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: 3 PROPERTIES OF
&/’ GEOMETRICAL FIGURES 1 G o :

Deductive reasoning in b
numerical exercises:
Exercises using parallel
lines

This exercise on angles on lines, at points, in triangles and
in quadrilaterals involves two or more steps of reasoning.

Example:
Find the value of x in the diagram. Give reasons.
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Answer:

ZABE = 62° (adj. supp. £7s)
ZDEG = 62° (corresp. Z’s, || lines)
ox =62

Example:

Find the value of x in the diagram. Give reaso |
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28°
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EME] Exercises using triangles p— b

70° X
E Find the value of x in each diagram. Give reasons for each
step of your reasoning. 500
a B D
A E E F G
x° 120°
40°
C . -
k{4 Exercises using
quadrilaterals
b

El Find the value of x, and y (if present) fifi e jagram.
Give reasons for each step of your wo

[«

F 0 G
C B
A /N
d 4 >
5HC
110°
B
V
D D
E
(BCDF is a rectangle.)
C
d
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PROPERTIES OF
GEOMETRICAL FIGURES 2

3

Congruent triangle proofs

Congruent shapes have the same shape and size.

In transformations such as reflection, rotation and translation

. . .. I
the image is always congruent to the original figure. L

Q

C

Triangles ABC and PQR are congruent. Each one is a
reflection of the other in the dashed mirror line.
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| In a pair of congruent triangles, matching sides and angles
: are equal.

: ZB=2Q

I AC = PR
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When checking whether a pair of triangles are co

the triangles must be congruent. Some pag
have equal sides or angles but do not

* SSS side, side, side (matchin
* SAS side, angle, side
* ASA angle, side, an

side

tter tests apply to matching sides
r example, the two given angles

Example:

B Pt 5
4<S B
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1
: Answer:

| ZABC=117°, ZDEF = 117°
| AC=DF
| LACB=32°, ZDFE=32°

This fits the test ASA, so AABC = ADEF.

Student name:

Class:

B These two triangles each have a side measuring 3 cm and

angles of 30° and 90°.

/\
3cm

a Are these twq
b Do the two
Explain

0. ",
@

ent?

¢ three pairs of equal angles?

the three angles in a pair of triangles are the same, do
he two triangles have to be congruent?

These two triangles each have sides of 2cm and 3 cm, and
an angle of 30°. They have been drawn to scale.

2cm
/m
3cm 2em
30°
3cm

a Use a ruler to measure the third side on each triangle,

and a protractor to measure the two angles that are
not 30° in each triangle. Write the measurements in
this table.

Angles Sides
Triangle 1 | 30°, 3cm,
2cm,
Triangle 2 | 30°, 3cm,
2cm,

b Are the two triangles congruent?

3 Properties of geometrical figures




El The following pairs of triangles are congruent. Write the E There are two congruent triangles in this diagram. Write

three letter test that establishes the congruence. the values of x and 6.
a
5cm 10
6 10
37°
4cm 8 x 0
6
4cm
x= 0=

2
5cm .

B 4BCD is a parallelogram. Prove that AABC = ADCB.
B D

A

gcm 8cm q

“.') FUN SPOT PATHFINDER

There are nine different ways that this shape can be cut in
half'so that both pieces are congruent and each one is made
up of six small squares.

One pathway is shown. Draw in different pathways on each
of the eight shapes below. Use a pencil because you might
need to try this several times before getting it right!

b Which triangle is congruent to AQTR?

e e e o o o e e P
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Student name:

: 3 PROPERTIES OF
&/’ GEOMETRICAL FIGURES 3 G o :

Ded UCi ng properties of the BB Prove that the sum of the interior angles of a triangle is
180°. Complete the proof started below.

special triangles and
quadrilaterals

Geometric definitions and properties of triangles can be
used to prove various geometric facts.

Example:
An isosceles triangle can be defined as one that has a pair of Data: APQR is any triangle wit ZQ
equal angles. Use this definition to prove it must have a pair 4

an

of equal sides.

|
|
|
|
|
|
|
|
|
|
| )
p I Aim: To prove =
|
: Construction:
S R : Draw PT
|
I Proof: )
|
Q : )
Answer: : R = (data)
Data: APQR is isosceles with ZPQR = ZQPR. : T+ £SPT+ZQPR = ( )
Aim: To prove that PR = QR I + + -
Construction: Draw RS perpendicular to PQ, megting P @ | . . .
I .. The angle sum of a triangle is
Proof: 9]

In As PSR and QSR:

* RS= RS (common to both)
* ZPSR = ZQSR (RSLPQ)

* /SPR = ZSQR (data)

- APSR = AQSR (ASA)
». PR = QR (matching sides

um definitions.

Definitions of quadril

with the parallel sides equal

The diagram shows an arc AB and angles drawn in from
the arc to the centre ZAOB and to the circumference ZACB.
a Explain why the two angles marked x are equal.

trapezium parallelogram

Definitions are not unique. Here are two other ways of

defining a parallelogram: b Explain why the two angles marked y are equal.

