16 IfF= m(vt_u),ﬁndehenm=20, v=4,u=2,t=6.

17 Ift=ar’, find t when a = 64, r=0.5.

a(r3—1)
18 IfS:ﬁ,ﬁndSwhena:S,r:&
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19 If A =n(R*— %), find A when R=5.6,r=1.4.
20 If V=m(R*-r*)h, find Vwhen R=0.9, r=0.2, h = 1.5.

21 If v = %ﬁrzh, find Vwhenr=3, h=3.5.

22 1fp=[2R=V find: (@) PwhenR=50,V=20  (b) VwhenP=0.2, R=20.

5
23 If W=2Ldrr’h, find Wwhend=3, r=2  h=11
3 b b 11) 14'
24 If f = 2% find: (@) fwhenv=20,u=25  (b) vwhen f=20, u=25.

25 1fA=P(1+ﬁ) , find A when P = 1000, r=10, n = 2.

1.3 BASIC POLYNOMIALS

Common terms

. . . . 2 2
A monomial is an expression that contains only one term, e.g. 5x, x°, 2ab, 5a°b’.

A binomial is an expression that contains two terms added or subtracted, e.g. & +4, 3a — 20, X+1, 3y—4.

A trinomial is an expression that contains three terms added or subtracted; eg. P L5x+6,x+ y—4, 4x° — 2xy + yz,
m+n—p.

A quadratic trinomial is a trinomial of the form ax’ + bx + ¢ (wheré a #0, b 05 c # 0); a is the coefficient

of X%, b is the coefficient of x, and c is the constant term.

Standard results

(x+m)(x+n)=x"+(m+n)x+mn  Ineach of th€seFesults, the expression on the left-hand side has been

(a+bP’=a*+2ab+ 1’ expanded tojobtain the expression on the right.
(a—b)*=a’—2ab+b’ If wefstartywith the expression on the right-hand side, then we can
(a=b)a+b)=a*-1* factorise if to obtain the (usually) shorter form on the left.

Example 3 q '

Expand and simplify eac r

(@ (x+2)(x+3) ) (3x—2)(2x+ 3) () (@y+5)
(d) B3x—4)(3x+4) (e) (x+2)(x*—5x+6) H  (x=1Dx+2)(x+3)
Solution
(@) (x+2)(x+3) (b) (3x—2)(2x+3) © (y+57
=x(x+3)+2(x+3) =6x"+9x—4x—6 =4y” + 20y + 25
=x*+3x+2x+6 =6x°+5x—6
=x’+5x+6
(d) (3x—4)(3x+4) (e) (x+2)(x*—5x+6) ® x=1D(+2)(x+3)
=9x" - 16 =x(x" — 5x + 6) + 2(x* — 5x + 6) = (x— 1)(x* + 5x + 6)
=x> =55+ 6x+2x" — 10x + 12 =x"+5x*+6x—x*—5x—6
=x"—3x*—4x+12 =X +4x+x-6
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EXERCISE 1.3 BASIC POLYNOMIALS

Write the expansion of the following.

1 (x+5)(x+1) 2 (x-2)(x—3)

4 (x-2)° 5 (y+7)

7 (3x—4)(x-2) 8 Bm+7)(2m—1)
10 (2p—9)(2p+9) 11 (3x+2)(2x+3)

13 (3x+4)* 14 (x—3)2x*+3x+1)
16 x(x—2)(x+2) 17 (x—D(x-1)(x—2)
19 (X +5)(x* —2x—3) 20 (x—-2)(x+2)(x+2)

22 The correct expansion of (\/; + \/; )2 is:

A X+2xy+y B x+y+2xy C x+y+2\/E

3 (a—-3)(a+4)

6 2x+3)(x+5)

9 3x+2)(3x+2)

12 (4p-5)°

15 (Bx*—5x+2)(2x—4)
18 2(x— 1)(x—2)(x—3)
21 (-’

D x2+y2+2\/g

23 Indicate whether each answer is a correct or incorrect factorisation of x* -#%yp,+ 4.

(@) (x+2y)° (b) (2y-x’ (€ (2x-y)

1.4 FACTORISING BY GROUPING IN PAIRS

(d) &2

This method is used when there are four terms in the expression

Example 4
Factorise:
(@ bx+by+cx+cy (b) m* —fn 2w+ 2n
Solution
Group in pairs: (@) bxtby+cx+cy
%,—/ %,—/
Take out common factos: =b(x+y)+clx+y)
Take out common factor? =(x+y)(b+0)

(b) m*—mn—2m+2n
—_—

=m(m—n) —2(m—n)

=(m—2)(m—n)

EXERCISE 1.4 FACTORISING BY GROUPING IN PAIRS

Factorise:
1 a(x+2)+b(x+2) 2 3a(2b-3c) —m(2b-3¢)
4 ¥*(2x—1)+402x—-1) 5 ax+4a+bx+4b
7 2xy+2xz+y+z 8 a’—ab—ac+bc
10 a’+3a’b +ab® + 31’ 11 ac—2bc—2ad +4bd
18 x> —2xy—xz+2yz 14 a’-a’b—ab+ 1’
16 " +3x" +4x+12 17 p’q—pq’ +5p—5q
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19 Py++y+1 20 ab—3a-4b+12 21 2x—6y—xy+3)’

22 When 3m?* — 3mn — m + n is factorised, the answer is:

A (Bm-1)(m-n) B (GBm-n)(m-1) C (Bm-1)(m+n) D (Bm+1)(m-—n)
23 Indicate whether each answer is a correct or incorrect factorisation of 2x° — 2x* — 2x + 2.

(@ 2x+Dx+1Dx-1) (b) 2(x+1(x—-1* (¢) 2(x+Dx—-1D(x-1) (d) 2(x—1)(x+1)*

1.5 STANDARD FACTORISATIONS

Factorising using the difference of two squares
Remember the difference of two squares: a*>—b*=(a—b)(a+b)

Example 5
Factorise:

(@ a*-25 (b) 9x*—49 € (x+1)Y-(@-1)7° (d) a-a’b %lf

Solution
(@) a*-25=a>-5° (b) 9x*—49 = =

=(a-5)(a+5) 7)3x+7)
(© (x+1)°-(-1’ (d o v’
=[(x+1)-(-DIx+1)+(-1)] 2(@< b) - b*(a—b)
=(x—y+2)(x+y) —b’)(a-b)

@ —C—b)a+Db)a-D)
—(a—b)Xa+b)

Sum and difference of two

Two important identities are: a> +bi.=(a+ b)(a* — ab + b?)
a —b)(a*+ab+ b
The identities can be Veri@ ing the right-hand side.

Example 6
Factorise:
(@ x-8 (b) 27y3 + 64x° (©) (x+2)° +y3 (d) x2y3 - zzy3 —x*'w + 2w
Solution
@@ x-8=x-2° (b) 27y’ +64x = (3y)’ + (4x)’
=(x—2)(x*+2x+4) = (3y+4x)(9y2— 12xy + 16x%)
© (x+2°+y ) 2 = 2y — w4 2w
=(x+2+P[(x+2)° = (x+2)y+y] =y -2) - w(x -2
=(x+2+))("+4x+4—xy—2y+y’) = -2 -w)

=(x—-2)(x+2)(y— w)(y2 +yw+ w)
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EXERCISE 1.5 STANDARD FACTORISATIONS

Factorise:
1 m -1 2 X-16 3 64-m’ 4 94’25
5 x*-0.36 6 a’b*-¢ 7 9x2—4y2 8 (x+1)Y%-9
9 X y7 10 %—1 11 p2-% 12 %2_%
13 (a+2)°—4 14 - (y+2)° 15 99°—1 16 523 —477°
17 a’b—ab’ 18 124’ - 3ab’ 19 3x°y—27y 20 (x+y)’—4
21 a*—(a-b)’ 22 X’ —xX’y—-9x+9y 23 X’ +3x—4x—12 24 p’q—p’-16q+16
25 a’x —x 26 48a*-75b° 27 (1+h)}-1 28 %— 2
29 When (p +2)” — (p — 2) is factorised, the answer is:
A 2p°+8 B -8 C 2p°-38 D 38p
30 Indicate whether each answer is a correct or incorrect factorisation of % — z—z.
@ ((-8)5+E) o (g-E)E5) @ (-85 Rt e
31 y'—125 32 7 +1 33 8p’ +27 34 216-a’
35 (x+5°+(x-2) 86 2x+3)-(x—4) 37 bS—a° 38 64a’ +8b°
39 %n’R3 — %n’f 40 p’x* - p*x’ 41°%° +5° 42 :;3 — %
43 a’m’ +a’nw’ - ’n’ - b’m’ A4 4 —9x° —4x*+9 45 (x+h)’ -«
46 a’+(a-0b)’ 47 (a+b)’-(a-b) 48 (2x+1)]°-(2x-1)°
49 8- (2-x)° 50 a’b*-a’b 51 2(x—y)’ +54
52 When 1000p° — ¢° is factorisedf the answer is:
A (10p—g)(100p* %1009 Bq) B (10p—q°)(100p + 10pq° + q°)
C (10p+q)(100p* — 10pG + q°) D (10p+q’)(100p* — 10pg* + q*)
53 When (2x + 1)’ + (2x — 1)’ is factorised, the answer is:
A 20124 +1) B 4x(12x*+1) C 24x*+3) D 4x(4x*+3)

1.6 FACTORISING QUADRATIC TRINOMIALS

To factorise quadratic trinomials, you must remember how to expand binomial products and then work backwards.
We know the following:

o (x+m)(x+n)=x*+ (m+n)x+mn=x>+ (sum of m and n)x + (the product of m and n)
o (x=m)(x—n)=x>—(m+n)x+mn=x"+ (sum of —=m and —n)x + (the product of —m and —n)

o (x+m)(x—n)=x"+ (m—n)x—mn=x"+ (sum of m and —n)x + (the product of m and —n)

To factorise x* + 5x + 6 you must write it in the form (x + m)(x + n), where m + n =5 and mn = 6. This means
you must find two numbers whose sum is 5 and whose product is 6.
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Example 7
Factorise:

(@ x*+5x+6 (b) ¥*—7x+10 (c) ¥+x—12 (d) x¥*—6x+9 (e) x*—5x—24
Solution
(@ x*+5x+6
Write: x>+ 5x+ 6= (x + m)(x + n)
Look for numbers m and n whose sum is 5 and whose product is 6.
List possible factors of 6 and check the sum: 6x1=6 6+1=7
3X2=6 3+2=5
Hence: x*+5x+6=(x+3)(x+2)
The information could also be set out using the cross method: x 6 3
X >< ¥ 2

The correct pair will give 5x when multiplied across.
(b) x*—7x+10
Write: x> —7x+ 10 = (x + m)(x + n)
Look for numbers m and n whose sum is —7 and whose produgt is 10.
Since the sum is negative and the product is positive, bothsthe numbers are negative.
List possible factors of 10 and check the sum: —10x (-I) £10 -10+(-1)=-11
—5% (=2)=10 =5+ (=2)=-7
Hence: x*—7x+10=(x—5)(x—2)
() ¥*+x-12
Write: x> +x— 12 = (x+ m)(x+n)
Look for numbers m and n whose sum is 1 and whose product is —12.