* A parallelogram is a quadrilateral with rotational symmetry.

* A parallelogram is a quadrilateral with both pairs of
opposite sides equal.

¢ ZAOD is the exterior angle of AAOC. Write ZAOD
in terms of x.
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d Explain why ZDOB = 2y. E Complete this table for a square and an isosceles
trapezium. Write ‘yes’, ‘no’ or ‘one pair’ in each space.

e Write ZAOB in terms of x and y. ZZ %
square isosceles trapezium
f Explain why ZAOB is twice the size of ZACB.
Property Square Isosceles
trapezium
Opposite

g Describe in your own words the relationship between
angles equal

an angle at the centre of a circle and an angle at the

circumference when both are drawn from the same arc. Opposite
sides parallel

Opposite sides
same length

7

Diagonals bisect

n Calculate the size of angle x. The large triangle ABC is cach other
isosceles, with AC = BC. Diagonals
same length
A
Diagonals
ﬂ» C
B

b a quadrilateral with o

B

¢ a parallel@gra True or false? “The axis of symmetry of a kite is always the

longer of the two diagonals’

If your answer is false, draw a kite where the shorter of the
two diagonals is the axis of symmetry.

B

Result /38
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3 PROPERTIES OF
&/’ GEOMETRICAL FIGURES4 G o .

Proving general results B 4Bisa diameter

Prove that

o : ZOAC + LOBC = 90°.
: In some geometrical problems you use pronumerals to :
| represent the size of angles.You can then use geometric |
: reasons and algebraic skills to ‘prove’ relationships between :
| angles. I
| |
| Example: |
| |
I ABCD is a parallelogram. Prove that x = y. I
| |
: Note: This gives proof that the opposite angles of a :
: parallelogram are equal. : APQR has the following
| B p ¢ | « PSbisects ZQPR
| |
| |+ PSLQR
: : Use congruent

x° that PQ = PR.
| D |
| |
| Answer: I
| |
| x + ZLABC = 180° (coint. Zs, || lines) |
| x=180° - ZABC :
| y+ ZLABC =180° (coint. Ls, || lines) I
| y=180° - LABC :
I . x =7y (both equal to 180° — LABC) I
P S

AABC is isosceles, with
AB = BC,and AC || DE.
Prove that the angles marked

x and z are equal. Refer to
angle y in your proof.

ZABD = 63°,and ZCB
Prove that AABC is |

B The diagram shows an irregular
5-pointed star. The angles at the a
five points are a, b, ¢, d and e.

Prove that a4+ b+ ¢+ d + e = 180. 4

. AABC is isosceles.

H - 48=8BD B c
e BC|AD d°
e BD bisects ZADC.

Prove that ZABD = ZBCD.
AL *=p

27
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&) INVESTIGATION BOUNDARY ANGLES OF POLYGONS

At any vertex of a polygon, there is an interior angle and a 4 Copy and complete this table for regular polygons.
‘boundary’ angle. The interior angle and the boundary angle

form angles at a point, and their sum is 360°. ,§
an
)
o W | 8
o0 >
g @ « 19
& | 3 g e |
> ‘7 ‘o" 5] ]
IS ey = ) 2
& ° g g 2
" b E ) o
_'“ e B=i = Q
=]
&0 £ S S £
& ® =
~ 4 S 53l 7
Equilateral 3 60°
Don’t confuse an exterior angle of a polygon with the triangle
‘boundary’ angles referred to here! Square 4
This investigation is about finding the rule for the sum of the Pentagon 5 1260°
boundary angles in any polygc?n.The rule should be written Hexagon 6
in terms of #, the number of sides of the polygon.
1 Werite the three boundary angles for this triangle, and Octagon 8
their sum. Decagon 0

60°
50° 70°

2 What is the size of each boundary angle of a square?

how how the boundary angle formula can be derived

from the formula for the interior angles of a polygon

with #n sides.

3 True or false? Boundary angles @fia quad
always reflex angles.
If true, explain . 1f @lse, uadrilateral that has
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Student name:

: 3 PROPERTIES OF
&/’ GEOMETRICAL FIGURES 5 G o :

Definitions and proofs in
deductive geometry

Angles:
e Pairs of adjacent angles not equal

* Opposite angles equal

We can use deductive geometry to prove various properties : ¢ Diagonals are not equal

of triangles, quadrilateral and other polygons. ¢ Diagonals bisect each other

| |
| |
| |
| |
I I
S - : Diagonals: :
I I
I I
: * Diagonals are not perpendicular :
I I

Example:
) * Diagonals do not bisect the angles
A rectangle can be defined as a quadrilateral that has two -

pairs of opposite sides equal and with all angles being box ©
2 box to

right angles. BB Complete the table by placing 2

represent a correct propertys

Prove that the diagonals of a rectangle are equal in length.

|
|
|
|
|
|
|
|
|
Answer: : One or
4 B [ both pairs
: of opposite
| angles are
: equal
¢ |
Consider AABC and ADCB :
AB=DC (opp sides of rectangle are equal) :
BC=CB (same length) || tre
ZABC=/DCB  (both=90°) :