Since the sum is positive and the productis negative, the numbers have different signs and the larger
number is positive.

List possible factofsiof —12 and check the sum: 12 x (—1) =-12 12+(-1)=11
6% (=2)=—12 6+ (=2)=4
4x(=3)=-12 4+(-3)=1

Hence: x*+x—12=(x+4)(x—3)

Using the cross method: x 1 6 4
x >< A =3

The correct pair will give x when multiplied across.

(d x*—6x+9
Write: %% — 6x+ 9= (x + m)(x+n)
Look for numbers m and n whose sum is —6 and whose product is 9.
Since the sum is negative and the product is positive, both the numbers are negative.
List possible factors of 9 and check the sum: -9 X (-1)=9 -9+ (-1)=-10

-3x(-3)=9 -3+(-3)=-6

Hence: x*—6x+9=(x—3)(x—3)=(x—23)
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(e) x*—5x—24
Write:  x* —5x — 24 = (x + m)(x + n)
Look for numbers m and n whose sum is —5 and whose product is —24.

Since the sum is negative and the product is negative, the numbers have different signs and the
smaller number is positive.

List possible factors of —24 and check the sum: —24 x 1=-24 —24+4+1=-23
—-12x2=-24 -12+2=-10
—6X4=-24 —-6+4=-2
—8X3=-24 -8+3=-5

Hence: x*—5x—24=(x—8)(x+3)
X 24 AT 6 -8
x X 1 Z A 3
The correct pair will give —=5x when multiplied across.

With practice, you will be able to write the factors simply by looking at the sumwand/product.

MAKING CONNECTIONS
. WY ) Y

Factorising quadratic trinomials

Use technology to check the factorisation of quadratic tringmials.
- »

O

EXERCISE 1.6 FACTORISING QUADRATIC TRINOMIALS

Factorise the following quadratic trinomials:

1 x> +4x+3 2 X+ 10x+21 8 X+ 11x+24 4 @*+12a+32
5 m’+9m+20 6 X+ 13x4 12 7 X +8x+12 8 X —7x+12
9 x*—13x+12 10 x> —Bx 12 11 p*+2p—15 12 p*+14p—15
13 p’—2p-15 14 pi=14p™—15 15 x*—2x—35 16 x*—3x—10
17 £+ 17x+ 72 18 @ 40— 12 19 ¥ —7x+6 20 X —x-72
21 X +6x—72 22 x*—21x-72 23 a*+13a+30 24 X' —x—42
25 x*—19x—42 26 x*+19x —42

27 'The factors of x> — 11x — 42 are:
A (x+14)(x-3) B (x—-7)(x+6) C (x-6)(x+7) D (x—14)(x+3)

28 Indicate whether each answer is a correct or incorrect factorisation of x* — 8x + 7.
(@ x+1)(x-7) (b) (1-x)(7-x) () x—D(x+7) (d) (x-1D(x-7)

1.7 FACTORISING NON-MONIC TRINOMIALS

When the x” term in the quadratic has a coefficient other than 1, finding the factors becomes more difficult because
there are more possibilities. You must find factors of the coefficient of x” as well as the factors of the constant term
and get the correct pairs together. You could use trial and error, but the cross method is easier because it keeps the
information more organised.
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Example 8
Factorise 6x° + 19x + 10.

Solution

Write:  6x* + 19x + 10 = (ax + m)(bx + n) = abx” + (an + bm)x + mn

This gives: ab=6, an+ bm =19, mn =10

List the factorsof 6: 6,1 or 3,2

List the factors of 10: 10,1 or 5,2

List possible binomial factors:
(6x+10)(x+1) (6x+ 1)(x+ 10) (6x+5)(x+2) (6x+2)(x+5)
(3x+10)(2x+1) (3x+1)(2x +10) (B3x+5)(2x+2) (Bx+2)(2x+5)

You can expand the binomial factors to see which answer gives the original quadratic trinomial.

Before doing this, you can eliminate any possibility that has a common factor, because there is no common
factor in the original quadratic trinomial. This means you can eliminate the answers containing (6x + 10),
(6x+2), (2x+ 10) and (2x + 2), because they all have a common factor of 2 (andsthe griginal quadratic
trinomial does not).

Expand the others: (6x+ 1)(x + 10) = 6x* + 61x + 10 Not correct
(6x+5)(x+2) =6x"+17x + 10 Not correct
(B3x+10)(2x+ 1) =6x* + 23x+ 10 Not correct
(3x+2)(2x+5) =6x* + 19x + 10 Correct
Hence: 6x*+ 19x+ 10 = (3x + 2)(2x + 5)

Alternatively, using the cross method: 6x >< 10 £1 95 2 3x >< 10 1 5 2

or
x L 10 2 5 2x 1 10 2 5

The correct pair will give 19x when multiplied acr@ss.
Hence: 6x”+ 19x+ 10 = (3x + 2)(2x + 5)

Example 9
Factorise 4x* — 4x — 15.

Solution
The factors of 4x” are either 4x and x, or 2x and 2x.

The factors of =15 are —15 and 1, 15 and —1, =5 and 3, or 5 and —3.
Set up the cross method: 4x >< -5 15 =5 5 4x >< 1 -1 3 3
X 1 -1 3 -3 X —15

or

2x -15 15 -5 5 2x 1 -1 3 -3

2x>< 1 -1 3 -3 °r2x><—1515—55
The only combination that gives —4xis: 2x >< =5

2x 3

Hence: 4x*—4x—15=(2x—5)(2x + 3)
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Example 10

Factorise 3x° + 8x — 16.

Solution

The factors of 3x° are 3x and x.

The factors of —16 are —16 and 1; 16 and —1; —8 and 2; 8 and —2; —4 and 4; or 4 and —4.

Set up the cross method: 3x >< -16 1 16 -1 8 2 -2 8 -4 4
X 1 -16 -1 16 2 -8 8 -2 4 -4

The only combination that gives 8xis: 3x >< —4
X 4
Hence: 3x*+8x—16=(3x—4)(x+4)

EXERCISE 1.7 FACTORISING NON-MONIC TRINOMIALS

Factorise:
1 2x° +3x+1 2 3¢ +11x—4 3 2x*+7x+6 AF4d + 130+ 3
5 3a°—5a+2 6 8x*—14x+3 7 13 -7c—6 8 8x*+14x+5
9 3x*—17x+10 10 64°—13a-63 11 3% - 11x -4 12 10x°— 11x—8
13 2 +3x—2 14 4x* —12x+9 15 9x* — 12k 4 16 2x* —9x+ 10
17 6x° —85x+ 14 18 y*—2y-3 19 12)° + l4p<6 20 6x*—25x+ 14
21 6x>—29x + 28 22 6x*—19x+ 14 23 65" 420x + 14 24 8x*+2x-3
25 6p>+25p +21 26 10a’—11la—6 2, 12y" + 28y —5 28 24x" —59x + 36
29 15x*-19x+6 30 3x°—2x-1 31 9x°+9x—10 32 2x*—9x+4
33 'The factors of 8x* — 6x — 9 are:
A (4x-3)2x+3) B .(8x=9)(x+1) C (x+3)(2x-3) D (4x-9)(2x+1)
34 Indicate whether each answer isa ¢orrect or incorrect factorisation of 4x* + 12x + 9.
(@) (2x+3)2x+3) (b) "B + 2x)(3 + 2x) () (2x+3)* (d) (2x-—3)*

1.8 MIXED FACTORISATIONS

To factorise the expressions in the next exercises, you will need to use one or more of the techniques learned so far:
« remove a common factor
« group in pairs and remove common factors
o difference of two squares

o quadratic trinomials.

EXERCISE 1.8 MIXED FACTORISATIONS

Factorise completely:
1 x°—3x 2 24’ 8a 3 x-9 4 X —8x—9

5 3x2y - 12)/3 6 5x3y - 20xy3 7 1—-(b+c)? 8 10 +9x—1
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9 (a+b)’-b* 10 6x*—24 11 a’—a—42

13 2x° +14x* - 16x 14 3a’ +24a’+2la 15 (x+2y)° —4

17 x2—36y2 18 x(y—2) +y(y—2) 19 4x* —28x — 480
21 6y’ +3y° -3y 22 6y’ +26y +8y 23 15a° - 60
25 5a%x —125x 26 (x +y)2 —(x —y)2 27 5 + 5 — 360t

29 x*(x+3)—4(x+3) 30 mxz—xy+ly—mlx

31 The factors of 4 — (x + 1)* are:
A B-x)(5+x) B 2-x)(2+x) C (1+x)(3-x)

D
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12 a(m+n)— b(m+n)
16 ab’ + abc + abd

20 bx’— 14bxy + 49by’
24 9mn-25m’n’

28 m’—mn+6m—6n

(1-x03+x)

For questions 32 to 39, write an algebraic expression in factorised form for the shaded area in each of the figures.

2 Cancel any common factors.

rrect expression for the shaded area in question 39.
() (a+b)a+c)

(d) ala+b+c)

Example 11
Simplify:
9x +6 15a* —5ab
@ 32 ®) = oap
Solution
@ Sx+6 _33x+2 (o) 158" =5ab _ 5a(3a—b)
3x+2 342 10ab  ~  10ab
=3 _ 3a—b

2b

9x2—y2

6xy—2y°

9x’—y*  (Bx=7)(3x+y)
6xy=2y" 2y (3x~7)
_3x+y
=57

Chapter 1 Algebraic techniques
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Example 12

2 2
N x"=5x+6 _ x"+3x
Simplify: = X pp—

Solution

xz—5x+6>< x +3x MM x (x+3)
x* -9 x2—x-2 MM (x+1)M

x+1
EXERCISE 1.9 ALGEBRAIC FRACTIONS
Simplify:
1 8a—4b o 15x+10y 3 14x—7y 4 8x° —4xy
4 15 2x—y 8xy,
12ab - 6b 8x+2 3a—>5b A
5 - 9ab 6 4x+1 7 3a® —5ab 3 Im
9 mn—n* 10 qu—qu 11 x2+xy 15 2rs—12r
" Pq 2x rt +rs
2 2 2 2
(x+y) k+1 x+3% 3ab-b
2 2
17 4X2 426)/ 18 x —7x+6 19 a +€llz? 20 a —b
X =y x> -36 ab+b a’+ab
21 2x2—1 29 x —6X+8 23 x2+23x+2 24 X —5x+6
x“—5x+4 xP—x-2 x“—4 x> +x—12
2 _ 2
o5 X’ +4x+4 0 4x’y—163 o7 12a+9 5 28 3x° Wy XV
x?=3x-10 x*+2x€8 15 4a+3 Xy 3xy—y
2
29 % simplifies to;
m —m
(m—-2)(m+1) m+2 m—2
A Tmm-1) B 2 C =~ D —.—
2 2 2 _ 2
30 24 —3gsz2a —2ab gq 15X —5xy 3x-y 30 12x% —4x 109;{
ab-b 4a—6b 10xy 2y 3x> —x  5x°y
33 x2—2x—3x x2—-25 (a+2b)(a b) a’> —3ab+2b°
x> —4x-5 (x—3)(x+5) —4b ab-b’
2 2
35 Simplify 2m —— Zm =3™ _ Indicate whether each answer is correct or incorrect.
m- —m-—12 m"—-9m+20
m(m—3)* 3 m+5 m-—>5
(@) (m—4)(m—5) (b) 4 © = d ==
Simplify:
3., .3 2 2
36 x2+)/2 37 8x° +4x+2 38 2x+2yxx —22xy-;—y
X" =y 8x° —1 x3—y3 x“—y
39 (x+h) —x’ 40 * P~ (x—y)
h x*—(x-y)

12 New Senior Mathematics Advanced for Years 11 & 12
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1.10 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

When adding and subtracting fractions, first rewrite each fraction with the same (common) denominator, then add

or subtract the numerators.