Therefore AABC congruent to ADCB
Theretore AC = BD
) ) ) ‘ Here is a list of properties that some quadrilaterals have.
Here is a check list for properties that some of the Spgc1 . .
) For each property write all the quadrilaterals that have
quadrilaterals have and others do not: . . .

that property, using quadrilaterals from this group:
{rectangle, rhombus, parallelogram, kite, isosceles trapezium }
e Is there a pair of adjacent sides eq g . b |
« Are the opposite sides equal? a diagonals intersect at right-angles

* Are the opposite sides parall

Angles: b one pair only of parallel sides

* Are adjacent angles

* Are opposite angles@qu

€ one pair only of opposite angles are equal
1 i length?
ect the other?

d both pairs of opposite angles are equal
* Do the diagonals bisect the angles?

The only quadrilateral that has all of the above properties is

the square e a diagonal bisects one pair only of opposite angles

Here is the check-list answered for a parallelogram:

Example: f both pairs of opposite sides are equal

g diagonals are the same length

Sides:

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I .
| Sides:
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: * Pairs of adjacent sides not equal
|

* Opposite sides equal and parallel
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El My diagonals bisect each other at right angles, but are not [l An isosceles trapezium ABCD has these properties:

equal in length. What is my name? * One pair of parallel sides: AB || CD.
* The other pair of sides are the same length:
AD = BC.
e The base angles are equal: ZADC = ZBCD.
My diagonals bisect each other and are the same length, A B
but are not perpendicular. What is my name?
D&t =
E My diagonals are the same length, but do not bisect each Use congruent triangles to prove the diagonals of an
other and are not perpendicular. What is my name? isosceles trapezium are equal in length.

6| My diagonals bisect each other but are not the same
length and are not perpendicular. What is my name?

i
A quadrilateral has all the properties of a rhombus and all
the properties of a rectangle. What must it be?
i
B which quadrilateral has both diagonals as axes of symmetry?

L/

48 FUN SPOT OCTAHEDRONS

B which quadrilateral has two pairs of adjacent an,

An octahedron is a three-dimensional solid with eight

congruent faces.
M The diagram shows an isosceles trapezi

1 Which geometric shape are the eight faces?

2 An octahedron is ‘traversable’, meaning it is possible to

trace a path along all the edges without going over any
b Write an expression for angle y in terms of angles p and q. edge twice. Show how, by labelling a starting point and

numbering the edges, 1,2, 3 etc. to show a possible path.

B 2

e e e o o e o o o e oo P
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: 3 PROPERTIES OF
&/’ GEOMETRICAL FIGURES 6 G o :

Polygons

number of sides.

A polygon is a closed figure made up of straight sides.

Polygons are given special names when you know the

Number of sides Name of polygon
3 triangle
4 quadrilateral
5 pentagon
6 hexagon
8 octagon
10 decagon

Example:

n This df@&ram

The angle sum of a polygon is given by the formula:

(n—2) x 180°

Calculate the size of the angle marked x.

ded figure.

a Add lines to the diagram to show how to divide it into

triangles. The triangles should share a common point

and not overlap.

b How many triangles are there?

Copyright © Pearson Australia 2014 (a division of Pearson Australia Group Pty Ltd) ISBN 978 1 4860 0534 5

Student name:

b Calculate the sum of the interior angles.

Work out the sizes of th gles.

The diagram shows that a regular
hexagon can be split up into two
equilateral triangles and two rhombuses.
Draw diagrams to show each of the
following ways of splitting up a hexagon.

a two trapeziums

3 Properties of geometrical figures




b a rectangle and two triangles A regular polygon has 18 sides. Calculate the size of:
a each exterior angle

b each interior angle.

¢ a kite and two isosceles triangles

B Calculate the sizes of angles x and y in this regular
decagon (10 sides). P is the centre point.

A polygon is regular if:
* each side is the same length
* each angle is the same size.

To calculate the size of each interior and exterior angle in a
regular polygon, divide the sum by the number of sides.

Example:

Calculate the size of each exterior and interior angle in a
regular octagon (eight sides).

n The formula for the
polygon (n sides) is (
size of each in

or angles of a regular

Answer: ° Write a formula for the

Exterior: % = 45°

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

rior angle in a regular polygon is 15°.
[ 5 [N rectangle has four equal angles. Explain why it is

is the size of each interior angle?
not regular.

b How many sides does the polygon have?

B

. . . ) raw a pentagon with five equal sides which is not regular.
6| Complete this table for exterior and interior angles o pentag q &

regular polygons.
Name Number
of sides
Triangle EB Explain whether it is possible for a regular polygon to
4 90° have an interior angle of 165°.
Pentagon

Hexagon

12-gon

B) INVESTIGATION THE SWISS CROSS

A tessellation is a tiling pattern in which identical shapes fit together

perfectly with no gaps. Some polygons tessellate.

The shape shown is called a Swiss cross.
1 How many sides does it have? |£|:||:|

2 Is the Swiss cross a regular polygon? Explain.

3 Add several more Swiss crosses to this grid to show that it tessellates.

B
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