Example 13
Express as a single fraction:
3 2 3x  2x+1
@ -7 (b) 7
Solution
3 2 3x 2x+1
@ 2-2 (b) =
2L - &_ 5(2x+1)
35 35 -~ 35 35
_11 _ 21x—10x-5
35 B 35
_1llx-5
35

3 2 2x—y x-—y
© 5c+7x @ =55
3.2 2x—y x-y
(©) §+ﬁ @ 55—
_21 10 _202x-y) (x-y)
35x 35x 6 6
_ 31 _4x-2y—-x+y
35x 6

- 6
63x—y
6

Harder algebraic fractions

More-complex algebraic fractions require you to factorise the denon 0 you find the common
denominator. Write each fraction with the common denominatogbef; né ou add or subtract the numerators.

Example 14

Express as a single fraction:

—_

1 1
L b
21 x—2 (b) =

=
x®
+
NS

Solution

1
a
()x—4x2

(x 2)(x +2

(x 2)(x + 2)

x+5
(x 2)(x+2)

(x+2)

3 2
© x2+2x_x2—4
3 2
Tx(x+2) (x=2)(x+2)
_ 3(x—2) B 2x
Tx(x+2)(x=2) x(x-2)(x+2)
_ 3x—-6-—2x
T x(x+2)(x-2)
x—06
x(x+2)(x—2)

\@ —— 2 @) 1
242x x*-4 x> —5x+6 x*+2x-8

1
x+ty

x+y X — y
T p)xty) =) x+y)
_xty—(x-y)
(x=y)x+y)

2y
T (x—y)(x+y)

@ 5+
x°—=5x+6 x"+2x-8
_ 1 _ 1
T (x=2)(x-3) (x=2)(x+4)
_ x+4 _ x—3
T (x=2)(x=3)(x+4) (x=2)(x-3)(x+4)
x+4—(x—3)
(x 2)(x—3)(x+4)
_ x+4—x+3
T (x=2)(x=3)(x+4)
_ 7
T (x-2)(x-3)(x+4)

Chapter 1 Algebraic techniques
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EXERCISE 1.10 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

Simplify:
x_x 3x X a 4a_a yY, 2y
5% 2% %3 3375 76 42T 3 7%
at+2 a-1 2x—y x-3y 3x+2 x+1 3m—2n , m+n
575 73 63 6 "% 4 A T)
x, Y _xty a=2b_2a+b 3a+b)_a-b 1_2
93743 107 9 "= 6 12 373
3.1 1.2 m_n 4,3
13 E+(/72 14 b 15 - 16 xy+yz
5 2 a+l a—4 1 2 1,2 1
17 PRl 18 62 T 22 19 ~+1it3 20 <t % "
21 Simplity alib + i. Which of the following is correct?
1+a c+a’ 1+a c+d
abc B abc C ab’c D ab’c
For questions 22 to 29, write the lowest common multiple (LCM).
22 (x—3)and (x+3) 23 xand (x—2) 24 (2x=4)and (3x—6)
25 (x*—4x) and (x — 4) 26 (x*—4x) and (x* — 16) 2% (£F2) and (x* + 4x + 4)
28 (x—y), (x+y),and (x* —yz) 29 (x* —yz), (x* + xy), (xp —yz)
30 The lowest common multiple of x, x + 3 and x* — 9t
A x(x—3)(x+3) B x(x—3)(x*-9) C x(x+3)x*-9) D x(x-3)*
Express each of the following as a single fraction{
1 1 Fa W X Y
81 S ave 32 325N+ 38 xTytasy
4 X ) 3a-b , 1 11
3 X—y x+y 7 az—b2+a—b % x*—4 x+2
37 X -7 38 —3 4+ 2 39 1 1
-yt xt-y (x=2)" x-2 xP—4x+3 x*-1
3 1 11 5 a
40 x—2+x+3 41 x+y x-—y 42 2a+6+a2_9
1 1 x+10 6 8 7a__ 5a
43 x—5_x+5+x2_25 44 3x—=2 4x+1 45 3a—4 2a-3
) 1 1 X 1 1 4
46 ——++ 47 48
xz—xy X x+4+x2—16 x+2+x—2+x2—4
1 a+4 3 2 x+1 x-1
49 + 50 - 51 =—-=——
a+3 g +5a+6 xP—4 x*-3x+2 x=1 x+1
52 2 , 3 53 _3x __2 54 5 __ 2
x=2 x*_4 x2-16 x+4 3x  x*—5x
55 Simplify % - % Indicate whether each answer is correct or incorrect.
2x—7 2x—13 2 2x—1
@ cie-2 ® e 9 Gooemy @ Groe-o
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1.11 REAL NUMBERS AND SURDS

Rational numbers may be expressed in the form % where a and b are integers and b # 0. Rational numbers include
fractions, terminating decimals and recurring decimals. Integers are rational numbers with a denominator of one,
for example 5 = =)

1
Irrational numbers are numbers that cannot be represented as a fraction, such as ND) , 415, 2.7 or . They are

not rational. Irrational numbers that are roots, such as /2, 3/15 and 2+/7, are called surds. Some other irrational
numbers, such as 7, are called transcendental numbers.

The following diagram shows how to construct exact lengths for /2, v/3, /4, /5 and v/6, starting with a right-
angled triangle with side lengths of one unit. Each triangle’s hypotenuse is an exact value, written as a surd.

The diagram shows that J4 = 2, which

< e is a rational number. The square root

N of a perfect square is always a rational
NN number. Similarly, 3/8 = 2 is rational.

NI AN Surds that simplify to a rational number

\ do not represent irrational numbers.

\
1

\
\ L
! 1
! 1

0 T . ;

1
' Numper line

The sets of all rational and irrational numbers together form a
Real numbers

larger set called the set of real numbers.
Rational Irrational
The real numbers can be represented by all the points onsthe real numbers numbers
number line.
Integers
- J

Operations with surds—basic rules

Surds have their own set of simplifying rules for the four operations of arithmetic. These rules are used to simplify
expressions involving surds.

\ " 4
If a and b are positive n%hen:
(@) vab =axb b) 2 =Ya (©) Vo’
(d) va x b =ab @ Yo fa 0 Jaxva=a
(@) a+ b = Ya - JaxJb _Jab

= = to write the expression with a rational denominator.
NNV 2

Surds can also be simplified sometimes by identifying a factor in the surd that is a perfect square and then taking that
factor’s square root. (For example, see part (a) in Example 15.) You might also multiply two surds and find that the
answer has a perfect square factor.

You should know the perfect squares so that you can look for them as factors in surds. When a surd contains a
perfect square factor, you can use rules (a), (c) and (g) above to simplify the expression.

Chapter 1 Algebraic techniques 15
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Example 15
Simplify each expression.
(@) V12 (b) 30 (© 3J28 @ =
€ 6x+10 i) % (@ 3x+12 (h) 442 x+24
Solution
(@) Look for a factor of 12 that is a perfect square. (b) Look for a factor of 80 that is a perfect square.
12=4x3 80=16x%x5
12 =V4x3=Va4x3=23 ~/80 =16 x5 = 445
(©) 328 =34 x~7 =67 (d) V1575=V2%X7=5*55=\/7
(€) 6 x V10 = V&0 = VAXT5 = 215 0 %=J85§:m=4
@ V3xv12=3x2/3=2x3=6 (h) 4v2 x~/24 = 4222 J6 = 8+/12 = 163
Example 16
Simplify each expression, writing your answer with a rational denomdinatér (or no denominator).
6 J60 345
_~ b NV N
(@) NE) (b) 376 () Wi
Solution
@ & =63 () YOO _ Yoo @ 35 35
NERERVERRNE] 3V6 [ 8./6 V15 3x\5
_6\3 _+10 =3
N Q. 3
=23 _3x4/3
V3
-5

EXERCISE 1.11 REAL NUMBERS AND SURDS

Simplify all the expressions in this exercise, writing each answer with a rational denominator (or no denominator).

148 2 J20 3 V27 4 32
5 When simplified, /40 equals:
A 45 B 10 c 2J10 D 20
6 /45 7 72 8 /84 9 98 10 /108 11 125

12 {162 13 /200 14 54128 15 44800 16 24150 17 352

18 When simplified, 7+/245 equals:
A 75 B 357 C 355 D 495

19 7\’3220 20 7\'1575 01 4v243 22 @

3
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23 When simplified, V50 equals:

NG
A 2 B Vio C 52 D 10
24 Simplify % Indicate whether each answer below is correct or incorrect.
2 14 245
= b) = — d) 10
(@) NG (b) NG © = (d)

25 3x/5 26 /8 x2 27 J6x\2 28 /6 x+/10 29 2/3x 42
30 J8x22 31 25 x5V2 32 4J6x23 33 2/5%x3/7 34 43 x4/18

V3 2 J28

35 28 x+/12 36 4+/5x+/20 37 5 38 N 39 o2
7 /80 342 72 2418

40 J7 4 J5 42 J6 3 NER M J8

1.12 ADDING AND SUBTRACTING SURDS
v,

Surds of the same kind can be added and subtracted just like pronumerals,isi .d distributive law to collect like
terms: ab + ac = a(b + ¢)

You can only add and subtract like algebraic terms, such as 2a + 3a #a %arly, you can only add and
subtract like surds, such as 222 +32=5V2. 1t may be necess @

perfect square factors.

Example 17
Simplify each expression by collecting like te

implify the surd terms by removing

@ 2/3+53 (b) 410 — 10, 36 + 446 — /5 (d) 3v/5+4v7 +25-647
Solution

(@ 2V3+53=02+5133 (b) 4410 -+/10 = (4-1)10 =310

(©) 36 +46 — /5= 76 (d) 3v5+447 +24/5-63/7 =55 -27

In parts (c) and (d) the different’surds cannot be combined into a single term.

Example 18
Simplify:
(@ V8-18+50  (b) 5V3++20-2V12+4/45
Solution
Where possible, simplify each term before attempting to add or subtract the surds.
(@) V8-+18+50 (b) 5v3++/20-2V12++/45
=/4x2-9x2+/25x2 =5V3+2J5-44/3+35
=2J2-3V2+5V2 =3+55
=42

Chapter 1 Algebraic techniques 17



EXERCISE 1.12 ADDING AND SUBTRACTING SURDS

Simplify the expressions in this exercise.

1 V3+243+443 2 57 —2\7 + 447 3 3J5+5/5-25
4 42-3+43-2 5 J5+2+3/5-6v2 6 V8-2
7 When+/27 =18 ++/3 is simplified, the answer is:

A 43-32 B 3 C 3+43 D 23
8 V20 +5 9 V18 +/32-2 10 27 +2/48 - 43
11 V12 +/3+/48 12 2450 -3V18 13 7 +28-/63

14 Simplify /5 ++/2 — /45 + /8. Some steps in this simplification are given below. Indicate whether each
statement is a correct or incorrect step.

(@ v10-+/45 (b) —/35 © V5+v2-35+2v2  (d) 3v2-25

15 645 +47 =25 16 53 ++27 -45 17 V204/5+/18
18 315 +/60 — /40 19 44/7 28 +/63 20 250 - 318 +/3
21 343475 -48 22 /150 - 200 28 V6 224 ++/54
24 57 +3J5-2428 25 5445 -2./32 2698 — 2420 - 12
27 125 -5v2 +/50 28 73-22+12+/8 29 /150 — /96 — /24

30 62 +12-2/3-38

1.13 THE DISTRIBUTIVE LAW

The distributive law can be used with surds(to expand expressions with a binomial factor: a(b + ¢) = ab + ac

Example 19
Expand and simplify:

(@ V6(v2+243) T (0) fV3+2)(\5+V6) (@) (V5-vB)(V5+V3) (@) (V5+3)(V5+3)

Solution

(@) V6(v2+243) (b) (V3++2)(v5+6)
=6 xV2+/6x 243 =3(v5+6)+v2(5+6)
=12 +2418 =J15+3V2+10+ 243
=2J3+6\2

(© (V5-+3)(v5+3) (d) (V5++3)(v5+3)
=(v5)' = (+3)° =5(5++/3)+3(V5+43)
=5-3 =5+24/15+3
=2 =8+2415

Tikig £ il t _ b b — 2 _ bz_
is is similar to (a — b)(a + b) = a This is similar to (a + b)* = @’ + 2ab + b’.
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EXERCISE 1.13 THE DISTRIBUTIVE LAW

Expand and simplify the expressions in this exercise.

1 V5(vV2+43) 2 5(5++2) 3 V2(v2+4/8)
4 \3(v2-+e) 5 J6(v/3-2) 6 7(25-1)
7 When simplified, v2 (/32 - v/8 ) equals:
A 83 B 4 C 22 D 8-22
8 3v2(2v6-+5) 9 Va(Va+b) 10 Vx (Vx -7)
1 (V5+3)(v7-42) 12 (V2+7)(V3+242) 13 (V3-1)(v2+3)
14 (V5+2)(245+3) 15 (243 -5)(243+3) 16 (V3-v2(243-472))
17 (245 -+2)(2v5+3) 18 (2v2-6)(2v3-1) 19 (V3+1);
20 (\5-42) 21 (246 +3)’ 22 (2y2-1)(242 +1)
23 (2v6-+/3)(2v6 ++/3) 24 (VI1-+7)(V11++7) 258 7=2)(V7 +2)

26 When simplified, (3\/7 - 2)2 equals:

A 59 B 67+124/7 C 23-124Z D 67-1247
27 (V5-3) 28 (VI1+7) 29 (243-1)(v3+2)
30 (VII-VI0)(VIT+v10) 31 (V6-5)(v§*45) 32 (2V2+43)
33 (3v5-242)(3v5+2v2) 34 (V5+242)(N6 1) 35 (246 -+/3)(vV6+343)

36 Expand and simplify (4J§ + 1)(2\/5 # 3). Someé steps in this simplification are given below. Indicate whether

each statement is a correct or incofrect step.

@@ 72-12/3+2/3-3 (bm24%12/3+2V3-3 (c) 21-1043 (d) 27-103
37 (5v2-4)(5v2+4) 83 (2J7+3J€)2 39 (215 ++/5)(v15-35)
40 (2J5+3J§)2 41 (243-1)(243+1) 42 (2\/5—1)2

1.14 RATIONALISING DENOMINATORS

The expressions /a X +/a and (JE b )(\/E +/b ) both have rational answers (that is, answers that do not involve
surds): Jax+Ja=aand (\/E—\/E)(\/E+\/E) = (\/5)2 —(\/5)2 =a—b. For example:

o \/Ex \/5 =3

. (V7-V2)(V7+42)=7-2=5

The expansion (\/E b )(JE +/b ) = a—b is known as the ‘difference of two squares. You have seen this previously

as (x — y)(x + y) = x* — 2. By letting x = /a and y = /b, we have obtained a process to convert any binomial surd
into a rational number.

Chapter 1 Algebraic techniques 19
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When you have a surd expression in the denominator of a fraction, it is normal to make the denominator
into a rational number. This process is called rationalising the denominator.

Remember: to change a fraction without changing its value, multiply the numerator and the denominator

by the same amount.

The expressions v/a —+/b and v/a + /b are called conjugate surds, with each expression being the conjugate
of the other. To convert any surd into a rational number, multiply the surd by its conjugate.

Example 20

Express with a rational denominator:

1 V7 1 B
(@) 5 (b) (©) NEre s (d) 703
Solution

V3

N
(@ f : multiply by f (b) %: multiply by R

1 2

Xi

1 V7
V272 B
V2 L
2

) i

In parts (c) and (d) the denominator is a binomial surd, so you have to multiply both numerator and
denominator by the conjugate of the denominator.

© L - 1 _ 3-42 By B B 27443
V3442 B+27\B3-\2 273 27— 2NT+B
_\3-\2 _2\21+3

3-2 T 4%x7-3
=3-2 _2\21+3
25

Example 21
V2 2
E i+
RS 2 +1 B+l

Solution

You can add the two fractions by finding a common denominator and then rationalising the result, or by first
rationalising each denominator and then adding the resulting fractions. The latter is usually the easier method,
unless the denominators happen to be conjugates.

as a single fraction with a rational denominator.
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V2 . 2 _ N2 22-1, 2 \3-1
W2+l Bl 22+l 2z—1 B+l Bl

4\/—(I)

4><21 3-1

=4_\/5+2(\6—1)

7 2

_4-V2 3-1
7 1
_4-2+7(V3-1)

7
_7\V3-2-3
7

YEAR 11

EXERCISE 1.14 RATIONALISING DENOMINATORS

For questions 1 to 27, express each fraction with a rational denominator.

2 V5 35 .
5 > N MNCEN)
5 1 6 L . 1 32

247 +/6 J5+2 2532 * 5
9 J6 10 25 14 J3+2 19 42 +35

2\J5-32 3J11-248 J3-2 252

43 N7=245 1a 32+243 45 5Y3+345 16 23
3W5-22 W2-243 545 -343 3V3-2
17 36 Sx/_+3 19 V2 20 3B
22+3 ® iree 2J2-243 23+2
NE) B£1 25-2 V6 +243
SN *2 DA RN} SN
o5 27 =32 g5 /3 o7 2253
27 -2 2410 -6 36 —/15
28 Ifx= ;_2% then the value 0fx+%1s:
A 34 B 2442 C 34-242 D 2
29 Ifx=\/§+1,ﬁndtheva1ueofx2—$.

30

31
32
33

2
If x = 3/2 +1, find the value ofﬂ

2
If x = /5 — 2, find the value of X +2x
x+3

Show that x = 24/2 — 3 is one solution of the equation x* + 6x + 1 = 0.

Which values of x satisfy x* + 4x + 2 = 0? Indicate whether each answer is correct or incorrect.

@@ x=2-+2 (b) x=v2-2 (© x=+2+2 d) x=—2-2
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34 Show that x = /5 —1 is one solution of the equation x° + 3x* — 2x — 4 = 0.

35 Show that x = ﬁl ! is one solution of the equation 2x* — 2x — 1 = 0.

For questions 36 to 44, express as a single fraction with a rational denominator:

6 L . 3 g7 Y542 _5-42 g Y3-V2, 2V2-43
23-1 3+1 5-N2 52 NEESNCREN FW

39 Y5 +V2 25 -3\2 40 25+1_ N5-1 41 23 V3
NCEN NN ) 25-1 245-3 J6-3 2J6+33
o V3-1_5-3 25 347
2 2 25443 ® o5 Va5

44 1,1 , where x =23 +1.

x—1 x+1 x2_1

CHAPTER REVIEW 1

1 Expand and simplify:

(@ (2x- 5)* (b) (x+3)(x—-7) (2y+1)(3y+4)
(d) (5x—4)(5x+4) (e) 2x—y) (x* — xy +y2)®
2 Factorise:
(a) 81-4d’ (b) 10xy (c) - IOxy — 5xy (d) a*—18a+56
(e) 16x—1 ® 33+ 4x 7 *4+2a-2b (h) 3x+7x"—6x

() 8a°-27 () 8-(x+h) @) 8" — 6y 9 () x*—8x
3 Ifa=-3and b =4, evaluate Va +b2
4 Simplify:
3x ay-a 3y 3 X
- 3

12m* —4n _10m’n
3m*—n  5mn’

@ ===5x 2

+X
xy 4ay’® "6 ©

) 2x2—3xy; 4x—6y

d + :
@ 2 X+1 x’ +2x+1 xy—y>  2xP—2xy
a 1 - 1 1
1 +
9 —b2 m—4 m® —3m+2 0 x> —9x+20 x*—11x+30
5 Expand and simplify:
1\( 2 1 _1)?
@ (ot —6*)(ad +atpt 457 ) (ot -573)
2 7 4
6 Find the exact value ofa—4b where a:(;) ,b:(§) , c:(é) .
c 3 3 3
7 IfE="}(v* —u), find:
(@) Ewhenm=13,v=17,u=15 (b) vwhenE=98, m=4,u=24,ifv>0
8 Simplify:
2 8
12 +4+/3 ++/27 — 3454 b) =++20+—
(@) VI3 + 43477 - 35 o) Ly
V542 3t x 154
9 (a b) ———— (A challenge!
(@) \/§+\/§ (b) =% % 45" ( g )
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10 Expand and simplify (3\/5 -2\3 )

11 Thecorrectexpansionof(\/g+2\/§)(\/g—\/§) is:
A J30+2V2-5 B J6+2V12-2410 C 43-410-5 D 30+4y3-2J10-5

2-1
12 Express 2\{/_5 1 with a rational denominator.

13 Find the exact value of x* — 2x* + 1 when x = 3+/2.

J5-1

2

14 Show by substitution that x = is a root of the equation x° + 3x* + x — 2 =0.

15 Simplify:

(@) 1-@ (b) % () Hn(%)z—%n(%f d 2x(x_ii__(1’;j+3)><1
4
© Xﬂ (f) 2+i—(1+i) (9) 2(§+2—(l+1))
t+1 t+1 3 3

36 . (35)2
36

2 2
(h) Simplify, factorising your answer as much as possible: (\/ (x +1) Ky +0)’ ) + (\/ (x=3) +(y-0) ) =40

16 Factorise fully:

(@) 2x*—8 (b) 6x*—216
17 Evaluate:
120 1.006'%° —1
(@) 100000 x 1.006 780(70' 006

500000 x1.005°%° x 0.005
1(1.005360 _ 1)

(b) correct to 2 decimal places, M =

240
(c) correct to 2 decimal placesmd, = 500000 x 10052 — 2998 x %
oo (f1.01 )" a
| 1.003 ((1.003) 1)
(d) $500x L0l
1.003
. . H R
18 Make y the subject of the formula in ==,
H-y «x
19 If S Jn+1 —/n then find the value of L + L + L + ..+ 1 .
Jn+n+1 V+V2 2443 B+/4 V99 +/100
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